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Warning: This is an AI-translated version of my German lectures notes, performed by Gemini 3 Flash
Preview. I have not checked whether Gemini introduced errors. Use with care!

Preface

The present notes originated from a 3 + 1 lecture in the winter semester 2018/19 (15 weeks) at the
Friedrich Schiller University Jena and is primarily aimed at students of the following degree programs:

• Mathematics Teacher Training for Gymnasium

• B. Sc. Mathematics, Business Mathematics, Computer Science

Knowledge of Linear Algebra 1 and Analysis 1 is assumed. Some parts were not presented (especially the
last chapter). In 2020 and 2021, extensive changes and additions were made, including the Ramanujan
congruences and the Rogers-Ramanujan identities.

Literature:

• P. Tittmann, Einführung in die Kombinatorik, 2. Auflage, Springer Spektrum, Heidelberg, 2014,
https://link.springer.com/book/10.1007/978-3-642-54589-4.

• R. P. Stanley, Enumerative Combinatorics Vol. I, II, 2nd edition, Cambridge University Press,
Cambridge, 2012, http://www-math.mit.edu/~rstan/ec/ec1.pdf.

• G. E. Andrews, K. Eriksson, Integer Partitions, Cambridge University Press, Cambridge, 2004,
https://doi.org/10.1017/CBO9781139167239

1. Finite Sets

Remark 1.1. Combinatorics is the study of counting discrete objects:

• (easy) The number of k-element subsets of an n-element set is
(
n
k

)
.

• (medium) The number of fixed-point-free permutations on {1, . . . , n} is [n!/e].

• (hard) The number of partitions of 5n+ 4 is divisible by 5.

• (very hard) Every map can be colored with four colors such that adjacent countries have different
colors.

• (open) How many magic squares of size 6× 6 are there?

Definition 1.2.

• Empty set: ∅.

• Natural numbers: N = {1, 2, . . .} N0 = {0, 1, . . .}.

• Prime numbers: P = {2, 3, 5, 7 . . .}.

• Integers: Z = {. . . ,−1, 0, 1, . . .}.

• Rational numbers: Q = {ab : a, b ∈ Z, b ̸= 0}.

• Real numbers: R (Analysis).
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• Complex numbers: C = {a+ bi : a, b ∈ R}.

• For a set A, let |A| be the cardinality of A. A is called finite if |A| <∞ and infinite otherwise. We
do not distinguish between cardinalities (countable, uncountable etc.) with the notation |A| =∞.
Two sets A and B are called equinumerous if a bijection A→ B exists.

• If Ai (i ∈ I) are sets, then so is their Cartesian product ×i∈I Ai = {(ai : i ∈ I) : ai ∈ Ai}. In the
case A = Ai for all i ∈ I, we also write AI :=×i∈I A. For I = {1, . . . , n}, we write A1× . . .×An

and An = A× . . .×A (n factors).

• If Ai (i ∈ I) are sets, then so is their disjoint union⊔
i∈I

Ai :=
⋃
i∈I
{(a, i) : a ∈ Ai} ⊆

(⋃
i∈I

Ai

)
× I.

For I = {1, . . . , n}, we write A1 ⊔ . . . ⊔An.

• For a set A, 2A := {B ⊆ A} is the power set of A. For k ∈ N0, let(
A

k

)
:= {B ⊆ A : |B| = k} ⊆ 2A

be the set of k-element subsets of A.

Remark 1.3. For sets A and I, one can identify AI with the set of all mappings I → A by replacing
(ai)i∈I ∈ AI with f : I → A where f(i) := ai.

Theorem 1.4. For finite sets A,B,A1, . . . , An, the following holds:

(i) |A1 × . . .×An| = |A1| . . . |An| and |An| = |A|n.

(ii) |A1 ⊔ . . . ⊔An| = |A1|+ . . .+ |An|.

(iii) A and B are equinumerous if and only if |A| = |B|.

(iv) |2A| = 2|A|.

Proof.

(i) For each element (a1, . . . , an) ∈ A1 × . . . × An there are |A1| possibilities to choose a1, |A2|
possibilities for a2 and so on. Conversely, each such choice yields exactly one element of A1×. . .×An.

(ii) Each element in A1 ⊔ . . . ⊔An lies in exactly one of the sets {(a, i) : a ∈ Ai}. Here, |{(a, i) : a ∈
Ai}| = |Ai| holds.

(iii) Let A = {a1, . . . , an} and f : A→ B be a bijection. Then B = {f(a1), . . . , f(an)} with f(ai) ̸=
f(aj) for i ≠ j. This shows |B| = n = |A|. Conversely, let |A| = |B| and A = {a1, . . . , an} as well
as B = {b1, . . . , bn}. Then f : A→ B, ai 7→ bi is a bijection.

(iv) Let A = {a1, . . . , an}. For M ⊆ A let f(M) := (x1, . . . , xn) ∈ {0, 1}n with xi = 1 ⇐⇒ ai ∈ M .
Then f : 2A → {0, 1}n, M 7→ f(M) is a bijection. According to (iii) and (i) it follows

|2A| = |{0, 1}n| = |{0, 1}|n = 2n = 2|A|.

Definition 1.5.

• For n ∈ N0, n! :=
∏n

k=1 k is the factorial of n. Note: 0! = 1 (empty product).
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• For a ∈ C and k ∈ N0 one defines the binomial coefficient(
a

k

)
:=

a(a− 1) . . . (a− k + 1)

1 · 2 · . . . · k
.

• For n, k1, . . . , ks ∈ N0 with n = k1 + . . .+ ks let(
n

k1, . . . , ks

)
:=

n!

k1! . . . ks!

be the multinomial coefficient of n and k1, . . . , ks.

Remark 1.6. It holds that
(
a
0

)
= 1 (empty product) and

(
n
k

)
= 0 for k > n ∈ N0. For k ≤ n ∈ N0 it

holds that (
n

k

)
=
n(n− 1) . . . (n− k + 1)

1 · 2 · . . . · k
=

n!

k!(n− k)!
=

(
n

n− k

)
=

(
n

k, n− k

)
and (

n

k

)
+

(
n

k − 1

)
=

(
n+ 1

k

)
.

One can therefore calculate the binomial coefficients with the Pascal’s triangle:

(
0
0

)(
1
0

) (
1
1

)(
2
0

) (
2
1

) (
2
2

)(
3
0

) (
3
1

) (
3
2

) (
3
3

)(
4
0

) (
4
1

) (
4
2

) (
4
3

) (
4
4

)

1

1 1

1 2 1

1 3 3 1

1 4 6 4 1

Remark 1.7 (“Variation with repetition”). For finite sets A and B, there exist exactly |BA| = |B||A|

maps A→ B according to Theorem 1.4.

Example 1.8. A 4-digit combination lock has 104 = 10, 000 possible states (choose A = {1, 2, 3, 4} and
B = {0, 1, . . . , 9} in Remark 1.7). If a thief checks one state per second, he needs on average approx. 83
minutes to crack the lock.

Theorem 1.9 (“Variation without repetition”). For finite sets A and B, there exist exactly
(|B|
|A|
)
|A|!

injective maps A→ B.

Proof. In the case |A| > |B|, there are no injective maps A → B and indeed
(|B|
|A|
)
= 0. Now let

k := |A| ≤ |B| =: n and A = {a1, . . . , ak}. For every injective map f : A→ B, there are n possibilities
for f(a1). Once f(a1) is fixed, there remain n− 1 possibilities for f(a2) ∈ B \ {f(a1)} etc. The number
of injective maps is thus n(n− 1) . . . (n− k + 1) = n!

(n−k)! =
(
n
k

)
k!.
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Example 1.10 (Birthday Paradox). For persons P1, . . . , Pn we consider the mapping f : {1, . . . , n} →
{1, . . . , 365}, which maps i to the birthday of Pi (leap years, twins etc. neglected). According to
Remark 1.7 there are 365n such mappings, of which

(
365
n

)
n! are injective. The probability that at least

two persons have their birthday on the same day is therefore

1−
(
365

n

)
n!

365n

(Laplace formula). For n = 23 one already obtains > 50%.

Remark 1.11.

(i) The case |A| > |B| in Theorem 1.9 yields the Dirichlet pigeonhole principle: If one distributes n
objects into k < n drawers, then at least one drawer must contain several objects. Example: In
Leipzig there are two persons with the same number of hairs on their head (nobody has more
hairs than Leipzig has inhabitants (> 500, 000)).

(ii) In the case |A| = |B|, every injective mapping A → B is also bijective (provided |A| < ∞).
Bijections A→ A are called permutations on A. As is well known, the permutations on A form
the symmetric group Sym(A) with respect to composition of mappings. The neutral element is
idA and the inverse to f ∈ Sym(A) is the inverse mapping f−1. We set Sn := Sym({1, . . . , n}).
According to Theorem 1.9

|Sym(A)| = |S|A|| =
(
|A|
|A|

)
|A|! = |A|!.

Example 1.12.

S3 :=

{(
1 2 3
1 2 3

)
,

(
1 2 3
1 3 2

)
,

(
1 2 3
2 1 3

)
,

(
1 2 3
2 3 1

)
,

(
1 2 3
3 1 2

)
,

(
1 2 3
3 2 1

)}
.

Theorem 1.13 (“Combination without repetition”). For every finite set A and k ∈ N0 holds

∣∣∣(A
k

)∣∣∣ = (|A|
k

)
.

Proof. Let Ak be the set of injective mappings {1, . . . , k} → A. Then the mapping

F : Ak →
(
A

k

)
,

f 7→ {f(1), . . . , f(k)}

is surjective. For σ ∈ Sk holds F (f ◦ σ) = {f(σ(1)), . . . , f(σ(k))} = F (f). For B ∈
(
A
k

)
even F−1(B) =

{f ◦ σ : σ ∈ Sk}, where f ∈ Ak is a fixed preimage of B under F . In particular, every B ∈
(
A
k

)
has

exactly |Sk| = k! preimages. It follows
∣∣(A

k

)∣∣ = |Ak|
k! =

(|A|
k

)
according to Theorem 1.9.

Example 1.14. In the lottery “6 out of 49” there are
(
49
6

)
= 13, 983, 816 possibilities and the probability

for a 4-match is (
6
4

)(
43
2

)(
49
6

) =
645

665896
≈ 0.1%.
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Remark 1.15.

(i) Theorem 1.13 provides a combinatorial interpretation of the identity
(
n+1
k

)
=
(
n
k

)
+
(

n
k−1

)
: For

a ∈ A there are exactly
(|A\{a}|

k−1

)
subsets B ∈

(
A
k

)
that contain a and

(|A\{a}|
k

)
subsets B ∈

(
A
k

)
that do not contain a.

(ii) According to Theorem 1.4 and Theorem 1.13

2n = |2{1,...,n}| =
n∑

k=0

(
n

k

)
.

This is a special case of the well-known binomial theorem (set a = b = 1)

(a+ b)n =

n∑
k=0

(
n

k

)
akbn−k (a, b ∈ R).

Theorem 1.16 (Vandermonde identity). For n, a1, . . . , an ∈ N and k ∈ N0 we have(
a1 + . . .+ an

k

)
=

∑
(k1,...,kn)∈Nn

0
k1+...+kn=k

(
a1
k1

)
. . .

(
an
kn

)
.

Proof. Let A1, . . . , An be sets with |Ai| = ai for i = 1, . . . , n. We determine
∣∣(A1⊔...⊔An

k

)∣∣ in two ways.
According to Theorem 1.13, on the one hand∣∣∣(A1 ⊔ . . . ⊔An

k

)∣∣∣ = (|A1 ⊔ . . . ⊔An|
k

)
=

(
a1 + . . .+ an

k

)
.

On the other hand, every k-element subset of A1 ⊔ . . . ⊔An is composed of ki-element subsets of Ai for
i = 1, . . . , n and k1 + . . .+ kn = k. For each of these subsets there are

∣∣(Ai
ki

)∣∣ = (aiki) possibilities. This
shows ∣∣∣(A1 ⊔ . . . ⊔An

k

)∣∣∣ = ∑
(k1,...,kn)∈Nn

0
k1+...+kn=k

(
a1
k1

)
. . .

(
an
kn

)
.

Example 1.17. The special case n = 2 and a1 = a2 = k in Theorem 1.16 yields(
2k

k

)
=

k∑
i=0

(
k

i

)(
k

k − i

)
=

k∑
i=0

(
k

i

)2

.

Theorem 1.18 (“Variation with repetition” II). Let A = {a1, . . . , an} and B be finite sets and
k1, . . . , kn ∈ N0 with |B| = k1 + . . .+ kn. Then there exist exactly

( |B|
k1,...,kn

)
mappings f : B → A with

|f−1(ai)| = ki for i = 1, . . . , n.

Proof. Let |B| = k and f : B → A with |f−1(ai)| = ki for i = 1, . . . , n. According to Theorem 1.13
there are

(
k
k1

)
possibilities for f−1(a1). Once f−1(a1) is fixed, there remain

(
k−k1
k2

)
possibilities for

f−1(a2) etc. Thus there are(
k

k1

)(
k − k1
k2

)
. . .

(
k − k1 − . . .− kn−1

kn

)
=
k!(k − k1)! . . . (k − k1 − . . .− kn−1)!

k1!(k − k1)!k2!(k − k1 − k2)! . . . kn!
=

(
k

k1, . . . , kn

)
possibilities for f .
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Example 1.19.

(i) An anagram is a permutation of the letters of a word. According to Theorem 1.18 there are(
5

2,1,1,1

)
= 60 anagrams of EULER (choose A = {E,U,L,R}, B = {1, 2, 3, 4, 5}, k1 = 2, k2 = k3 =

k4 = 1). For example REUEL, LUREE etc.

(ii) There are
(

32
10,10,10,2

)
= 2.753.294.408.504.640 possibilities to distribute 32 skat cards to three

players.

Remark 1.20. According to Remark 1.7 and Theorem 1.18

nk = |{1, . . . , n}k| =
∑

(k1,...,kn)∈Nn
0

k1+...+kn=k

(
k

k1, . . . , kn

)
.

This is a special case of the multinomial theorem

(a1 + . . .+ an)
k =

∑
(k1,...,kn)∈Nn

0
k1+...+kn=k

(
k

k1, . . . , kn

)
ak11 . . . aknn (a1, . . . , an ∈ R)

(Exercise 7). For n = 2 one obtains the binomial theorem.

Definition 1.21. For an arbitrary set A, the elements from NA
0 are called multisets over A. One can

interpret a multiset m := (na)a∈A as a “subset” of A, where each a ∈ A occurs exactly na times (in the
case na ≤ 1 for all a ∈ A, m is thus a true set). Accordingly, one sets |m| :=

∑
a∈A na. We will often

denote multisets in the form {a, a, b, c, c, c, . . .}, where, as with sets, the order does not matter.

Theorem 1.22 (“Combination with replacement”). An n-element set possesses exactly((
n

k

))
:=

(
n+ k − 1

k

)
many k-element multisets (n, k ∈ N0).

Proof. Wlog. let A = {1, . . . , n}. One can then identify the k-element multisets over A with the tuples
(a1, . . . , ak) ∈ Ak with a1 ≤ . . . ≤ ak. Let Ak be the set of these k-tuples. Obviously, then

f : Ak →
(
{1, . . . , n+ k − 1}

k

)
,

(a1, . . . , ak) 7→ {a1, a2 + 1, . . . , ak + k − 1}

is bijective. From Theorem 1.13 it follows that |Ak| = |f(Ak)| =
(
n+k−1

k

)
.

Example 1.23. When throwing three identical dice simultaneously, there are
((

6
3

))
=
(
8
3

)
= 56 possible

events, which, however, are not all equally probable.

Remark 1.24.

(i) For 1 ≤ k ≤ n, it holds that((
n+ 1

k

))
=

(
n+ k

k

)
=

(
n+ k − 1

k − 1

)
+

(
n+ k − 1

k

)
=

((
n+ 1

k − 1

))
+

((
n

k

))
.
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(ii) For finite sets A and B, it is well known that |A ∪B| = |A|+ |B| − |A ∩B|. Apparently, it also
holds that

|A ∪B ∪ C| = |A|+ |B|+ |C| − |A ∩B| − |A ∩ C| − |B ∩ C|+ |A ∩B ∩ C|.

= − +

This can be generalized as follows.

Theorem 1.25 (Inclusion-Exclusion Principle). For finite sets A1, . . . , An, it holds that

|A1 ∪ . . . ∪An| =
n∑

k=1

(−1)k+1
∑

1≤i1<...<ik≤n

|Ai1 ∩ . . . ∩Aik |.

Proof. We count how many times an element a ∈ A1 ∪ . . . ∪ An is taken into account on the right
side. For this, let wlog. a ∈ A1 ∩ . . . ∩ Al and a /∈ Ai for i > l. Then a is counted if and only if
{i1, . . . , ik} ⊆ {1, . . . , l} holds. In the k-th summand, a is thus counted (−1)k+1

(
l
k

)
times. In total, a is

counted on the right side exactly

n∑
k=1

(−1)k+1

(
l

k

)
= 1−

l∑
k=0

(−1)k
(
l

k

)
= 1− (1− 1)l = 1

times. This shows the claim.

Definition 1.26. As usual, a, b ∈ N are called coprime, if 1 is the only common positive divisor of a
and b, i. e. gcd(a, b) = 1. One calls

φ(n) := |{1 ≤ a ≤ n : gcd(a, n) = 1}| (n ∈ N)

the Euler φ-function.

Theorem 1.27. Let n = pa11 . . . pakk be the prime factorization of n ∈ N. Then

φ(n) =
k∏

i=1

(paii − p
ai−1).

Proof. For i = 1, . . . , k let Ai := {1 ≤ a ≤ n : pi | a}. Then A := {1 ≤ a ≤ n : gcd(a, n) ̸= 1} =
A1 ∪ . . . ∪Ak. For 1 ≤ i1 < . . . < il ≤ k is

Ai1 ∩ . . . ∩Ail =
{
jpi1 . . . pil : j = 1, . . . ,

n

pi1 . . . pil

}
.
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With Theorem 1.25 it follows

φ(n) = |{1, . . . , n} \A}| = n− |A| = n+
k∑

l=1

(−1)l
∑

1≤i1<...<il≤k

n

pi1 . . . pil

= n
(
1− 1

p1

)
. . .
(
1− 1

pk

)
= (pa11 − p

a1−1
1 ) . . . (pakk − p

ak−1
k ).

Remark 1.28. In algebra, one proves Theorem 1.27 using the Chinese Remainder Theorem.

Theorem 1.29 (Erdős-Szekeres). Every real sequence of pairwise distinct numbers a1, . . . , an2+1

with n ∈ N possesses a monotone subsequence of length n+ 1.

Proof. For i = 1, . . . , n2 + 1 let αi (resp. βi) be the maximal length of a monotonically increasing (resp.
decreasing) subsequence that ends with ai. Let us assume that all monotone subsequences have length
≤ n. Then there are at most n2 pairs (αi, βi). By the pigeonhole principle, there exist 1 ≤ i < j ≤ n2+1
with (αi, βi) = (βj , βj). In the case ai < aj (resp. ai > aj), one can extend the monotonically increasing
(resp. decreasing) sequence ending with ai by aj . But then αi < αj or βi < βj . Contradiction.

Example 1.30. The sequence

n, n− 1, . . . , 1, 2n, 2n− 1, . . . , n+ 1, . . . , n2, n2 − 1, . . . , n2 − n+ 1

of length n2 possesses no monotone subsequence of length n+ 1.

2. Permutations and Partitions

Definition 2.1.

• Let A be a set and σ ∈ Sym(A). One calls a ∈ A a fixed point of σ if σ(a) = a. If σ has no fixed
points, then σ is called fixed-point-free.

• For x ∈ R let [x] ∈ Z with |x− [x]| < 1
2 or [x] = x+ 1

2 (“rounding”).

Theorem 2.2 (Montmort). The number of fixed-point-free permutations in Sn is [n!/e], where e is
Euler’s number.

Proof. For i = 1, . . . , n let Fi := {σ ∈ Sn : σ(i) = i}. The number fn of fixed-point-free permutations
of Sn is then fn = |Sn \ (F1 ∪ . . . ∪ Fn)| = n!− |F1 ∪ . . . ∪ Fn|. For 1 ≤ i1 < . . . < ik ≤ n is

|Fi1 ∩ . . . ∩ Fik | = |Sym({1, . . . , n} \ {i1, . . . , ik})| = (n− k)!.

Theorem 1.25 shows

fn = n! +
n∑

k=1

(−1)k
∑

1≤i1<...<ik≤n

(n− k)! = n! +
n∑

k=1

(−1)k
(
n

k

)
(n− k)! = n!

n∑
k=0

(−1)k

k!
.

Now ∣∣∣n!
e
− fn

∣∣∣ = ∣∣∣n! ∞∑
k=n+1

(−1)k

k!

∣∣∣ = 1

n+ 1
− 1

(n+ 1)(n+ 2)
± . . . < 1

n+ 1
≤ 1

2

and fn = [n!/e].
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Example 2.3.

(i) The fixed-point-free permutations of S4 are(
1 2 3 4
2 1 4 3

)
,

(
1 2 3 4
3 4 1 2

)
,

(
1 2 3 4
4 3 2 1

)
,

(
1 2 3 4
2 3 4 1

)
,

(
1 2 3 4
2 4 1 3

)
,(

1 2 3 4
3 4 2 1

)
,

(
1 2 3 4
3 1 4 2

)
,

(
1 2 3 4
4 3 1 2

)
,

(
1 2 3 4
4 1 2 3

)
.

(ii) In the pre-Christmas “Secret Santa” (Wichteln), n people give each other gifts by drawing lots
beforehand that indicate to whom the gift is to be directed. This describes a permutation on
{1, . . . , n}, which is fixed-point-free if and only if no person draws their own lot. The probability
that at least one person draws their own lot is therefore 1− [n!/e]

n! ≈ 1− 1
e ≈ 63%.

(iii) The encryption machine Enigma used in World War II permutes the 26 letters of the Latin
alphabet. To supposedly make the encryption more secure, only fixed-point-free permutations
were used. However, this was a crucial weakness that allowed the Allies to decrypt the Enigma.1

Example 2.4 (Secretary Problem). There are n applicants for a vacant position invited one after
another for an interview. Immediately after each interview, the applicant must be informed whether
they have been hired or rejected. In the first case, the process is finished and no further applicants are
considered. With which strategy does one find the best possible applicant?

One first rejects the first k < n applicants consistently and chooses among the remaining n− k the first
one who is better than the first k applicants (possibly one has to reject all applicants, in which case the
strategy has failed). The order of the applicants describes a permutation σ ∈ Sn, where σ(1) is the
position of the best applicant and σ(2) is the position of the second best, etc. Let

m := min{i ≤ n : σ(i) < σ(1)}.

The above strategy finds the best applicant if and only if σ(1) > k and σ(m) ≤ k holds. The probability
that σ(1) is at position l is 1/n. The probability for σ(m) ≤ k is then k

l−1 . The success probability of
the strategy is therefore

n∑
l=k+1

1

n

k

l − 1
=
k

n

n−1∑
l=k

1

l
≥ k

n

∫ n

k

1

x
dx =

k

n
(logn− log k).

k k + 1 n

1
k 1

x

The function f(x) = x
n(log n− log x) has derivative f ′(x) = 1

n(log n− log x− 1) and therefore takes its
maximum at x = n/e. For k = [n/e], the success probability is thus approx. f(n/e) = 1/e ≈ 37% (for
“large” n). One can show that this is the best strategy. For n = 20, this results in k = 7 and approx.
38%.

Definition 2.5. For a set A, one calls σ ∈ Sym(A) a (k-)cycle (or cycle of length k), if pairwise distinct
a1, . . . , ak ∈ A exist, such that

σ(x) =


ai+1 if x = ai with i < k,

a1 if x = ak,

x otherwise.

a1

a2

a3

a4

σ

σ σ

σ

1https://en.wikipedia.org/wiki/Cryptanalysis_of_the_Enigma#The_Enigma_machine
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One then writes σ = (a1, . . . , ak). This notation is unique up to “rotation”, i. e.

σ = (a2, . . . , ak, a1) = . . . = (ak, a1, . . . , ak−1).

The only 1-cycle is idA. To make formulations uniform, we will nevertheless formally distinguish the
1-cycles (1), (2), . . . , (n). Furthermore, we regard idA as the product of all 1-cycles. Cycles of length 2
are called transpositions. Cycles σ = (a1, . . . , ak) and τ = (b1, . . . , bl) are called disjoint , if

{a1, . . . , ak} ∩ {b1, . . . , bl} = ∅.

Remark 2.6.

(i) It holds that (a1, . . . , ak)
−1 = (ak, ak−1, . . . , a1).

(ii) Disjoint cycles σ, τ ∈ Sym(A) commute, i. e. σ ◦ τ = τ ◦ σ. In the following, we will often omit the
composition symbol ◦.

Lemma 2.7. Every permutation σ of a finite set A is a composition of pairwise disjoint cycles
σ = σ1 . . . σk of length > 1 and these are uniquely determined up to their order.

Proof. Existence: Let Aσ := {a ∈ A : σ(a) ̸= a}. We argue by induction on |Aσ|. In the case
Aσ = ∅, σ = idA is the empty product. So let a ∈ Aσ ̸= ∅. Because |Aσ| ≤ |A| < ∞, the elements
a, σ(a), σ2(a), . . . ∈ Aσ cannot all be distinct. So let 0 ≤ k < l with σk(a) = σl(a). Then σl−k(a) = a.
Let s ∈ N be minimal with σs(a) = a. Then a, σ(a), . . . , σs−1(a) are pairwise distinct and σ1 =
(a, σ(a), . . . , σs−1(a)) is an s-cycle with s > 1. For τ := σ−1

1 σ ∈ Sym(Aσ) and i = 0, . . . , s− 1, it then
holds that

τ(σi(a)) = σ−1
1 σi+1(a) = σi(a).

This shows Aτ = Aσ \Aσ1 . By induction, there exist pairwise disjoint cycles σ2, . . . , σk ∈ Sym(Aτ ) with
length > 1 and τ = σ2 . . . σk. Obviously, σ1, . . . , σk are also pairwise disjoint and σ = σ1 . . . σk.

Uniqueness: Let σ = σ1 . . . σk = τ1 . . . τl be two representations with pairwise disjoint cycles σ1, . . . , σk
as well as τ1, . . . , τl. Let a ∈ A with σ1(a) ̸= a. Then there exists exactly one τi with τi(a) = σ1(a).
Furthermore, σ21(a) = τ2i (a) and so on. This shows σ1 = τi. By multiplying both sides by σ−1

1 , one
obtains σ2 . . . σk = τ1 . . . τi−1τi+1 . . . τl. The claim now follows easily by induction on k.

Remark 2.8.

(i) One can make the notation in disjoint cycles

σ = (a1, . . . , as)(b1, . . . , bt) . . .

completely unique by requiring a1 = min{a1, . . . , as} < b1 = min{b1, . . . , bt} < . . .. This is
implemented in the computer algebra system GAP.

(ii) In the following, we say that σ ∈ Sn contains a cycle τ if τ occurs in the disjoint cycle representation.
In doing so, we want to count the fixed points as 1-cycles.

(iii) As is well known (Linear Algebra), every permutation can also be written as a product of
transpositions, although these are generally not disjoint.

12



Example 2.9.

(i)
(
1 2 3 4 5 6
4 1 6 2 5 3

)
= (1, 4, 2)(3, 6).

(ii) (2, 5, 3, 1)(3, 1, 6) = (1, 6)(2, 5, 3) (maps are evaluated from right to left).

(iii) S3 = {(), (1, 2), (1, 3), (2, 3), (1, 2, 3), (1, 3, 2)}.

Theorem 2.10. For 1 ≤ k ≤ n, the following holds:

(i) The number of k-cycles of Sn is n!
k(n−k)! .

(ii) If zk(σ) is the number of k-cycles of σ, then

1

n!

∑
σ∈Sn

zk(σ) =
1

k
.

(iii) The average number of cycles of a permutation σ ∈ Sn is the n-th harmonic number

Hn :=
n∑

l=1

1

l
.

Proof.

(i) Each k-cycle permutes a k-element set {a1, . . . , ak} ⊆ {1, . . . , n}. For the choice of this set, there
are

(
n
k

)
possibilities (Theorem 1.13). Each k-cycle on this set can be uniquely written in the form

(a1, b2, . . . , bk) with {b2, . . . , bk} = {a2, . . . , ak}. This yields (k − 1)! cycles, because the digits
b2, . . . , bk can be permuted arbitrarily. In total, there are(

n

k

)
(k − 1)! =

n!(k − 1)!

k!(n− k)!
=

n!

k(n− k)!

cycles of length k.

(ii) Let Ck ⊆ Sn be the set of k-cycles. Each k-cycle is contained in (n − k)! many permutations,
because one can permute the n− k digits outside the cycle arbitrarily. It follows that∑
σ∈Sn

zk(σ) = |{(σ, c) ∈ Sn×Ck : σ contains c}| =
∑
c∈Ck

(n− k)! = |Ck|(n− k)!
(i)
=
n!(n− k)!
k(n− k)!

=
n!

k
.

(iii) The average number of cycles is

1

n!

n∑
k=1

∑
σ∈Sn

zk(σ) =
n∑

k=1

1

k

according to (ii).

Remark 2.11. As is well known (Analysis),

γ := lim
n→∞

(Hn − log n) = 0,577 . . .

is the Euler-Mascheroni constant . For large n, Hn ≈ log(n) + γ therefore holds. It is not yet known
whether γ is rational.
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Example 2.12.

(i) The average number of cycles of σ ∈ S8 is H8 =
761
280 ≈ 2,71.

(ii) (100 prisoners problem) The names of 100 prisoners are kept in 100 closed numbered envelopes. The
prisoners are asked one after another to open 50 envelopes of their choice with the goal of finding
their own name. If every prisoner succeeds in finding their own name, they all receive freedom.
They may decide on a strategy beforehand, but may not communicate during the experiment.
What is a good strategy? Without a strategy (i. e. everyone opens 50 random envelopes), the
probability of success is only

2−100 = (210)−10 = 1024−10 < 1000−10 = 10−30.

The prisoners are numbered, so that the distribution of names into the envelopes describes a
permutation σ ∈ S100. When it is the turn of the prisoner with number a, they first open envelope
a and find therein the name of prisoner σ(a). After that, they open envelope σ(a) and find therein
the name of σ2(a) etc. In this way, they find their own name if and only if the cycle of σ containing
a has length ≤ 50. The procedure is therefore successful if and only if σ contains no cycle of length
> 50. Obviously, σ can contain at most one such cycle. The number of permutations with a cycle
of length k > 50 is therefore

100∑
k=51

∑
σ∈Sn

zk(σ).

The probability that the strategy fails is consequently

1

n!

100∑
k=51

∑
σ∈Sn

zk(σ)
2.10
=

100∑
k=51

1

k
≤
∫ 100

50

1

x
dx = log(2 · 50)− log(50) = log(2) < 0,7

(cf. Example 2.4). The probability of success is therefore greater than 30% (independent of the
number of prisoners).

Definition 2.13. The number of permutations of Sn with exactly k cycles is called Stirling number of
the first kind and is written as

[
n
k

]
. If one considers the identity on the empty set as a product of 0

cycles, one obtains
[
0
0

]
= 1.

Remark 2.14. For n ∈ N0 it holds that

n! = |Sn| =
n∑

k=0

[
n

k

]
.

Example 2.15.

(i) By definition,
[
n
k

]
= 0 if k = 0 < n or k > n. Since id is the only permutation in Sn with n cycles,[

n
n

]
= 1 holds. In contrast to the binomial coefficient, in general

[
n
k

]
̸=
[

n
n−k

]
.

(ii) A permutation with only one cycle is an n-cycle. From Theorem 2.10 it follows that
[
n
1

]
= (n− 1)!.

(iii) Obviously,
[

n
n−1

]
is the number of transpositions and thus also the number of 2-element subsets of

{1, . . . , n}. This shows
[

n
n−1

]
=
(
n
2

)
.

(iv) According to Remark 2.14,
[
4
2

]
= 4!−

[
4
1

]
−
[
4
3

]
−
[
4
4

]
= 24− 6− 6− 1 = 11. The corresponding

permutations are (1, 2, 3), (1, 3, 2), (1, 2, 4), (1, 4, 2), (1, 3, 4), (1, 4, 3), (2, 3, 4), (2, 4, 3), (1, 2)(3, 4),
(1, 3)(2, 4), (1, 4)(2, 3).
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Lemma 2.16. For k, n ∈ N, it holds that[
n

k − 1

]
+ n

[
n

k

]
=

[
n+ 1

k

]
.

Proof. Let σ ∈ Sn with exactly k−1 cycles. By appending the 1-cycle (n+1), one obtains a permutation
in Sn+1 with exactly k cycles. Now let σ ∈ Sn with exactly k cycles. Then the digit n + 1 can be
inserted at n positions in the cycle notation of σ (Example: inserting 4 into (1, 2)(3) yields (4, 1, 2)(3),
(1, 4, 2)(3), (1, 2)(4, 3)). In this way, one obtains n different permutations in Sn+1 with exactly k cycles.
Obviously, every permutation of Sn+1 with exactly k cycles arises in exactly one of the two ways. This
shows the claim.

Theorem 2.17. For 0 ≤ k < n, it holds that[
n

k

]
=

∑
0<a1<...<an−k<n

a1 . . . an−k.

Proof. Induction on n: For k = 0, one obtains the empty sum, because there are only n− 1 natural
numbers between 1 and n− 1. Indeed,

[
n
0

]
= 0. In particular, the claim holds for n = 1. Now let k > 0

and the claim for n be already proven. According to Lemma 2.16,[
n+ 1

k

]
=

[
n

k − 1

]
+ n

[
n

k

]
=

∑
0<a1<...<an−k+1<n

a1 . . . an−k+1 + n
∑

0<a1<...<an−k<n

a1 . . . an−k

=
∑

0<a1<...<an+1−k<n+1

a1 . . . an+1−k.

Example 2.18. For n ∈ N, it holds that[
n

n− 1

]
=

n−1∑
k=1

k =

(
n

2

)
(cf. Example 2.15).

Definition 2.19.

• A partition of a (finite) setA is a set of pairwise disjoint, non-empty subsets {A1, . . . , Ak} ⊆ 2A with
A = A1∪. . .∪Ak. We denote the set of all partitions of A by P (A). One calls b(n) := |P ({1, . . . , n})|
the n-th Bell number .

• A partition of n ∈ N0 is a multiset λ := {k1, . . . , ks} ⊆ N with n = k1 + . . . + ks. One calls
k1, . . . , ks the parts of λ. Let the set of all partitions of n be P (n) and p(n) := |P (n)|.

Example 2.20. The partitions of {1, 2, 3} are {{1, 2, 3}}, {{1}, {2, 3}}, {{2}, {1, 3}}, {{3}, {1, 2}} and
{{1}, {2}, {3}}. The partitions of 3 are 3 = 1 + 2 = 1 + 1 + 1. Thus b(3) = 5 and p(3) = 3.

Remark 2.21.

(i) Note: b(0) = 1 = p(0), because the empty (multi)set is a partition of ∅ (or 0).
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(ii) If {A1, . . . , Ak} is a partition of a finite set A, then {|A1|, . . . , |Ak|} is a partition of |A|. Conversely,
from every partition of n ∈ N one can construct a partition of {1, . . . , n}. Therefore b(n) ≥ p(n)
and b(n) > p(n), if n ≥ 3.

(iii) We will often write partitions of numbers in the form (k1, . . . , ks) with k1 ≥ . . . ≥ ks or in the
form (1m1 , . . . , nmn) := (1, . . . , 1︸ ︷︷ ︸

m1

, . . . , n, . . . , n︸ ︷︷ ︸
mn

) with m1, . . . ,mn ∈ N0.

(iv) A relation on a set A is a subset ∼ ⊆ A× A. One writes a ∼ b :⇐⇒ (a, b) ∈ ∼. One calls ∼ an
equivalence relation, if for all a, b, c ∈ A the following holds:

• a ∼ a (reflexive),

• a ∼ b =⇒ b ∼ a (symmetric),

• a ∼ b ∼ c =⇒ a ∼ c (transitive).

For a ∈ A one calls [a] := {b ∈ A : a ∼ b} the equivalence class of a. Let

A/∼ := {[a] : a ∈ A}

be the set of equivalence classes. Because of a ∈ [a], we have
⋃

a∈A[a] = A. Now let x ∈ [a] ∩ [b]
for a, b ∈ A. With a ∼ x it also holds that x ∼ a. For an arbitrary c ∈ A it follows that

c ∈ [a] =⇒ x ∼ a ∼ c =⇒ b ∼ x ∼ c =⇒ b ∼ c =⇒ c ∈ [b],

i. e. [a] ⊆ [b]. For reasons of symmetry, [b] ⊆ [a] also holds, thus [a] = [b]. Any two equivalence
classes are therefore either equal or disjoint. Thus A/∼ is a partition of A.

(v) Conversely, if a partition {A1, . . . , Ak} of A is given, then one obtains by

a ∼ b :⇐⇒ ∃i : a, b ∈ Ai

an equivalence relation on A. In this case A/∼ = {A1, . . . , Ak}. In this way, partitions and
equivalence relations correspond to each other.

Example 2.22. The equality relation = is an equivalence relation on every set A. The corresponding
partition is {{a} : a ∈ A}.

Theorem 2.23. Let (1a1 , . . . , nan) be a partition of n. Then every n-element set has exactly

n!

(1!)a1 . . . (n!)ana1! . . . an!

partitions of the form {A1, . . . , Al} with {|A1|, . . . , |Al|} = (1a1 , . . . , nan).

Proof. Wlog. let A = {1, . . . , n}. One can transform every arrangement b1, . . . , bn of the numbers
1, . . . , n into a partition of the desired type by distributing corresponding braces { and }. We can first
brace the a1 1-element subsets, then the a2 2-element subsets, etc.:

{b1}, {b2}, . . . , {bi, bi+1}, . . . .

Of the n! possible arrangements b1, . . . , bn, however, several lead to the same partition. On the one
hand, one can arbitrarily permute the elements of each k-element subset without changing the partition.
On the other hand, one can permute the ak k-element subsets among themselves without changing
the partition. Therefore, each

∏n
k=1(k!)

akak! arrangements lead to the same partition. This shows the
claim.
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Example 2.24. The number of partitions of {1, 2, 3, 4} of type (2, 2) = (10, 22) is 4!
(2!)22!

= 24
8 = 3.

These are {{1, 2}, {3, 4}}, {{1, 3}, {2, 4}} and {{1, 4}, {2, 3}}.

Definition 2.25. If σ ∈ Sn is a disjoint product of ai ≥ 0 cycles of length i, then (1a1 , . . . , nan) is
called the cycle type of σ. According to Lemma 2.7, this is a well-defined partition of n. The number of
fixed points of σ is a1.

Theorem 2.26. The number of permutations of Sn with cycle type (1a1 , . . . , nan) is

n!

1a1 . . . nana1! . . . an!
.

Proof. If one regards cycles as subsets of {1, . . . , n}, then every permutation corresponds to a partition
of {1, . . . , n}. According to Theorem 2.23, the permutations with cycle type (1a1 , . . . , nan) correspond
to exactly

n!∏n
k=1(k!)

akak!

partitions. It remains to count how many permutations yield the same partition. Since every k-cycle
can be uniquely written in the form (b1, . . . , bk) with b1 := min{b1, . . . , bk}, exactly (k − 1)! cycles
yield the same set {b1, . . . , bk} (one can arbitrarily permute the b2, . . . , bk). The number of the desired
permutations is therefore

n!∏n
k=1(k!)

akak!

n∏
k=1

((k − 1)!)ak =
n!∏n

k=1 k
akak!

.

Example 2.27. The k-cycles of Sn have cycle type (1n−k, k1). Their number is n!
1n−k(n−k)!k11!

= n!
k(n−k)!

in accordance with Theorem 2.10.

Definition 2.28. The number of k-element partitions of an n-element set is called the Stirling number
of the second kind and is written as

{
n
k

}
.

Remark 2.29.

(i) Since every permutation with k cycles defines a partition with k subsets,
{
n
k

}
≤
[
n
k

]
for all k, n ∈ N.

(ii) It holds that b(n) = |P ({1, . . . , n})| =
∑n

k=0

{
n
k

}
.

Example 2.30.

(i) As usual,
{
0
0

}
= 1 and

{
n
k

}
= 0 for k = 0 < n or k > n. Furthermore,

{
n
1

}
= 1 =

{
n
n

}
and{

n
n−1

}
=
[

n
n−1

]
=
(
n
2

)
.

(ii) Every 2-element partition of A has the form {B,A \ B} with B ∈ 2A \ {∅, A}. This shows{
n
2

}
= 1

2

(
|2{1,...,n}| − 2

) 1.4
= 2n−1 − 1.

(iii) According to Remark 2.29, b(4) =
{
4
1

}
+
{
4
2

}
+
{
4
3

}
+
{
4
4

}
= 1 + 23 − 1 +

(
4
2

)
+ 1 = 15.
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Lemma 2.31. For k, n ∈ N it holds that{
n

k − 1

}
+ k

{
n

k

}
=

{
n+ 1

k

}
.

Proof. Let A = {1, . . . , n} and {A1, . . . , Ak−1} be a partition of A. Then {A1, . . . , Ak−1, {n + 1}} is
a k-element partition of {1, . . . , n+ 1}. Now let {A1, . . . , Ak} be a partition of A. Then one can add
the number n + 1 to each of the sets A1, . . . , Ak and obtains in this way a k-element partition of
{1, . . . , n+ 1}. Obviously, every k-element partition of {1, . . . , n+ 1} arises in exactly one of the two
ways. This shows the claim.

Theorem 2.32. For 0 ≤ k < n it holds that{
n

k

}
=

∑
1≤a1≤...≤an−k≤k

a1 . . . an−k.

Proof. Induction on n: For k = 0 one obtains the empty sum in accordance with
{
n
0

}
= 0. In particular,

the claim holds for n = 1. Now let k > 0 and the claim be already proven for n. According to Lemma 2.31{
n+ 1

k

}
=

{
n

k − 1

}
+ k

{
n

k

}
=

∑
1≤a1≤...≤an−k+1≤k−1

a1 . . . an−k+1 + k
∑

1≤a1≤...≤an−k≤k

a1 . . . an−k

=
∑

1≤a1≤...≤an+1−k≤k

a1 . . . an+1−k.

Example 2.33. For n ∈ N it holds that{
n

2

}
=

∑
1≤a1≤...≤an−2≤2

a1 . . . an−2 =

n−2∑
k=0

2k = 2n−1 − 1

(cf. Example 2.30).

Remark 2.34. One should compare the following result with Theorem 1.9.

Theorem 2.35. For finite sets A and B there exist exactly
{|A|
|B|
}
|B|! surjective mappings A→ B.

Proof. Wlog. let B = {1, . . . , k}. Every surjective mapping f : A → B yields a k-element partition
{f−1(1), . . . , f−1(k)} of A. For σ ∈ Sym(B), the mapping σ ◦ f : A→ B is also surjective and leads to
the partition

{(σ ◦ f)−1(1), . . . , (σ ◦ f)−1(k)} = {f−1(σ−1(1)), . . . , f−1(σ−1(k))} = {f−1(1), . . . , f−1(k)}.

One easily sees that these are the only mappings that lead to the same partition. The number of
surjective mappings is therefore

{|A|
k

}
|Sym(B)| =

{|A|
k

}
k!.
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Example 2.36 (Coupon collector’s problem). With every purchase at the supermarket, you receive
one of n different trading cards (randomly and uniformly distributed). What is the probability that you
own all trading cards after k purchases? The k purchases provide a mapping {1, . . . , k} → {1, . . . , n}.
There are nk such mappings, of which

{
k
n

}
n! are surjective. The probability is therefore

n!

nk

{
k

n

}
.

For n = 20 one obtains:

25 55 67 83 100 k
0

0,5

1

Theorem 2.37. For k, n ∈ N0, it holds that

{
n

k

}
=

1

k!

k∑
l=0

(−1)k−l

(
k

l

)
ln.

Proof. Let A := {1, . . . , n}, B := {1, . . . , k} and M be the set of surjective mappings from A to B.
According to Theorem 2.35, it suffices to show |M | =

∑k
l=0(−1)k−l

(
k
l

)
ln. For i = 1, . . . , k let

Mi :=
{
f : A→ B : i /∈ f(A)

}
.

For 1 ≤ i1 < . . . < il ≤ k, then Mi1 ∩ . . . ∩Mil is the set of all mappings from A to B \ {i1, . . . , il}. In
particular, |Mi1 ∩ . . . ∩Mil | = (k − l)n according to Remark 1.7. Theorem 1.25 shows

|M | = |BA \ (M1 ∪ . . . ∪Mk)| = kn +
k∑

l=1

(−1)l
(
k

l

)
(k − l)n =

k∑
l=0

(−1)l
(
k

l

)
(k − l)n.

The claim follows from
(
k
l

)
=
(

k
k−l

)
.

Remark 2.38. From Theorem 2.37 it follows that

n! = n!

{
n

n

}
=

n∑
k=0

(−1)n−k

(
n

k

)
kn.

Asymptotically, the Stirling formula holds

n! ∼
√
2πn

(n
e

)n
,

i. e.
lim
n→∞

n!√
2πn(n/e)n

= 1

(without proof). Example: 100! ≈ 9.333 · 10157 and
√
200π(100/e)100 ≈ 9.325 · 10157.
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Theorem 2.39 (Dobiński formula). For n ∈ N0 is

b(n) =
1

e

∞∑
k=0

kn

k!
.

Proof. Because
{
n
k

}
= 0 for k > n, it holds that

b(n)
2.29
=

∞∑
k=0

{
n

k

}
2.37
=

∞∑
k=0

1

k!

k∑
l=0

(−1)k−l

(
k

l

)
ln =

∞∑
k=0

k∑
l=0

(−1)k−l ln

l!(k − l)!

=

∞∑
k=0

k∑
l=0

(−1)l

l!

(k − l)n

(k − l)!
(∗)
=
( ∞∑
l=0

(−1)l

l!

)( ∞∑
k=0

kn

k!

)
=

1

e

∞∑
k=0

kn

k!
,

where in (∗) the Cauchy product formula for absolutely convergent series is used (Analysis).

Theorem 2.40. For n ∈ N0 is

b(n+ 1) =
n∑

k=0

(
n

k

)
b(k).

Proof. Let A be a partition of {1, . . . , n+ 1} and n+ 1 ∈ A ∈ A with k := |A| − 1 ≥ 0. Then there are(
n
k

)
possibilities for A and A \ {A} is a partition of {1, . . . , n} \A. For A \ {A} there are thus b(n− k)

possibilities. It follows

b(n+ 1) =
n∑

k=0

(
n

k

)
b(n− k) =

n∑
k=0

(
n

k

)
b(k).

Remark 2.41. No simple formula for p(n) is known. However, Hardy and Ramanujan have proved

p(n) ∼ eπ
√

2n/3

4n
√
3

Example: p(104) ≈ 3.617 · 10106 and eπ
√

20000/3

40000
√
3
≈ 3.633 · 10106.

3. Möbius Inversion

Definition 3.1. A relation ≤ on a set A is called an order relation (or partial order), if for all a, b, c ∈ A
the following holds:

• a ≤ a (reflexive),

• a ≤ b ≤ a =⇒ a = b (antisymmetric),

• a ≤ b ≤ c =⇒ a ≤ c (transitive).

If applicable, (A,≤) is called an ordered set. One also writes a ≥ b if b ≤ a, and a < b (resp. a > b) if
a ≤ b ̸= a (resp. b ≤ a ̸= b).

Example 3.2.

(i) The usual “less than or equal to relation” ≤ on R.
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(ii) The subset relation ⊆ on 2A for every set A.

(iii) The divisibility relation | on N, but not on Z, because 1 | −1 | 1.

(iv) For every ordered set (A,≤), (A,≥) is also an ordered set.

(v) For ordered sets (A1,≤1), . . . , (An,≤n), A1 × . . .×An is lexicographically ordered by

(a1, . . . , an) < (b1, . . . , bn) :⇐⇒ ∃k ∈ N0 : a1 = b1, . . . , ak = bk, ak+1 <k+1 bk+1.

Definition 3.3. For an ordered set (A,≤) and a, b ∈ A, let

[a, b] := {c ∈ A : a ≤ c ≤ b}.

(A,≤) is called locally finite if |{b ∈ A : b ≤ a}| < ∞ holds for all a ∈ A. If applicable, the Möbius
function µA : A×A→ Z is defined recursively by

µA(a, b) :=

{
1 if a = b,

−
∑

a≤x<b µA(a, x) if a ̸= b.

Remark 3.4. In the situation of Definition 3.3,
∑

x∈[a,b] µA(a, x) = 0 holds if a ̸= b. We show∑
x∈[a,b] µA(x, b) = 0 by induction on k := |[a, b]| ≥ 2. For k = 2, we have∑

x∈[a,b]

µA(x, b) = µA(a, b) + µA(b, b) = µA(a, b) + µA(a, a) =
∑

x∈[a,b]

µA(a, x) = 0.

Now let the claim be already proven for k − 1. Then∑
x∈[a,b]

µA(x, b) = µA(b, b)−
∑

a≤x<b

∑
x≤y<b

µA(x, y) = µA(a, a)−
∑

a≤y<b

∑
x∈[a,y]

µA(x, y)

= µA(a, a)− µA(a, a) = 0.

Theorem 3.5 (Möbius Inversion). Let (A,≤) be locally finite. For f, F : A → R, the following are
equivalent:

(1) F (a) =
∑
x≤a

f(x) for all a ∈ A.

(2) f(a) =
∑
x≤a

µA(x, a)F (x) for all a ∈ A.

Proof. Since (A,≤) is locally finite, the sums are well-defined. Let F (a) =
∑

x≤a f(x) for all a ∈ A.
Then it holds that∑

x≤a

µA(x, a)F (x) =
∑
x≤a

µA(x, a)
∑
y≤x

f(y) =
∑
y≤a

f(y)
∑

x∈[y,a]

µA(x, a)
3.4
= f(a).

Conversely, let f(a) =
∑

x≤a µA(x, a)F (x) for all a ∈ A. Then it follows that∑
x≤a

f(x) =
∑
x≤a

∑
y≤x

µA(y, x)F (y) =
∑
y≤a

F (y)
∑

x∈[y,a]

µA(y, x)
3.4
= F (a).
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Remark 3.6. Theorem 3.5 is particularly useful when µA has a simple form.

Example 3.7.

(i) For every set A, (A,=) is locally finite. The Möbius function is the Kronecker delta µA(a, b) = δab
and the Möbius inversion reduces to f = F .

(ii) Obviously (N,≤) is locally finite. For a ∈ N we have µN(a, a) = 1, µN(a, a+ 1) = −µN(a, a) = −1
and µN(a, a+ 2) = −1 + 1 = 0. By induction it is easy to show µN(a, b) = 0 for b /∈ {a, a+ 1}.
Theorem 3.5 yields in this case

F (n) =
n∑

k=1

f(k)⇐⇒ f(n) = F (n)− F (n− 1).

This is a discrete version of the fundamental theorem of calculus (F corresponds to the integral of
f and f corresponds to the derivative of F ).

(iii) For every finite set A, (2A,⊆) is locally finite. We show

µ2A(X,Y ) =

{
(−1)|Y \X| if X ⊆ Y,
0 if X ⊈ Y.

The cases X = Y and X ⊈ Y are clear. So let X ⊊ Y and k := |Y \X| ≥ 1. By induction we
assume that the statement already holds for k − 1. Then

µ2A(X,Y ) = −
∑

X⊆Z⊊Y

µ2A(X,Z) = −
∑

X⊆Z⊊Y

(−1)|Z\X|

= −
k−1∑
l=0

(
k

l

)
(−1)l = −(1− 1)k + (−1)k = (−1)k.

For f, F : 2A → R it therefore holds that

F (B) =
∑
X⊆B

f(X)⇐⇒ f(B) =
∑
X⊆B

(−1)|B\X|F (X).

Replacing ⊆ by ⊇, one analogously obtains

F (B) =
∑
X⊇B

f(X)⇐⇒ f(B) =
∑
X⊇B

(−1)|X\B|F (X). (3.1)

(iv) Let A1, . . . , An be finite sets and N := {1, . . . , n}. We define f, F : 2N → R by

f(I) :=
∣∣∣⋂
i∈I

Ai \
⋃

j∈N\I

Aj

∣∣∣,
F (I) :=

∣∣∣⋂
i∈I

Ai

∣∣∣
for I ⊆ N . For a ∈

⋂
i∈I Ai there exists exactly one J ⊇ I with a ∈

⋂
j∈J Aj \

⋃
l∈N\J Al. This

shows F (I) =
∑

J⊇I f(J) and (3.1) yields

0 = f(∅) =
∑
I⊇∅

(−1)|I|
∣∣∣⋂
i∈I

Ai

∣∣∣ = |A1 ∪ . . . ∪An|+
∑

∅̸=I⊆N

(−1)|I|
∣∣∣⋂
i∈I

Ai

∣∣∣.
This is exactly the inclusion-exclusion principle.
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(v) Also (N, |) is locally finite. Let n = pa11 . . . pass be the prime factorization of n ∈ N. We define the
classical Möbius function µ : N→ R by

µ(n) :=

{
(−1)s if a1 = . . . = as = 1,

0 otherwise.

Note: µ(1) = (−1)0 = 1. It then holds that

∑
d|n

µ(d) =

s∑
k=0

∑
q1,...,qk∈{p1,...,ps}

µ(q1 . . . qk) =

s∑
k=0

∑
M⊆{p1,...,ps}

|M |=k

(−1)k

=
s∑

k=0

(−1)k
(
s

k

)
= (1− 1)s = 0,

if n ≠ 1. We show µN(a, b) = µ(b/a) if a | b. This is clear for a = b. We now assume a ≠ b and
argue by induction on b/a. Then

µN(a, b) = −
∑
a|x|b
x̸=b

µN(a, x) = −
∑
a|x|b
x̸=b

µ(x/a) = µ(b/a)−
∑
y| b

a

µ(y) = µ(b/a).

Theorem 3.5 thus has the following form

F (n) =
∑
d|n

f(d)⇐⇒ f(n) =
∑
d|n

µ(n/d)F (d). (3.2)

(vi) Let n = pa11 . . . pass be the prime factorization of n ∈ N. Then

∑
d|n

µ(n/d)d =
s∑

t=0

∑
1≤i1<...<it≤s

(−1)t n

pi1 . . . pit
= n

(
1− 1

p1

)
. . .
(
1− 1

ps

)
= φ(n)

according to Theorem 1.27. Equation 3.2 shows∑
d|n

φ(d) = n.

Remark 3.8. One can generalize Theorem 3.5 by replacing R with an arbitrary abelian group (G, ·).
One then obtains

F (a) =
∏
x≤a

f(x)⇐⇒ f(a) =
∏
x≤a

F (x)µ(x,a)

(proof is exactly the same).

Definition 3.9. Let (A,≤) be a locally finite ordered set and a, b ∈ A. A path of length l ≤ 0 between
a and b is a sequence of the form a = x1 < · · · < xk+1 = b with x1, . . . , xk+1 ∈ A.

Theorem 3.10 (Hall). Let (A,≤) be a locally finite ordered set and a, b ∈ A. Let wl be the number of
paths of length l between a and b. Then

µA(a, b) = w0 − w1 + w2 ∓ . . . .
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Proof. Induction on k := |[a, b]| <∞. In the sum, only finitely many summands are non-zero, because
cl = 0 for l ≥ k. In the case k = 1, there is only the path of length 0 between a and a, i. e. µA(a, a) =
1 = c0. Now let k ≥ 2 and assume the claim is already proven for k − 1. Let a = x1 < · · · < xl+1 = b
and c := xl. Then x1 < · · · < xl is a path of length l − 1 between a and c. By induction, this path
provides the contribution (−1)l to µA(a, c). Because of µA(a, b) = −

∑
a≤c<b µA(a, c), x1 < · · · < xl+1

provides the contribution (−1)l+1 to µA(a, b). Conversely, every path of length l − 1 between a and c
can be extended to a path of length l between a and b. This shows the claim.

4. Power series

Remark 4.1. For many counting problems, no simple formulas are known (think of p(n)). Often it
is more favorable to consider the sequence of the desired count values in its entirety. Through clever
algebraic transformations, one can thereby generate new identities. In this section, the foundations for
this are laid.

Definition 4.2. For a field K, let K[[X]] := KN0 = {(a0, a1, . . .) : ai ∈ K}. Two elements α := (a0, . . .)
and β := (b0, . . .) of K[[X]] can be added and multiplied as follows:

α+ β := (a0 + b0, a1 + b1, . . .) ∈ K[[X]],

α · β := (a0b0, a1b0 + a0b1, . . . ,

n∑
i=0

aibn−i, . . .) ∈ K[[X]].

We set 0 := (0, 0, . . .) ∈ K[[X]] and 1 := (1, 0, 0, . . .) ∈ K[[X]].

Lemma 4.3. For α, β, γ ∈ K[[X]] the following hold:

(α+ β) + γ = α+ (β + γ) α+ β = β + α α+ 0 = α

(α · β) · γ = α · (β · γ) α · β = β · α α · 1 = α

α · (β + γ) = (α · β) + (α · γ) ∃δ ∈ K[[X]] : α+ δ = 0, αβ = 0 =⇒ α = 0 ∨ β = 0.

Proof. The first three statements follow directly from the corresponding axioms in K. Now let α =
(a0, . . .), β = (b0, . . .) and γ = (c0, . . .). For δ := (−a0,−a1, . . .), it then holds that a+ δ = 0. The n-th
entry of α · (β · γ) is

n∑
i=0

ai

n−i∑
j=0

bjcn−i−j =
∑

i+j+k=n

aibjck =

n∑
i=0

( i∑
j=0

ajbi−j

)
cn−i.

This shows (α · β) · γ = α · (β · γ). Because of
∑n

i=0 aibn−i =
∑n

i=0 bian−i, we have α · β = β · α. The
equation α · 1 = α is easy to see. The n-th entry of α · (β + γ) is

n∑
i=0

ai(bn−i + cn−i) =
n∑

i=0

aibn−i +
n∑

i=0

aicn−i

and α · (β + γ) = (α · β) + (α · γ) follows. Finally, let αβ = 0. Assume indirectly α ≠ 0 ̸= β. Let
k := min{n ∈ N0 : an ̸= 0} and l := min{n ∈ N0 : bn ̸= 0}. The (k + l)-th entry of αβ is then∑k+l

i=0 aibk+l−i = akbl ̸= 0. This contradiction shows α = 0 or β = 0.
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Remark 4.4.

(i) Lemma 4.3 states that one can calculate in K[[X]] as in Z. One calls K[[X]] the ring of (formal)
power series. Its elements are also written in the form

∑∞
n=0 anX

n = a0 + a1X + a2X
2 + . . .,

where X = (0, 1, 0, 0, . . .) is an indeterminate. It holds that

∞∑
n=0

anX
n =

∞∑
n=0

bnX
n ⇐⇒ an = bn ∀n ∈ N0.

When multiplying power series, one multiplies term by term and subsequently groups identical
powers of X. One calls a0 the constant term of α. If the summation range is clear, we write
more briefly

∑
anX

n. Furthermore, we will omit the multiplication symbol · and use “order of
operations” (multiplication before addition), i.e., αβ + γ := (α · β) + γ. Let the inverse of α with
respect to + be −α. As usual, we write α− β instead of α+ (−β).

(ii) The meaning of the word “formal” lies in the fact that, in contrast to analysis, we do not consider
convergence, since X is always an indeterminate and not a real number (hence also the use of the
capital letter). Instead, we introduce a much simpler metric on K[[X]] in Definition 4.11.

(iii) For α ∈ K[[X]], we define αK[[X]] := {αβ : β ∈ K[[X]]}. For example, XK[[X]] is the set of
power series with constant term 0.

(iv) One can extend K[[X]] to a field K((X)) by replacing power series with (formal) Laurent series
of the form

∑∞
n=k anX

n with k ∈ Z and an ∈ K (Exercise 25).

Example 4.5. For every field K, there exist
∑∞

n=0X
n,
∑
nXn and

∑
(−1)nXn ∈ K[[X]]. Furthermore,

exp(X) :=
∞∑
n=0

Xn

n!
= 1 +X +

X2

2
+
X3

6
+ . . . ∈ Q[[X]] ((formal) exponential function).

It holds that

(1−X)

∞∑
n=0

Xn =

∞∑
n=0

Xn −
∞∑
n=1

Xn = 1.

Definition 4.6. One calls α ∈ K[[X]] invertible, if there exists a β ∈ K[[X]] with αβ = 1.

Remark 4.7.

(i) If α, β, γ are such that αβ = 1 = αγ, then α(β − γ) = 0 and it follows that β = γ, because
otherwise 1 = αβ = 0β = 0. Thus, there exists at most one β with αβ = 1. One calls β the inverse
of α and writes α−1 := β or 1/α. More generally, we set

αk :=


α . . . α︸ ︷︷ ︸
k times

if k > 0,

1 if k = 0,

(α−1)−k if k < 0.

for k ∈ Z.

(ii) For α, β, γ ∈ K[[X]] with αβ = γ, we write γ
β
:= α, if β ̸= 0 (as in (i), this is well-defined).
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Lemma 4.8. Let α =
∑
anX

n ∈ K[[X]].

(i) α is invertible if and only if a0 ̸= 0 holds.

(ii) If there exists an m ∈ N with αm = 1, then α ∈ K.

Proof.

(i) Let β =
∑
bnX

n ∈ K[[X]] with αβ = 1. Then a0b0 = 1 and a0 ̸= 0. Conversely, let a0 ̸= 0. We
define b0, b1, . . . ∈ K inductively by b0 := 1/a0 and

bk := − 1

a0

k∑
i=1

aibk−i ∈ K

for k ∈ N. It then holds that
k∑

i=0

aibk−i =

{
1 if k = 0,

0 if k > 0.

This shows αβ = 1 for β :=
∑
bnX

n.

(ii) We can assume m > 1. For a prime divisor p of m, we have (αm/p)p = 1. By induction on m,
we may therefore assume m = p. Suppose indirectly that α /∈ K and let n ∈ N be minimal with
an ̸= 0. The n-th coefficient of αp = 1 is pap−1

0 an = 0. Since α is invertible (α−1 = αm−1), a0 ̸= 0
holds and it follows that p = 0 in K (this holds, for example, for |K| = p). We now examine the
coefficient of Xnp in αp. This depends only on a0, . . . , anp. According to the multinomial theorem,

(a0 + . . .+ anpX
np)p =

∑
(k0,...,knp)∈Nnp+1

0
k0+...+knp=p

(
p

k0, . . . , knp

)
ak00 . . . a

knp
np X

k1+2k2+...+npknp .

For k0, . . . , knp < p, the multinomial coefficient
(

p
k0,...,knp

)
is obviously divisible by p and therefore

vanishes in K. Thus, only the multisets {k0, . . . , knp} = {0, . . . , 0, p} remain, i.e.

(a0 + . . .+ anpX
np)p = ap0 + apnX

np + apn+1X
(n+1)p + . . .+ apnpX

np2 .

The np-th coefficient of αp is thus apn ̸= 0, in contradiction to αp = 1.

Remark 4.9. If α, β ∈ K[[X]] are invertible, then so are α−1 and αβ according to Lemma 4.8. In
this case, (α−1)−1 = α and (αβ)−1 = α−1β−1. The invertible power series form an abelian group with
respect to multiplication with identity element 1 (cf. Definition 10.2). It is called the unit group of
K[[X]] and is written as K[[X]]×. According to Lemma 4.8, K[[X]]× = K[[X]] \XK[[X]] holds.

Example 4.10.

(i) According to Example 4.5, 1
1−X =

∑
Xn is the (formal) geometric series . More generally,

1

a−X
=
∑

a−n−1Xn

for a ∈ K \ {0} and
n−1∑
k=0

αk =
αn − 1

α− 1

for α ∈ K[[X]] \ {1} and n ∈ N.
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(ii) For distinct a, b ∈ K \ {0}, X + a and X + b are invertible and the partial fraction decomposition

1

(X + a)(X + b)
=

1

b− a

( 1

X + a
− 1

X + b

)
holds (bring the right side to a common denominator).

Definition 4.11. For α =
∑
anX

n ∈ K[[X]] let

|α| := 2− inf{k∈N0:ak ̸=0} ∈ R

be the norm of α, where |0| = 2−∞ = 0.

Example 4.12. α ∈ K[[X]] is invertible if and only if |α| = 1.

Lemma 4.13. For α, β ∈ K[[X]] we have |αβ| = |α||β| and |α + β| ≤ max{|α|, |β|} with equality if
|α| ̸= |β| (ultrametric inequality).

Proof. Wlog. let α =
∑
anX

n ̸= 0 ̸= β =
∑
bnX

n. Let |α| = 2−k, |β| = 2−l and wlog. k ≥ l. Then

αβ = akblX
k+l +

∞∑
n=k+l+1

cnX
n

for suitable cn ∈ K. Because of akbl ̸= 0 it follows that |αβ| = 2−k−l = |α||β|.

From an + bn ̸= 0 it follows that an ̸= 0 or bn ̸= 0. Because of k ≥ l we then have n ≥ l and
|α+ β| ≤ 2−l = max{|α|, |β|}. For k > l we have al + bl = bl ̸= 0 and |α+ β| = 2−l.

Theorem 4.14. By d(α, β) := |α− β|, K[[X]] becomes a complete metric space.

Proof. Clearly d(α, β) = d(β, α) ≥ 0 with equality if and only if α = β. Therefore d is symmetric and
positive definite. The triangle inequality follows from the ultrametric inequality

d(α, γ) = |α− γ| = |α− β + β − γ| ≤ max{|α− β|, |β − γ|} ≤ |α− β|+ |β − γ| = d(α, β) + d(β, γ).

Let α1, α2, . . . ∈ K[[X]] be a Cauchy sequence with αm =
∑
am,nX

n for m ∈ N. For each k ∈ N there
exists M =M(k) ≥ 1 with |αm − αM | < 2−k for all m ≥M . This shows am,n = aM,n for all m ≥M
and n ≤ k. We define

ak := aM(k),k

and α =
∑
anX

n. Then |α− αM(k)| < 2−k → 0, i. e. limm→∞ αm = α. Thus K[[X]] is complete with
respect to d.

Lemma 4.15. If α1, α2, . . . ∈ K[[X]] is a sequence converging to zero, then
∑∞

k=1 αk and
∏∞

k=1(1+αk)
converge.
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Proof. According to Theorem 4.14 it suffices to show that the partial sums are Cauchy sequences. For
ϵ > 0 let N ≥ 0 with |αk| < ϵ for all k ≥ N . For k > l ≥ N we have

∣∣∣ k∑
i=1

αi −
l∑

i=1

αi

∣∣∣ = ∣∣∣ k∑
i=l+1

αi

∣∣∣ 4.13≤ max
{
|αi| : i = l + 1, . . . , k

}
< ϵ,

∣∣∣ k∏
i=1

(1 + αi)−
l∏

i=1

(1 + αi)
∣∣∣ = l∏

i=1

|1 + αi|︸ ︷︷ ︸
≤1

∣∣∣ k∏
i=l+1

(1 + αi)− 1
∣∣∣ = ∣∣∣ ∑

∅̸=I⊆{l+1,...,k}

∏
i∈I

αi

∣∣∣
≤ max

{
|αi| : i = l + 1, . . . , k

}
< ϵ.

Remark 4.16.

(i) Let α1, . . . ∈ K[[X]] be a null sequence and αk =
∑
ak,nX

n. For each n, only finitely many of the
coefficients a1,n, a2,n, . . . are then different from 0. This shows

∑
αk =

∞∑
n=0

( ∞∑
k=1

ak,n

)
Xn,

i. e. for the calculation of the coefficient of Xn, one only needs to evaluate finitely many terms.
The same applies to

∏∞
k=1(1 + αk). For example,

(1 +X)(1 +X2)(1 +X3)(1 +X4) . . . = 1 +X +X2 + 2X3 + 2X4 + . . . .

(ii) For γ ∈ K[[X]] and null sequences α1, . . ., β1, . . ., it holds as usual that
∑
αk+

∑
βk =

∑
(αk+βk)

and γ
∑
αk =

∑
γαk.

(iii) It holds that (∑
anX

n
)(∑

bnX
n
)
=
∑
k,l≥0

akblX
k+l,

because the right side converges regardless of the order in which the pairs (k, l) are summed.

Example 4.17. For α ∈ XK[[X]], we have |αn| = |α|n ≤ 2−n → 0 and
∑
αn = 1

1−α . We have thus
replaced X by α in the geometric series.

Definition 4.18. For α =
∑
anX

n ∈ K[[X]] and β ∈ XK[[X]], one defines

α ◦ β := α(β) :=

∞∑
n=0

anβ
n.

Remark 4.19. For arbitrary α, β ∈ K[[X]], the 0-th coefficient
∑∞

k=0 a0b
k
0 of α(β) would in general

not be well-defined.

Example 4.20. For α =
∑
anX

n ∈ K[[X]], it holds that α(X2) =
∑
anX

2n and α(0) = a0.
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Lemma 4.21. For α, β, γ ∈ K[[X]] and every null sequence α1, . . . ∈ K[[X]], it holds (if well-defined):

X ◦ α = α = α ◦X, (4.1)(∑
αk

)
◦ β =

∑
(αk ◦ β), (4.2)

(αβ) ◦ γ = (α ◦ γ)(β ◦ γ), (4.3)
α ◦ (β ◦ γ) = (α ◦ β) ◦ γ. (4.4)

Proof. Equation 4.1 is trivial. With the notation from Remark 4.16, it holds that(∑
αk

)
◦ β =

∞∑
n=0

( ∞∑
k=1

ak,n

)
βn =

∞∑
k=1

( ∞∑
n=0

ak,nβ
n
)
=
∑

(αk ◦ β).

Equation 4.3 is obtained by

(αβ) ◦ γ =
∞∑
n=0

n∑
k=0

akbn−kγ
n =

∞∑
n=0

n∑
k=0

(akγ
k)(bn−kγ

n−k) = (α ◦ γ)(β ◦ γ).

In (4.4), we may assume α = Xn according to (4.2). With (4.3), it follows that

α ◦ (β ◦ γ) = (β ◦ γ)n = βn ◦ γ = (α ◦ β) ◦ γ.

Remark 4.22. In general, α ◦ β ̸= β ◦ α, α ◦ (βγ) ̸= (α ◦ β)(α ◦ γ) and α ◦ (β + γ) ̸= α ◦ β + α ◦ γ
(Exercise 23). The last equation can be corrected for the exponential function.

Lemma 4.23 (Functional equation). For every null sequence α1, α2, . . . ∈ XQ[[X]], it holds that

exp
(∑

αk

)
=
∏

exp(αk). (4.5)

In particular, exp(kX) = exp(X)k for k ∈ Z.

Proof. Due to
∑
αk ∈ XQ[[X]] and exp(αk) ∈ 1 + αk +

α2
k
2 + . . ., both sides of (4.5) are well-defined

(Lemma 4.15). For two summands α, β ∈ XQ[[X]], it holds that

exp(α+ β) =
∑ (α+ β)n

n!
=

∞∑
n=0

n∑
k=0

(
n

k

)
αkβn−k

n!

=

∞∑
n=0

n∑
k=0

αkβn−k

k!(n− k)!
=
∑ αn

n!
·
∑ βn

n!
= exp(α) exp(β).

Inductively, one obtains (4.5) for finitely many summands. Finally,∣∣∣∏ exp(αk)− exp
( n∑
k=1

αk

)∣∣∣ = n∏
k=1

| exp(αk)|
∣∣∣ ∞∏
k=n+1

exp(αk)− 1
∣∣∣→ 0.

For k ∈ N0, exp(kX) = exp(X + . . .+X) = exp(X)k. Due to exp(kX) exp(−kX) = exp(kX − kX) =
exp(0) = 1, it holds that exp(−kX) = exp(kX)−1 = exp(X)−k. Therefore, the last assertion holds for
all k ∈ Z.
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Theorem 4.24. For every α =
∑
anX

n ∈ K[[X]] with a0 = 0 and a1 ≠ 0, there exists exactly one
β ∈ K[[X]] with β(α) = α(β) = X. Therefore, K[[X]]◦ := XK[[X]] \X2K[[X]] is a group with respect
to ◦ with identity element X.

Proof. Let αk =
∑∞

n=0 aknX
n for k ∈ N0. Due to a0 = 0, akn = 0 for n < k and ann = an1 ̸= 0. We

define inductively b0 := 0, b1 := 1
a1
̸= 0 and

bn := − 1

ann

n−1∑
k=0

aknbk

for n ≥ 2. For β :=
∑
bnX

n ∈ K[[X]]◦, it then holds that

β(α) =

∞∑
k=0

bkα
k =

∞∑
k=0

∞∑
n=0

bkaknX
n =

∞∑
n=0

( n∑
k=0

bkakn

)
Xn = X.

Interchanging the roles of α and β, one obtains γ ∈ K[[X]]◦ with γ(β) = X. According to Lemma 4.21,
it holds that

α(β) = X ◦ (α ◦ β) = (γ ◦ β) ◦ (α ◦ β) = γ ◦ (β ◦ α) ◦ β = γ ◦X ◦ β = γ(β) = X.

Thus β is the inverse of α with respect to ◦. In particular, β is uniquely determined and K[[X]]◦ is a
group.

Remark 4.25. In the situation of Theorem 4.24, β is called the inverse function of α. Note: β ≠ α−1

(we will not introduce a notation for the inverse function).

Example 4.26. Let α be the inverse function of X +X2 + . . . = X
1−X . Then

X =
α

1− α

and it follows that α = X
1+X = X −X2 +X3 − . . ..

Definition 4.27. For α =
∑
anX

n ∈ K[[X]],

α′ :=
∞∑
n=1

nanX
n−1 ∈ K[[X]]

is called the (formal) derivative of α. Furthermore, let α(0) := α and α(n) := (α(n−1))′ be the n-th
derivative for n ∈ N.

Example 4.28. It holds that 1′ = 0, X ′ = 1 as well as

exp(X)′ =

∞∑
n=1

n
Xn−1

n!
=

∞∑
n=0

Xn

n!
= exp(X).
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Remark 4.29. With derivatives, the coefficients of α =
∑
anX

n ∈ C[[X]] can be calculated: α(0)(0) =
α(0) = a0, α′(0) = a1, α′′(0) = 2a2, . . . , α

(n)(0) = n!an. Therefore

α =

∞∑
n=0

α(n)(0)

n!
Xn (Taylorseries).

Over arbitrary fields K, one cannot always divide by n!. As a substitute, one can define the k-th Hasse
derivative

Hk(α) :=
∞∑
n=k

(
n

k

)
anX

n−k

for α =
∑
anX

n ∈ K[[X]]. Analogously, it now holds that α =
∑∞

n=0H
n(α)(0)Xn.

Lemma 4.30. For α, β ∈ K[[X]] and every null sequence α1, α2, . . . ∈ K[[X]], it holds that(∑
αk

)′
=
∑

α′
k (sum rule),

(αβ)′ = α′β + αβ′ (product rule),(∏
(1 + αk)

)′
=
∏

(1 + αk)
∑ α′

k

1 + αk
,(α

β

)′
=
α′β − αβ′

β2
(quotient rule),

(α ◦ β)′ = α′(β)β′ (chain rule).

Proof.

(i) With the notation from Remark 4.16, it holds that(∑
αk

)′
=
( ∞∑
n=0

∞∑
k=1

ak,nX
n
)′

=
∞∑
n=0

∞∑
k=1

nak,nX
n−1 =

∞∑
k=1

( ∞∑
n=0

nak,nX
n−1
)
=
∑

α′
k.

(ii) According to (i), one may assume α = Xk and β = X l. Then

(αβ)′ = (Xk+l)′ = (k + l)Xk+l−1 = kXk−1X l + lX l−1Xk = α′β + β′α.

(iii) Wlog. let αk ̸= −1 for all k ∈ N (otherwise both sides are 0). From (ii) one obtains inductively( n∏
k=1

(1 + αk)
)′

=
n∏

k=1

(1 + αk)
n∑

k=1

α′
k

1 + αk

for all n ∈ N. The claim follows with n→∞.

(iv) From (ii) it follows that

α′ =
(α
β
β
)′

=
(α
β

)′
β +

αβ′

β
.

(v) According to (iii), (αn)′ = nαn−1α′ holds for n ∈ N0. From the sum rule it follows that

(α ◦ β)′ =
(∑

anβ
n
)′

=
∑

an(β
n)′ =

∞∑
n=1

nanβ
n−1β′ = α′(β)β′.
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Remark 4.31. The product rule also implies the constant multiple rule (λα)′ = λα′ for λ ∈ K and
α ∈ K[[X]].

Example 4.32. We define the (formal) logarithm by the Mercator series

log(1 +X) :=
∞∑
n=1

(−1)n−1

n
Xn = X − X2

2
+
X3

3
∓ . . . ∈ Q[[X]].

According to Theorem 4.24, α := exp(X)− 1 has an inverse function and log(exp(X)) = log(1 + α) ∈
Q[[X]]◦. Because of

log(1 +X)′ = 1−X +X2 ∓ . . . =
∑

(−X)n =
1

1 +X

it follows from the chain rule that

log(exp(X))′ =
α′

1 + α
=

exp(X)

1 + α
=

1 + α

1 + α
= 1.

This shows log(exp(X)) = X. Thus log(1 +X) is the inverse function of α = exp(X)− 1 as in analysis.
Furthermore, log(1−X) = −

∑∞
n=1

Xn

n holds.

Lemma 4.33 (Functional equation). For every null sequence α1, α2, . . . ∈ XQ[[X]] it holds that

log
(∏

(1 + αk)
)
=
∑

log(1 + αk).

Proof.

log
(∏

(1 + αk)
)
= log

(∏
exp(log(1 + αk))

)
4.23
= log

(
exp
(∑

log(1 + αk)
))

=
∑

log(1 + αk).

Example 4.34. According to Lemma 4.33 it holds that

log
( 1

1−X

)
= log

( 1

1−X

)
+ log(1−X)− log(1−X) = log

( 1

1−X
(1−X)

)
− log(1−X)

= log(1)− log(1−X) = − log(1−X) =

∞∑
n=1

Xn

n
.

Definition 4.35. For c ∈ C and α ∈ XC[[X]] we define

(1 + α)c := exp(c log(1 + α)).

In the case c = 1/k with k ∈ N we write k
√
1 + α := (1 + α)1/k and specifically

√
1 + α := 2

√
1 + α.

Remark 4.36.

(i) According to the functional equation it holds that

(1 + α)c(1 + α)d = exp(c log(1 + α) + d log(1 + α)) = (1 + α)c+d

for c, d ∈ C as usual. For k ∈ N it is therefore k
√
1 + α

k
= 1 + α, i. e. k

√
1 + α is a k-th root of

1 + α with constant term 1. Let also β ∈ C[[X]] with βk = 1 + α. Then k
√
1 + αβ−1 has order

≤ k in C[[X]]×. From Lemma 4.8 it follows that k
√
1 + αβ−1 is constant, i. e. β = β(0) k

√
1 + α.

Therefore k
√
1 + α is the unique k-th root of 1 + α with constant term 1.
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(ii) The following theorem generalizes both the binomial theorem (c ∈ N) and the geometric series
(c = −1).

Theorem 4.37 (Newton’s Binomial Theorem). For α ∈ XC[[X]] and c ∈ C it holds that

(1 + α)c =

∞∑
k=0

(
c

k

)
αk.

Proof. It suffices to prove the claim for α = X. According to the chain rule it holds that

((1 +X)c)′ = (exp(c log(1 +X))′ = c
(1 +X)c

1 +X
= c(1 +X)c−1

and inductively it follows that ((1 +X)c)(k) = c(c− 1) . . . (c− k + 1)(1 +X)c−k. The claim now follows
from the Taylor series.

Example 4.38. Let ζ ∈ C with ζn = 1 (cf. Definition 6.29) and α := (1 +X)ζ − 1 ∈ XC[[X]]. Then
α ◦ α = (1 + (1 + X)ζ − 1)ζ − 1 = (1 + X)ζ

2 − 1 and inductively α ◦ . . . ◦ α = (1 + X)ζ
n − 1 = X,

i. e. the order of α in the group C[[X]]◦ divides n. In contrast to Lemma 4.8, C[[X]]◦ thus possesses
“interesting” elements of finite order.

Definition 4.39. For n ∈ N0 let Xn! := (1−X)(1−X2) . . . (1−Xn). For 0 ≤ k ≤ n one calls〈
n

k

〉
:=

Xn!

Xk!Xn−k!
=

1−Xn

1−Xk
. . .

1−Xn−k+1

1−X
∈ K[[X]]

Gaussian binomial coefficients . For k < 0 or k > n let
〈
n
k

〉
:= 0.

Remark 4.40. As always,
〈
n
0

〉
=
〈
n
n

〉
= 1 and

〈
n
k

〉
=
〈

n
n−k

〉
for all n ∈ N0 and k ∈ Z. Furthermore,〈

n
1

〉
= 1−Xn

1−X = 1 +X + . . .+Xn−1 and〈
4

2

〉
=

(1−X4)(1−X3)

(1−X2)(1−X)
= (1 +X2)

1−X3

1−X
= (1 +X2)(1 +X +X2) = 1 +X + 2X2 +X3 +X4.

Lemma 4.41. For n ∈ N0 and k ∈ Z, it holds that〈
n+ 1

k

〉
= Xk

〈
n

k

〉
+

〈
n

k − 1

〉
=

〈
n

k

〉
+Xn+1−k

〈
n

k − 1

〉
.

Proof. For k > n+ 1 or k < 0, all terms are 0. For k = n+ 1 or k = 0, both sides are 1. For 1 ≤ k ≤ n,
it holds that

Xk

〈
n

k

〉
+

〈
n

k − 1

〉
=
(
Xk 1−Xn−k+1

1−Xk
+ 1
) Xn!

Xk−1!Xn−k+1!
=

1−Xn+1

1−Xk

Xn!

Xk−1!Xn+1−k!

=

〈
n+ 1

k

〉
=

〈
n+ 1

n+ 1− k

〉
= Xn+1−k

〈
n

n+ 1− k

〉
+

〈
n

n− k

〉
=

〈
n

k

〉
+Xn+1−k

〈
n

k − 1

〉
.
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Remark 4.42. One may compare the recursion formulas2(
n+ 1

k

)
1.6
=

(
n

k − 1

)
+

(
n

k

)
,((

n+ 1

k

))
1.24
=

((
n+ 1

k − 1

))
+

((
n

k

))
,[

n+ 1

k

]
2.16
=

[
n

k − 1

]
+ n

[
n

k

]
,{

n+ 1

k

}
2.31
=

{
n

k − 1

}
+ k

{
n

k

}
,〈

n+ 1

k

〉
4.41
=

〈
n

k − 1

〉
+Xk

〈
n

k

〉
.

Thus, one can calculate
((

n
k

))
,
[
n
k

]
,
{
n
k

}
and

〈
n
k

〉
with a modified Pascal’s triangle.

Theorem 4.43 (Gauss’s Binomial Theorem). For n ∈ N and α ∈ K[[X]], it holds that

n−1∏
k=0

(1 + αXk) =
n∑

k=0

〈
n

k

〉
αkX(k2).

Proof. Induction on n: For n = 1, both sides are 1 + α. For the induction step, we let all sums run
from −∞ to ∞ (this makes index shifts easier):

n∏
k=0

(1 + αXk) = (1 + αXn)

∞∑
k=−∞

〈
n

k

〉
αkX(k2)

=
∑〈

n

n− k

〉
αkX(k2) +

∑〈
n

n− k

〉
αk+1Xn−kX

(k+1
2 )︷ ︸︸ ︷

(k2)+k

=
∑〈

n

n− k

〉
αkX(k2) +

∑
Xn−k+1

〈
n

n− k + 1

〉
αkX(k2)

4.41
=
∑〈

n+ 1

n− k + 1

〉
αkX(k2) =

∑〈
n+ 1

k

〉
αkX(k2).

Remark 4.44. There is also a Vandermonde identity for
〈
n
k

〉
.

5. Generating Functions

Definition 5.1. In this chapter, let always Q ⊆ K. For a sequence of numbers a0, a1, . . . ∈ C, one calls∑∞
n=0 anX

n ∈ C[[X]] the generating function of a0, a1, . . ..

Example 5.2.

(i) The generating function of the constant sequence 1, 1, . . . is (1−X)−1.
2All formulas can be unified: [J. Konvalina, A unified interpretation of the binomial coefficients, the Stirling numbers,

and the Gaussian coefficients, Amer. Math. Monthly 107, (2000), 901–910]
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(ii) If α ∈ C[[X]] is the generating function of a0, a1, . . ., then α(−X) is the generating function of
a0,−a1, a2, . . ..

(iii) If α is the generating function of a0, a1, . . ., then α′ is the generating function of 0, a1, 2a2, 3a3, . . ..
For example,

(
1

1−X

)′
= 1

(1−X)2
(quotient rule) is the generating function of 0, 1, 2, 3, . . ..

(iv) Every k-element multiset A ⊆ {1, . . . , n} corresponds to exactly one partition k = k1 + . . .+ kn,
where ki ∈ N0 denotes the multiplicity of i in A. This shows

1

(1−X)n
=
( ∞∑
k=0

Xk
)n

=

∞∑
k=0

( ∑
(k1,...,kn)∈Nn

0
k1+...+kn=k

1
)
Xk =

∞∑
k=0

((
n

k

))
Xk

for n ∈ N (cf. Theorem 4.37).

(v) We consider the recursively defined Fibonacci sequence f0 := 0, f1 := 1 and fn+1 := fn−1 + fn for
n ∈ N (i.e., 0, 1, 1, 2, 3, 5, 8, . . .). For α :=

∑
fnX

n ∈ R[[X]], it then holds that

α = X +

∞∑
n=2

fnX
n = X +

∞∑
n=2

(fn−2 + fn−1)X
n = X +X2α+Xα.

Thus
α =

X

1−X −X2
.

Theorem 5.3 (Binet formula). For n ∈ N0, it holds that

fn =
1√
5

(1 +√5
2

)n
− 1√

5

(1−√5
2

)n
.

Proof. Let α be as in Example 5.2. If φ := 1+
√
5

2 ∈ R is the golden ratio and ψ := 1−
√
5

2 ∈ R, then
(X + φ)(X + ψ) = X2 +X − 1. Partial fraction decomposition (Example 4.10) yields

α =
−X

(X + φ)(X + ψ)
=

X

φ− ψ

( 1

X + φ
− 1

X + ψ

)
=

X√
5

( 1

X + φ
− 1

X + ψ

)
.

Now φ−1 = 2
1+

√
5
= −ψ and

X

X + φ

4.10
= −

∑
(−φ)−n−1Xn+1 = −

∞∑
n=1

ψnXn.

It follows that

α =
1√
5

( ∞∑
n=1

φnXn −
∞∑
n=1

ψnXn
)
=

∞∑
n=0

1√
5

(
φn − ψn

)
Xn.

Comparison of coefficients yields the assertion.

Remark 5.4.

(i) Since the second summand in Theorem 5.3 is smaller than 1
2 , one obtains the simpler formula by

rounding

fn =

[
1√
5

(1 +√5
2

)n]
.
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(ii) One can also interpret fn combinatorially: Let gn be the number of {1, 2}-sequences whose
sum yields n. Certainly g0 = 0 and g1 = 1. If (a1, . . . , ak) ∈ {1, 2}k with

∑
ai = n + 1, then

(a1, . . . , ak−1) is a sequence with sum n or n− 1, depending on whether ak = 1 or ak = 2 holds.
This shows gn+1 = gn + gn−1 and it follows that gn = fn for all n ∈ N0.

Theorem 5.5. It holds that

(i)

∞∑
n=0

p(n)Xn =

∞∏
k=1

1

1−Xk
(Euler),

(ii)
∞∑
n=0

b(n)

n!
Xn = exp(exp(X)− 1).

Proof.

(i) Because of (1 − Xk)−1 =
∑∞

n=0(X
k)n ∈ 1 + XkK[[X]], the infinite product is well-defined

(Lemma 4.15). The partition (1a1 , . . . , nan) of n ∈ N0 satisfies a1 +2a2 + . . .+ nan = n. Therefore
p(n) is the number of all solutions (a1, . . . , an) ∈ Nn

0 with a1+2a2+ . . .+nan = n. This is exactly
the n-th coefficient of

(1+X+X2+X3+ . . .)(1+X2+X2·2+X2·3+ . . .)(1+X3+X3·2+X3·3+ . . .) . . . =

∞∏
k=1

1

1−Xk
.

(ii) Let α := exp(exp(X)− 1) =
∑ an

n!X
n. Then a0 = exp(exp(0)− 1) = exp(0) = 1 = b(0). The chain

rule yields
∞∑
n=0

an+1

n!
Xn = α′ = exp(X) exp(exp(X)− 1)

=
( ∞∑
k=0

1

k!
Xk
)( ∞∑

k=0

ak
k!
Xk
)
=

∞∑
n=0

n∑
k=0

ak
k!(n− k)!

Xn.

Therefore an+1 =
∑n

k=0

(
n
k

)
ak for n ≥ 0 and the assertion follows from Theorem 2.40.

Remark 5.6. One can visualize partitions λ = (λ1, . . . , λk) (with λ1 ≥ . . . ≥ λk) of n ∈ N by Young
diagrams (also called Ferrers diagrams). For example:

(5, 3, 22, 13) =

By reflection across the diagonal, one obtains the Young diagram of the conjugate partition λ′ =
(λ′1, . . . , λ

′
l) of n. For example:

(5, 3, 22, 13)′ = = (7, 4, 2, 12)

In general, λ′i = |{j : λj ≥ i}| for i = 1, . . . , l. Furthermore, λ′′ = λ. One calls λ symmetric, if λ′ = λ.
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Theorem 5.7. Let n, k ∈ N0.

(i) (Euler) The number of partitions of n into distinct parts is equal to the number of partitions into
odd parts.

(ii) The number of partitions of n into k parts is equal to the number of partitions with largest part k.

(iii) (Sylvester) The number of symmetric partitions of n is equal to the number of partitions into
distinct, odd parts.

Proof.

(i) If u(n) is the number of partitions into distinct parts, then

∑
u(n)Xn = (1 +X)(1 +X2)(1 +X3) . . . =

(1−X2)(1−X4)

(1−X)(1−X2)
. . .

=
1

(1−X)(1−X3)(1−X5) . . .

= (1 +X +X2 + . . .)(1 +X3 +X6 + . . .) . . . .

On the right side stands the generating function of the number of partitions into odd parts.

(ii) The map λ 7→ λ′ provides a bijection between the specified sets.

(iii) The following map provides the desired bijection:

{symmetric partitions of n} −→ {partitions into distinct, odd parts},
(λ1, . . . , λk) 7−→ (2λ1 − 1, 2λ2 − 3, 2λ3 − 5, . . .)

7−→

Example 5.8. For n = 8 one obtains

Partitions into distinct parts: (8), (7, 1), (6, 2), (5, 3), (5, 2, 1), (4, 3, 1)
Partitions into odd parts: (7, 1), (5, 3), (5, 13), (32, 12), (3, 15), (18)
Partitions into distinct, odd parts: (7, 1), (5, 3)
Symmetric partitions: (32, 2), (4, 2, 12)
Partitions into 4 parts: (5, 13), (4, 2, 12), (32, 12), (3, 22, 1), (24)
Partitions with largest part 4: (42), (4, 3, 1), (4, 22), (4, 2, 12), (4, 14)

Remark 5.9. Let pk(n) be the number of partitions of n into parts ≤ k (according to Theorem 5.7
this is also the number of partitions into at most k parts). The proof of Theorem 5.5 shows

∞∑
n=0

pk(n)X
n = (1 +X +X2 + . . .)(1 +X2 +X4 + . . .) . . . (1 +Xk +X2k + . . .) =

1

Xk!
.
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We now study the number pk,l(n) = pl,k(n) of partitions of n with at most k parts and each part ≤ l.
These are exactly the partitions whose Young diagram fits into a rectangle of size k × l. The remaining
part of the rectangle rotated by 180◦ yields a partition of kl − n of the same format:

7−→

This shows pk,l(n) = pk,l(kl − n).

Theorem 5.10. For k, l ≥ 0 it holds that

∞∑
n=0

pk,l(n)X
n =

〈
k + l

k

〉
.

Proof. Induction on k + l. For k = 0 or l = 0 both sides are equal to 1. So let k, l ≥ 1. Let λ =
(λ1, λ2, . . .) ∈ P (n) with at most k parts and each part ≤ l. If λ1 = l, then (λ2, λ3, . . .) ∈ P (n−l) with at
most k−1 parts. Otherwise, every part of λ is at most l−1. This shows pk,l(n) = pk,l−1(n)+pk−1,l(n− l).
For P (k, l) :=

∑
pk,l(n)X

n it therefore holds that

P (k, l) = P (k, l − 1) +X lP (k − 1, l).

The claim now follows by induction and Lemma 4.41.

Remark 5.11. For k,N ≥ 0 it holds that

∞∑
n=0

(pk(n)− pk,N−k(n))X
n =

∞∑
n=N−k+1

(pk(n)− pk,N−k(n))X
n −→ 0 (N →∞)

and

lim
N→∞

〈
N

k

〉
=

∞∑
n=0

pk(n)X
n =

1

Xk!
.

For k, l ∈ Z it holds analogously

lim
N→∞

〈
2N + k

N + l

〉
= lim

N→∞

∞∑
n=0

pN+l,N+k−l(n)X
n =

∞∑
n=0

p(n)Xn =
∞∏

m=1

1

1−Xm
.

Both limits can also be derived from the definition of
〈
n
k

〉
.

Theorem 5.12 (Erdős-Turán). Let n, d ∈ N. The number of permutations of Sn whose cycle lengths
are not divisible by d is

n!

⌊n/d⌋∏
k=1

kd− 1

kd
.

Proof (Pólya). The number of permutations of type (1l1 , . . . , nln) is

n!

1l1 . . . nln l1! . . . ln!

38



according to Theorem 2.26. The sought number, divided by n!, is therefore the coefficient of Xn in
∞∏
k=1
d∤k

∞∑
l=0

1

l!

(Xk

k

)l
=
∏
d∤k

exp(Xk/k)
4.23
= exp

(∑
d∤k

Xk

k

)
= exp

( ∞∑
k=1

Xk

k
−

∞∑
k=1

Xdk

dk

)

= exp(− log(1−X) +
1

d
log(1−Xd))

4.33
=

d
√
1−Xd

1

1−X

=
1−Xd

1−X
(1−Xd)

1−d
d

4.37
=
(d−1∑
r=0

Xr
)( ∞∑

q=0

(
(1− d)/d

q

)
(−Xd)q

)
.

In this, Xn occurs if and only if n = qd+ r with 0 ≤ r < d and q = ⌊n/d⌋ (division with remainder).
The coefficient is then

(−1)q
(
(1− d)/d

q

)
= (−1)q

q∏
k=1

1
d − k
k

=

q∏
k=1

kd− 1

kd
.

Example 5.13. A permutation has odd order if and only if it consists only of cycles of odd length.
The number of permutations in Sn with odd order is therefore

n!

⌊n/2⌋∏
k=1

2k − 1

2k
=

{
12 · 32 · . . . · (n− 1)2 if n is even,
12 · 32 · . . . · (n− 2)2 · n if n is odd.

Theorem 5.14 (Euler’s Pentagonal Number Theorem).
∞∏
k=1

(1−Xk) = 1 +

∞∑
k=1

(−1)k
(
X

3k2−k
2 +X

3k2+k
2

)
=

∞∑
k=−∞

(−1)kX
3k2+k

2

= 1−X −X2 +X5 +X7 −X12 −X15 + . . . .

Proof (Franklin). Let n ∈ N and Λn be the set of partitions of n into distinct parts. For λ ∈ Λn let
|λ| be the number of parts of λ. The n-th coefficient of (1−X)(1−X2) . . . is then

∑
λ∈Λn

(−1)|λ| (cf.
proof of Theorem 5.7). Suppose first n ≠ (3k2 ± k)/2 for all k ∈ N. We construct a permutation F on
Λn with |F (λ)| = |λ| ± 1 for all λ ∈ Λn. Then it follows∑

λ∈Λn

(−1)|λ| =
∑
λ∈Λn

(−1)|F (λ)| = −
∑
λ∈Λn

(−1)|λ| = 0

as desired. Let λ = (λ1, . . . , λl) ∈ Λn with λ1 > . . . > λl and s := max{1 ≤ i ≤ l : λi = λ1 − i+ 1}. We
define

F (λ) :=

{
(λ1 − 1, . . . , λs − 1, λs+1, . . . , λl, s) if s < λl,

(λ1 + 1, . . . , λλl
+ 1, λλl+1, . . . , λl−1) if s ≥ λl.

F←→

This fails only in two cases: In the first case λ = (2k − 1, 2k − 2, . . . , k) and

n =
2k−1∑
i=k

i =

(
2k

2

)
−
(
k

2

)
=

3k2 − k
2

.
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In the second case λ = (2k, 2k − 1, . . . , k + 1) and

n =
2k∑

i=k+1

i =

(
2k + 1

2

)
−
(
k + 1

2

)
=

3k2 + k

2
.

Both were excluded. Thus F is well-defined and |F (λ)| = |λ| ± 1 for all λ ∈ Λn. Since F 2 = id, F is a
permutation.

If now n = (3k2 ± k)/2, then F can still be defined on Λn \ {µ}, where µ is one of the two partitions
mentioned above. One then obtains∑

λ∈Λn

(−1)|λ| = (−1)|µ| +
∑

λ∈Λn\{µ}

(−1)|F (λ)| = (−1)k −
∑

λ∈Λn\{µ}

(−1)|λ| = (−1)k

as desired.

Remark 5.15. From Theorems 5.5 and 5.14 it follows that
∞∑
n=0

p(n)Xn ·
∞∑

k=−∞
(−1)kX

3k2+k
2 = 1

and
n∑

k=−n

(−1)kp
(
n− 3k2 + k

2

)
= 0

for n ∈ N, where p(k) := 0 for k < 0. One obtains a recursion formula:

p(0) = 1,

p(n) = p(n− 1) + p(n− 2)− p(n− 5)− p(n− 7) + . . . (n ∈ N).

Example 5.16. It holds that

p(1) = p(0) = 1,

p(2) = p(1) + p(0) = 2,

p(3) = p(2) + p(1) = 3,

p(4) = p(3) + p(2) = 3 + 2 = 5,

p(5) = p(4) + p(3)− p(0) = 5 + 3− 1 = 7,

p(6) = p(5) + p(4)− p(1) = 7 + 5− 1 = 11

(cf. https://oeis.org/A000041).

Theorem 5.17 (Durfee’s Square Theorem). It holds that

∞∑
n=0

p(n)Xn =
∞∑
k=0

Xk2

(Xk!)2
.

Proof. Let λ ∈ P (n) and k ∈ N be maximal with λk ≥ k. This means that the Young diagram of λ
contains a square Q with side length k, but none with side length k+1. (One calls Q the Durfee square
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of λ). Below Q there is a partition with largest part ≤ k. To the right of Q there is a partition with at
most k parts.

The number of both partitions is counted by pk. Therefore

∞∑
n=0

p(n)Xn =
∞∑
k=0

Xk2
( ∞∑
n=0

pk(n)X
n
)2 5.9

=
∞∑
k=0

Xk2

(Xk!)2
.

Lemma 5.18 (Hirschhorn). For n ∈ N0 it holds that

n∏
k=1

(1−Xk)2 =
n∑

k=0

(−1)k(2k + 1)X
k2+k

2

〈
2n+ 1

n− k

〉
. (5.1)

Proof. Induction on n: For n = 0 both sides are 1. Now let n ≥ 1. Let Qn be the right side of (5.1).
Repeated application of Lemma 4.41 yields

Qn = Xn
n∑

k=0

(−1)k(2k + 1)X
k2−k

2

〈
2n

n− k

〉
+

n−1∑
k=0

(−1)k(2k + 1)X
k2+k

2

〈
2n

n− k − 1

〉

= Xn
n∑

k=0

(−1)k(2k + 1)X
k2−k

2

〈
2n− 1

n− k

〉
+X2n

n−1∑
k=0

(−1)k(2k + 1)X
k2+k

2

〈
2n− 1

n− k − 1

〉

+

n−1∑
k=0

(−1)k(2k + 1)X
k2+k

2

〈
2n− 1

n− k − 1

〉
+Xn

n−2∑
k=0

(−1)k(2k + 1)X
k2+3k+2

2

〈
2n− 1

n− k − 2

〉

= (1 +X2n)Qn−1 +Xn

(〈
2n− 1

n

〉
− 3

〈
2n− 1

n− 1

〉
+

n∑
k=2

(−1)k(2k + 1)X
k2−k

2

〈
2n− 1

n− k

〉

+
n−2∑
k=0

(−1)k(2k + 1)X
k2+3k+2

2

〈
2n− 1

n− k − 2

〉)

= (1 +X2n)Qn−1 +Xn

(
−2
〈
2n− 1

n− 1

〉
+

n−1∑
k=1

(−1)k+1(2k + 3)X
k2+k

2

〈
2n− 1

n− k − 1

〉

+

n−1∑
k=1

(−1)k−1(2k − 1)X
k2+k

2

〈
2n− 1

n− k − 1

〉)

= (1 +X2n)Qn−1 − 2Xn

(〈
2n− 1

n− 1

〉
+

n−1∑
k=1

(−1)k(2k + 1)X
k2+k

2

〈
2n− 1

n− k − 1

〉)

= (1 +X2n)Qn−1 − 2XnQn−1 = (1−Xn)2Qn−1 =
n∏

k=1

(1−Xk)2.

Theorem 5.19 (Jacobi). It holds that

∞∏
k=1

(1−Xk)3 =
∞∑
k=0

(−1)k(2k + 1)X
k2+k

2 .
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Proof. The coefficient of Xn in
∏∞

k=1(1−Xk)3 obviously depends only on the first n factors. According
to Lemma 5.18, it holds that

n∏
k=1

(1−Xk)3 =
n∏

k=1

(1−Xk)
n∑

k=0

(−1)k(2k + 1)X
k2+k

2

〈
2n+ 1

n− k

〉

=
n∑

k=0

(−1)k(2k + 1)X
k2+k

2 (1−Xn−k+1) . . . (1−Xn)(1−Xn+k+2) . . . (1−X2n+1).

Because 1
2(k

2 + k) + n− k + 1 = n+ 1
2(k

2 − k) + 1 > n for k ≥ 0, there exists an α ∈ K[[X]] with

n∏
k=1

(1−Xk)3 =

n∑
k=0

(−1)k(2k + 1)X
k2+k

2 + α

and |α| < 2n. In particular, Xn does not occur in α.

Remark 5.20.

(i) For α =
∑
anX

n, β =
∑
bnX

n ∈ Z[[X]] and d ∈ N we write α ≡ β (mod d) if ak ≡ bk (mod d)
holds for all k ∈ N0.

(ii) If α ≡ β (mod d) and γ ≡ δ (mod d), then also α+ γ ≡ β + δ (mod d) and αγ ≡ βδ (mod d),
because

∑n
k=0 akcn−k ≡

∑n
k=0 bkdn−k (mod d) for n ∈ N0.

(iii) If a0 = b0 = 1, then α−1, β−1 ∈ Z[[X]] follows from the proof of Lemma 4.8. Furthermore, α ≡ β
(mod d) is equivalent to α−1 ≡ β−1 (mod d).

(iv) For every prime p it holds that

(α+ β)p =

p∑
k=0

(
p

k

)
αkβp−k ≡ αp + βp (mod p),

since
(
p
k

)
is always divisible by p for 0 < k < p.

Theorem 5.21 (Ramanujan). For n ∈ N0, 5 | p(5n+ 4) and 7 | p(7n+ 5).

Proof. Let α :=
∏
(1 − Xk). According to Remark 5.20, α5 =

∏
(1 − Xk)5 ≡

∏
(1 − X5k) ≡ α(X5)

(mod 5) and α−5 ≡ α(X5)−1 (mod 5). For k ∈ Z, it holds that

1

2
(k2 + k) ≡


0 if k ≡ 0,−1 (mod 5),

1 if k ≡ 1,−2 (mod 5),

3 if k ≡ 2 (mod 5).

We can therefore write Jacobi’s identity in the form

α3 =
∑

k≡ 0,−1 (mod 5)

(−1)k(2k + 1)X
k2+k

2 +
∑

k≡ 1,−2 (mod 5)

(−1)k(2k + 1)X
k2+k

2 +
∑

k≡ 2 (mod 5)

(−1)k(2k + 1)X
k2+k

2

≡ α0 + α1 (mod 5)
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where αi is formed from the terms akXk with k ≡ i (mod 5). From Theorem 5.5 it now follows that

∞∑
n=0

p(n)Xn = α−1 =
(α3)3

(α5)2
≡ (α0 + α1)

3

α(X5)2
(mod 5). (5.2)

In (α0+α1)
3, only the Xk with k ≡ 0, 1, 2, 3 (mod 5) occur, while in α(X5)−2 only X5k occur. Therefore,

the powers of the form X5k+4 do not occur at all on the right side of (5.2). Thus, p(5k+4) ≡ 0 (mod 5)
must hold.

For the second statement, we observe 1
2(k

2 + k) ≡ 0, 1, 3, 6 (mod 7), where the last case only occurs
for k ≡ 3 (mod 7) and then 2k + 1 ≡ 0 (mod 7). As above, we can therefore write α3 ≡ α0 + α1 + α3

(mod 7). Then
∞∑
n=0

p(n)Xn = α−1 =
(α3)2

α7
≡ (α0 + α1 + α3)

2

α(X7)
(mod 7).

Again, X7k+5 does not occur on the right side.

Remark 5.22. Ramanujan also proved 11 | p(11n + 6) for all n ∈ N0, but this is more involved to
show. The relation 5 | p(5n+ 4) can be specified as

∞∑
n=0

p(5n+ 4)Xn = 5

∞∏
k=1

(1−X5k)5

(1−Xk)6
,

Ramanujan’s “most beautiful” formula.3 Ono has proven that for every prime p ≥ 5 there is a
corresponding relation. These are, however, significantly more complex, such as

13 | p(113 · 13n+ 237).

Theorem 5.23 (Jacobi’s triple product). For every α ∈ K[[X]] \X2K[[X]], it holds that

∞∏
k=1

(1−X2k)(1 + αX2k−1)(1 + α−1X2k−1) =
∞∑

k=−∞
αkXk2 .

Proof (Wright). Since α /∈ X2K[[X]], α−1X is indeed well-defined according to Lemma 4.8. Therefore,
α−1X2k−1 is also well-defined for all k ∈ N. Likewise, αkXk2 = (α−1X)−kXk2+k is well-defined for
k < 0. As usual, the infinite products and sums are also well-defined. With β := αX and γ := α−1X,
we must show

∞∏
k=1

(1 + βkγk−1)(1 + βk−1γk) =
∞∑

k=−∞
β

k2+k
2 γ

k2−k
2

∞∏
n=1

1

1− (βγ)n
. (5.3)

According to Theorem 5.5, we have

∞∏
l=1

1

1− (βγ)n
=

∞∑
n=0

p(n)(βγ)n.

On the other hand,
∞∏
k=1

(1 + βkγk−1)(1 + βk−1γk) =

∞∑
n,m=0

t(n,m)βnγm,

3see [M. Hirschhorn, The power of q, Chapter 5]
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where t(n,m) is the number of partitions of the pair (n,m) ∈ N2
0 into pairwise distinct parts of the form

(a, a− 1) and (b− 1, b) with a, b ∈ N (Example: (3, 4) = (1, 0)+ (0, 1)+ (2, 3) = (2, 1)+ (0, 1)+ (1, 2), so
t(3, 4) = 3). The term βnγm appears on the right side of (5.3) only for the (n−m)-th summand. The
corresponding coefficient is then p

(
n− (n−m)(n−m+ 1)/2

)
, where we assume p(k) = 0 for k < 0. It

thus suffices to show
t(n,m) = p

(
n− (n−m)(n−m+ 1)/2

)
(5.4)

for all n,m ∈ N0. Because of t(n,m) = t(m,n) and

n− (n−m)(n−m+ 1)

2
=

1

2

(
n+m− (n−m)2

)
= m− (m− n)(m− n+ 1)

2
,

we can assume n ≥ m. Let k := n−m. Every partition of (n,m) then corresponds to a representation
of the form

n =

k+s∑
i=1

ai +

s∑
i=1

(bi − 1) (s ≥ 0, 1 ≤ a1 < . . . < ak+s, 1 ≤ b1 < . . . < bs). (5.5)

Let N := n− k(k + 1)/2. For N < 0,
k∑

i=1

ai ≥
k∑

i=1

i =
k(k + 1)

2
> n

and (5.5) has no solution. Because of p(N) = 0, (5.4) is proven in this case. In the case N = 0, (5.5)
has only the solution s = 0 and ai = i for i = 1, . . . , k. Because of p(0) = 1, we can now assume N > 0.

We construct a bijection between P (N) and the representations (5.5). Let λ ∈ P (N). Above the Young
diagram of λ, we place a right-angled triangle with side length k. Example (n,m) = (33, 30), k = 3,
N = 27 and λ = (82, 6, 4, 1):

In total, one obtains N + k(k + 1)/2 = n boxes. One now extends the diagonal of the triangle and
divides the boxes below and above it into columns and rows respectively:

If s ≥ 0 is the number of resulting rows, then k + s is the number of resulting columns. Let ai be the
number of boxes in the i-th column and let bi − 1 ≥ 0 be the number of boxes in the i-th row. Then
1 ≤ a1 < . . . < ak+s, 1 ≤ b1 < . . . < bs and

∑k+s
i=1 ai +

∑s
i=1(bi − 1) = n hold. We have thus found

a representation (5.5) (in the example s = 3, (a1, . . . , a6) = (8, 6, 5, 4, 2, 1) and (b1, b2, b3) = (5, 4, 1)).
Conversely, one can start with such a representation, draw the corresponding diagram and remove
the upper triangle. In this way, one always obtains a Young diagram of a partition of N . These two
processes are obviously inverse to each other, so that one obtains a bijection between P (N) and the
representations (5.5). Thus (5.4) is proven.
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Example 5.24.

(i) For α ∈ {±1, X}, Theorem 5.23 becomes
∞∏
k=1

(1−X2k)(1 +X2k−1)2 =
∞∑

k=−∞
Xk2 , (5.6)

∞∏
k=1

(1−Xk)2

1−X2k
=

∞∏
k=1

(1−X2k)(1−X2k−1)2 =
∞∑

k=−∞
(−1)kXk2 , (5.7)

∞∏
k=1

(1−X2k)(1 +X2k)2 =
1

2

∞∑
k=−∞

Xk2+k =
∞∑
k=0

Xk2+k, (5.8)

where the bijection k 7→ −k − 1 on Z was used in the third formula. In there, X only occurs with
even exponents. By comparing coefficients, one may halve the exponents and obtains

∞∏
k=1

(1−X2k)(1 +Xk) =
∞∏
k=1

(1−Xk)(1 +Xk)2 =
∞∑
k=0

X
k2+k

2

similar to Theorem 5.19.

(ii) According to Definition 4.18, we may replace X by X3 in Theorem 5.23. If one then sets α = −X,
it follows that

∞∏
k=1

(1−X6k)(1−X6k−2)(1−X6k−4) =
∞∑

k=−∞
(−1)kX3k2+k.

Again, one may halve the exponents and obtains
∞∏
k=1

(1−Xk) =
∞∏
k=1

(1−X3k)(1−X3k−1)(1−X3k−2) =
∞∑

k=−∞
(−1)kX

3k2+k
2 ,

i. e. Theorem 5.14.

(iii) Replacing X by X5 and choosing α ∈ {−X,−X3}, one obtains in a similar way
∞∏
k=1

(1−X5k)(1−X5k−2)(1−X5k−3) =

∞∑
k=−∞

(−1)kX
5k2+k

2 , (5.9)

∞∏
k=1

(1−X5k)(1−X5k−1)(1−X5k−4) =
∞∑

k=−∞
(−1)kX

5k2+3k
2 . (5.10)

Theorem 5.25 (Lagrange-Jacobi). Every natural number is the sum of four squares. More precisely,

q(n) :=
∣∣{(a, b, c, d) ∈ Z4 : a2 + b2 + c2 + d2 = n}

∣∣ = 8
∑

4 ∤ d |n

d

holds for n ∈ N.

Proof. Obviously, it suffices to prove the second statement (by Jacobi). Since the summands (−1)k(2k+
1)X

k2+k
2 in Theorem 5.19 are invariant under the transformation k 7→ −k − 1, it holds that

∞∏
k=1

(1−Xk)3 =
1

2

∞∑
k=−∞

(−1)k(2k + 1)X
k2+k

2 .
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Squaring yields

α :=
∞∏
k=1

(1−Xk)6 =
1

4

∞∑
k,l=−∞

(−1)k+l(2k + 1)(2l + 1)X
k2+k+l2+l

2 .

We transform the pairs (k, l) with k ≡ l (mod 2) using (k, l) 7→ (s, t) := 1
2(k + l, k − l), while we

transform the pairs with k ̸≡ l (mod 2) using (s, t) := 1
2(k − l − 1, k + l + 1). It holds that k = s+ t

and l = s− t or l = t− s− 1, respectively. Therefore,

α =
1

4

∞∑
s,t=−∞

(2s+ 2t+ 1)(2s− 2t+ 1)X
(s+t)2+s+t+(s−t)2+s−t

2

− 1

4

∞∑
s,t=−∞

(2s+ 2t+ 1)(2t− 2s− 1)X
(s+t)2+s+t+(t−s−1)2+t−s−1

2

=
1

4

∑
s,t

(
(2s+ 1)2 − (2t)2

)
Xs2+s+t2 − 1

4

∑
s,t

(
(2t)2 − (2s+ 1)2

)
Xs2+s+t2

=
1

2

∑
s,t

(
(2s+ 1)2 − (2t)2

)
Xs2+s+t2

=
1

2

∞∑
t=−∞

Xt2
∞∑

s=−∞
(2s+ 1)2Xs2+s − 1

2

∞∑
s=−∞

Xs2+s
∞∑

t=−∞
(2t)2Xt2 .

For β :=
∑
Xt2 and γ := 1

2

∑
Xs2+s, it holds that γ + 4Xγ′ = 1

2

∑
(2s+ 1)2Xs2+s and it follows that

α = β(γ + 4Xγ′)− 4Xβ′γ.

We apply the product rule to (5.6) and (5.8):

β′ =
( ∞∏
k=1

(1−X2k)(1 +X2k−1)2
)′

= β

∞∑
k=1

(
2
(2k − 1)X2k−2

1 +X2k−1
− 2kX2k−1

1−X2k

)
γ′ =

( ∞∏
k=1

(1−X2k)(1 +X2k)2
)′

= γ

∞∑
k=1

(
2
2kX2k−1

1 +X2k
− 2kX2k−1

1−X2k

)

Substitution yields:

α = βγ
(
1 + 8

∞∑
k=1

( 2kX2k

1 +X2k
− (2k − 1)X2k−1

1 +X2k−1

))
.

Here, βγ =
∏
(1−X2k)2(1 +X2k−1)2(1 +X2k)2 =

∏
(1−X2k)2(1 +Xk)2 =

∏
(1−X2k)4(1−Xk)−2.

After balancing this with α, there remains

( ∞∑
k=−∞

(−1)kXk2
)4 (5.7)

=

∞∏
k=1

(1−Xk)8

(1 +X2k)4
=

α

βγ
= 1 + 8

∞∑
k=1

( 2kX2k

1 +X2k
− (2k − 1)X2k−1

1 +X2k−1

)
.
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Finally, we replace X with −X:∑
q(n)Xn =

( ∞∑
k=−∞

Xk2
)4

= 1 + 8

∞∑
k=1

( 2kX2k

1 +X2k
+

(2k − 1)X2k−1

1−X2k−1

)
= 1 + 8

∞∑
k=1

((2k − 1)X2k−1

1−X2k−1
+

2kX2k

1−X2k
− 2kX2k

1−X2k
+

2kX2k

1 +X2k

)
= 1 + 8

∞∑
k=1

( kXk

1−Xk
− 4kX4k

1−X4k

)
= 1 + 8

∑
4 ∤ k

kXk

1−Xk

= 1 + 8
∑
4 ∤ k

k
∞∑
l=1

Xkl = 1 + 8
∞∑
n=1

∑
4 ∤ d |n

dXn.

Example 5.26.

(i) For n = 30, we have
∑

4 ∤ d |30 d = 1 + 2 + 3 + 5 + 6 + 10 + 15 + 30 = 72. Therefore, there are
8 · 72 = 576 possibilities to write 30 as a sum of four squares. These arise by permutation and
choice of signs from

30 = 12 + 22 + 32 + 42 = 02 + 12 + 22 + 52.

(ii) Obviously, 7 is not a sum of three squares. Because a2 + b2 + c2 ̸≡ 7 mod 8, more generally every
number n ≡ 7 (mod 8) is not a sum of three squares.

Remark 5.27.

(i) If n,m ∈ N are sums of four squares, then so is nm, because Euler’s identity holds:

(a21 + a22 + a23 + a24)(b
2
1 + b22 + b23 + b24) = (a1b1 + a2b2 + a3b3 + a4b4)

2

+(a1b2 − a2b1 + a3b4 + a4b3)
2 + (a1b3 − a3b1 + a4b2 − a2b4)2 + (a1b4 − a4b1 + a2b3 − a3b2)2

This reduces the first statement (by Lagrange) in Theorem 5.25 to the case n ∈ P.

(ii) The Waring problem for k ∈ N asks for the smallest number w(k) ∈ N such that every natural
number is the sum of w(k) k-th powers. Hilbert proved w(k) < ∞. It holds that w(1) = 1,
w(2) = 4 (Theorem 5.25), w(3) = 9, w(4) = 19 and it is conjectured in general that

w(k) =
⌊(3

2

)k⌋
+ 2k − 2.

Interestingly, only the numbers 23 = 2 · 23 + 7 · 13 and 239 = 2 · 43 + 4 · 33 + 3 · 13 are not the sum
of eight cubes. Furthermore, there are only 15 numbers that are not the sum of seven cubes. It is
conjectured more generally that every sufficiently large number is the sum of four cubes.

(iii) Since every odd number has the form ±1 + 4k, Theorem 5.7(i) can be formulated as follows: The
number of partitions into distinct parts is equal to the number of partitions into parts of the form
±1 + 4k. We now replace ±1 + 4k by ±1 + 5k.

Theorem 5.28 (Rogers-Ramanujan identities). It holds that
∞∏
k=1

1

(1−X5k−1)(1−X5k−4)
=

∞∑
k=0

Xk2

Xk!
, (5.11)

∞∏
k=1

1

(1−X5k−2)(1−X5k−3)
=

∞∑
k=0

Xk2+k

Xk!
. (5.12)
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Proof (Chapman). For n ∈ N0 let

αn :=
∞∑
k=0

Xk2
〈
n

k

〉
βn :=

∞∑
k=0

Xk2+k

〈
n

k

〉

α̃n :=
∞∑

k=−∞
(−1)kX

5k2+k
2

〈
2n

n+ 2k

〉
β̃n :=

∞∑
k=−∞

(−1)kX
5k2−3k

2

〈
2n+ 1

n+ 2k

〉

(all sums are finite). It holds that α0 = β0 = α̃0 = β̃0 = 1. For n ≥ 1 we have

αn
(4.41)
=

∞∑
k=0

Xk2

(〈
n− 1

k

〉
+Xn−k

〈
n− 1

k − 1

〉)
= αn−1 +Xn

∞∑
k=1

Xk(k−1)

〈
n− 1

k − 1

〉

= αn−1 +Xn
∞∑
k=0

Xk(k+1)

〈
n− 1

k

〉
= αn−1 +Xnβn−1,

βn −Xnαn =
∞∑
k=0

Xk2+k

〈
n

k

〉
(1−Xn−k) =

∞∑
k=0

Xk2+k Xn!

Xk!Xn−k!
(1−Xn−k)

= (1−Xn)
∞∑
k=0

Xk2+k

〈
n− 1

k

〉
= (1−Xn)βn−1.

By these recursion equations, αn and βn are uniquely determined. We now show that an “index shift”
does not change α̃n:

∞∑
k=−∞

(−1)kX
5k2+k

2

〈
2n+ 1

n+ 2k + 1

〉
(4.41)
=

∞∑
k=−∞

(−1)kX
5k2+k

2

(〈
2n

n+ 2k

〉
+Xn+2k+1

〈
2n

n+ 2k + 1

〉)

= α̃n +Xn+1

( ∞∑
k=0

(−1)kX
5k2+5k

2

〈
2n

n+ 2k + 1

〉
+

−1∑
k=−∞

(−1)kX
5k(k+1)

2

〈
2n

n+ 2k + 1

〉)

= α̃n +Xn+1

( ∞∑
k=0

(−1)kX
5k2+5k

2

〈
2n

n+ 2k + 1

〉
+

∞∑
k=0

(−1)−k−1X
5(−k−1)(−k)

2

〈
2n

n− 2k − 1

〉)

= α̃n +Xn+1

( ∞∑
k=0

(−1)kX
5k2+5k

2

〈
2n

n+ 2k + 1

〉
−

∞∑
k=0

(−1)kX
5k2+5k

2

〈
2n

n+ 2k + 1

〉)
= α̃n.

Therefore it holds that

α̃n − α̃n−1 =

∞∑
k=−∞

(−1)kX
5k2+k

2

〈
2n

n+ 2k

〉
−

∞∑
k=−∞

(−1)kX
5k2+k

2

〈
2n− 1

n+ 2k

〉
(4.41)
=

∞∑
k=−∞

(−1)kX
5k2+k

2 Xn−2k

〈
2n− 1

n+ 2k − 1

〉
= Xnβ̃n−1,

β̃n −Xnα̃n =
∞∑

k=−∞
(−1)kX

5k2−3k
2

(〈
2n+ 1

n+ 2k

〉
−Xn+2k

〈
2n

n+ 2k

〉)
=

∞∑
k=−∞

(−1)kX
5k2−3k

2

〈
2n

n+ 2k − 1

〉

=

∞∑
k=−∞

(−1)kX
5k2−3k

2

(〈
2n− 1

n+ 2k − 1

〉
+Xn−2k+1

〈
2n− 1

n+ 2k − 2

〉)

= β̃n−1 +Xn
∞∑

k=−∞
(−1)kX

5k2−7k+2
2

〈
2n− 1

n+ 2k − 2

〉
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= β̃n−1 +Xn
∞∑

k=−∞
(−1)1−kX

5(1−k)2−7(1−k)+2
2

〈
2n− 1

n− 2k

〉

= β̃n−1 −Xn
∞∑

k=−∞
(−1)kX

k2−3k
2

〈
2n− 1

n+ 2k − 1

〉
= (1−Xn)β̃n−1.

Thus α̃n and β̃n satisfy the same recursion equations. Inductively one obtains αn = α̃n and βn = β̃n for
all n ∈ N0. Now it holds that∣∣∣ n∑

k=0

Xk2
( 1

Xk!
−
〈
n

k

〉)∣∣∣ 5.11≤ max
k=0,...,n

2−k2−n+k−1 ≤ 2−n → 0 (n→∞).

This shows
∞∑
k=0

Xk2

Xk!
=

∞∑
k=0

Xk2 lim
n→∞

〈
n

k

〉
= lim

n→∞
αn = lim

n→∞
α̃n =

∞∑
k=−∞

(−1)kX
5k2+k

2 lim
n→∞

〈
2n

n+ 2k

〉
(5.9)+5.11

=

∏∞
k=1(1−X5k)(1−X5k−2)(1−X5k−3)∏∞

k=1(1−Xk)
=

∞∏
k=1

1

(1−X5k−1)(1−X5k−4)
,

∞∑
k=0

Xk2+k

Xk!
=

∞∑
k=0

Xk2+k lim
n→∞

〈
n

k

〉
= lim

n→∞
βn = lim

n→∞
β̃n =

∞∑
k=−∞

(−1)kX
5k2−3k

2 lim
n→∞

〈
2n+ 1

n+ 2k

〉
(5.10)+5.11

=

∏∞
k=1(1−X5k)(1−X5k−1)(1−X5k−4)∏∞

k=1(1−Xk)
=

∞∏
k=1

1

(1−X5k−2)(1−X5k−3)
.

Remark 5.29. The coefficient of Xn on the left side of (5.11) is the number of partitions of n into
parts of the form ±1 + 5k. The right side of (5.11) is

∞∑
k=0

∞∑
n=0

pk(n)X
n+k2 =

∞∑
n=0

n∑
k=0

pk(n− k2)Xn.

If (λ1, . . . , λk) ∈ P (n−k2) with at most k parts, then (λ1+2k−1, λ2+2k−3, . . . , λk+1) is a partition
of n− k2 + 1+ 3+ . . .+ 2k− 1 = n with exactly k parts, which all differ by at least 2. Conclusion: The
number of partitions of n into parts that differ by at least 2 is equal to the number of partitions into
parts of the form ±1 + 5k. Using k2 + k = 2 + 4 + . . .+ 2k, one obtains the following interpretation of
(5.12): The number of partitions of n into parts that differ by at least 2 and are greater than 1 is equal
to the number of partitions with parts of the form ±2 + 5k.

6. Polynomials

Definition 6.1. A (formal) power series α =
∑
anX

n ∈ K[[X]] with only finitely many non-zero
summands is called a polynomial of degree deg(α) := sup{n ∈ N0 : an ̸= 0} (where deg(0) = sup∅ =
−∞). The set of polynomials is denoted by K[X]. One calls α monic, if α ̸= 0 and adeg(α) = 1. In
general, adeg(α) is the leading coefficient of α.

Remark 6.2.

(i) In contrast to power series, polynomials are often written in reverse order starting with the highest
X-power. For example X2 + 1 ∈ R[X].
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(ii) Every polynomial α ∈ K[X] \ {0} can be normalized by multiplying with a−1
deg(α).

(iii) Every power series can be interpreted as a Cauchy sequence of polynomials, i. e. K[[X]] is the
completion of K[X] with respect to the metric in Lemma 4.13.

Lemma 6.3. For α, β ∈ K[X] we have deg(α+ β) ≤ max{deg(α), deg(β)} and deg(αβ) = deg(α) +
deg(β). In particular, α+ β and αβ are polynomials.

Proof. Wlog. let α =
∑∞

n=0 anX
n ̸= 0 and β =

∑∞
n=0 bnX

n ̸= 0 with d := deg(α) and e := deg(β).
Because of ak+ bk = 0 for k > max{d, e}, we have deg(α+β) ≤ max{d, e}. Similarly,

∑d+e
k=0 akbd+e−k =

adbe ̸= 0 and
∑n

k=0 akbn−k = 0 for n > d+ e. This shows deg(αβ) = deg(α) + deg(β).

Remark 6.4.

(i) One can therefore calculate in K[X] just as in Z (note: 0, 1 ∈ K[X]). If α ∈ K[X] is invertible in
K[[X]], it does not necessarily follow that α−1 ∈ K[X]! For example, (1−X)−1 /∈ K[X].

(ii) One can embed K into K[X] via the constant polynomials KX0, i. e. K ⊆ K[X] ⊆ K[[X]]. α ∈ K
holds if and only if deg(α) ≤ 0.

(iii) For polynomials α =
∑
anX

n ∈ K[X] and β ∈ K[X], the composition α(β) =
∑
anβ

n is always
well-defined (even if the constant term of β does not vanish, cf. Definition 4.18).

Example 6.5.

(i) For α = anX
n+. . .+a1X+a0 ∈ K[X] and b ∈ K ⊆ K[[X]], we have α(b) = anb

n+. . .+a1b+a0 ∈
K. As usual, b is called a root of α if α(b) = 0 holds.

(ii) According to Theorem 5.10,
〈
n
k

〉
is a monic polynomial of degree k(n− k). For X = 1,

〈
n
k

〉
and(

n
k

)
have the same recursion formula according to (4.41). Because of

〈
0
0

〉
= 1 =

(
0
0

)
,
〈
n
k

〉
and

(
n
k

)
even coincide for X = 1. We calculate further values.

Remark 6.6. In the following, let K be a finite field. In algebra, it is shown that q := |K| is always a
prime power. Conversely, for every prime power q > 1, there exists essentially exactly one field with q
elements. This is denoted by Fq.

Example 6.7.

(i) For every prime number p, Fp = Z/pZ, i. e. one identifies the elements of Fp with the numbers
0, . . . , p − 1 and calculates modulo p (see Definition 6.20). For example, 1 + 1 = 0 in F2 and
3 · 5 = 1 in F7.

(ii) The operation tables for F4 = {0, 1, a, b} are given as follows:

+ 0 1 a b

0 0 1 a b
1 1 0 b a
a a b 0 1
b b a 1 0

· 0 1 a b

0 0 0 0 0
1 0 1 a b
a 0 a b 1
b 0 b 1 a

Theorem 6.8. There are exactly (qn − 1)(qn − q) . . . (qn − qn−1) invertible n× n matrices over every
field with q elements.
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Proof. Let K be a field with q elements and A ∈ Kn×n. As is well known, A is invertible if and
only if the rows of A are linearly independent. The first row a1 of A can be chosen arbitrarily from
Kn \ {0}. There are qn − 1 possibilities for this. The second row a2 must not lie in the span of a1, i. e.
a2 ∈ Kn \Ka1. There are qn − q possibilities for this. For the third row, a3 ∈ Kn \ (Ka1 +Ka2) holds,
and so on.

Theorem 6.9. The value of
〈
n
k

〉
at X = q is the number of k-dimensional subspaces of an n-dimensional

vector space over a field with q elements.

Proof. The proof is similar to Theorem 6.8. There are exactly (qn − 1)(qn − q) . . . (qn − qk−1) linearly
independent k-tuples in Kn. We now count how many of these tuples span the same subspace U ⊆ Kn.
This is clearly the number of linearly independent k-tuples in U , i. e. (qk − 1)(qk − q) . . . (qk − qk−1).
The number of k-dimensional subspaces is therefore

(qn − 1)(qn − q) . . . (qn − qk−1)

(qk − 1)(qk − q) . . . (qk − qk−1)
=

(1− qn) . . . (1− qn−k+1)

(1− qk) . . . (1− q)
.

Definition 6.10. A monic polynomial α ∈ K[X] \K is called irreducible, if it cannot be written in
the form α = βγ with β, γ ∈ K[X] \K. Otherwise α is called reducible.

Example 6.11.

(i) Monic polynomials of degree 1 are always irreducible, because 1 = deg(α) = deg(βγ) = deg(β) +
deg(γ) implies deg(β) = 0 or deg(γ) = 0.

(ii) X2 − 2 is irreducible in Q[X], because the approach X2 − 2 = (X + a)(X + b) leads to a+ b = 0
and ab = −2, i. e. a2 = 2 and a = ±

√
2 /∈ Q. Due to X2 − 2 = (X −

√
2)(X +

√
2), X2 − 2 is

however reducible in R[X].

(iii) X2 + 1 is irreducible in R[X], but not in C[X], because X2 + 1 = (X − i)(X + i) ∈ C[X].

Theorem 6.12 (Division with remainder). For α ∈ K[X] and β ∈ K[X] \ {0} there exist γ, δ ∈ K[X]
with α = βγ + δ and deg δ < deg β.

Proof. Choose δ =
∑
aiX

i ∈ {α− µβ : µ ∈ K[X]} with minimal possible degree d. Let β =
∑
biX

i. If
d ≥ deg β =: e holds, then deg

(
δ − adb−1

e Xd−eβ) < d in contradiction to the choice of δ. Thus d < e
and the claim follows.

Lemma 6.13. If α, β ∈ K[X] are distinct irreducible polynomials, then there exist α̃, β̃ ∈ K[X] with
αα̃+ ββ̃ = 1.

Proof. Let α̃, β̃ ∈ K[X] such that ρ := αα̃+ ββ̃ ≠ 0 has minimal degree and is monic. Division with
remainder yields γ, δ ∈ K[X] with α = γρ+ δ and deg δ < deg ρ. Thus

δ = α− γρ = α(1− γα̃)− β(γβ̃)

and the choice of ρ shows δ = 0, i. e. α = γρ. Analogously, we obtain β = τρ for some τ ∈ K[X]. Since
α, β and ρ are monic, so are γ and τ . In the case ρ ̸= 1, we would have α = ρ = β, because α and β
are irreducible. This contradicts α ̸= β. Thus αα̃+ ββ̃ = ρ = 1.
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Theorem 6.14 (Prime factorization in K[X]). For every polynomial α ∈ K[X]\{0}, there exist uniquely
determined irreducible polynomials σ1, . . . , σn ∈ K[X] up to their order and a uniquely determined
constant c ∈ K \ {0} such that α = cσ1 . . . σn.

Proof. Existence: Because α ̸= 0, there exists c ∈ K \ {0} such that c−1α is monic. We can therefore
assume that α is monic. Induction on d := degα: In the case d = 0, we have α = 1 and we choose
n = 0 (empty product). If α is irreducible (for example d = 1), then we are also finished. Otherwise
α = βγ with β, γ ∈ K[X] \K. Because d = deg(βγ) = deg(β) + deg(γ), we have deg β, deg γ < d. By
induction, β and γ are products of irreducible polynomials and constants, and therefore so is α.

Uniqueness: Obviously c is uniquely determined as the leading coefficient of α. We can therefore again
assume that α is monic. Let α = σ1 . . . σn = τ1 . . . τm with irreducible σ1, . . . , σn, τ1, . . . , τm ∈ K[X].
Induction on m. In the case m = 1, we have n = 1 and σ1 = α = τ1. Now let m ≥ 2. In the case
σ1 = τ1, we have σ2 . . . σn = τ2 . . . τm and induction yields the claim. Now let σ1 ̸= τ1. Then there exist
σ̃, τ̃ ∈ K[X] with σ1σ̃ + τ1τ̃ = 1 according to Lemma 6.13. It follows

σ1(σ̃τ2 . . . τm + σ2 . . . σnτ̃) = σ1σ̃τ2 . . . τm + τ1 . . . τmτ̃ = (σ1σ̃ + τ1τ̃)(τ2 . . . τm) = τ2 . . . τm.

Inductively, one obtains σ1 = τi for some i ∈ {1, . . . ,m}. Then σ2 . . . σn = τ1 . . . τi−1τi+1 . . . τm and
induction yields the claim.

Remark 6.15. Over a finite field with q elements, there are obviously exactly qd monic polynomials of
degree d. We want to count how many of them are irreducible.

Definition 6.16. Let Id(K) be the number of irreducible polynomials of degree d ≥ 1 over a field K.

Theorem 6.17 (Gauss). For every field K with q <∞ elements, it holds that

Id(K) =
1

d

∑
e|d

µ(e)qd/e

with the classical Möbius function µ. In particular, Id(K) depends only on |K|.

Proof. The qd monic polynomials of degree d can be uniquely written as a product of irreducible
polynomials σ1 . . . σn according to Theorem 6.14. Here, d = deg(σ1) + . . .+ deg(σn) holds. Thus, qd is
the d-th coefficient of

(1 +X +X2 + . . .)I1(K)(1 +X2 +X4 + . . .)I2(K)(1 +X3 +X6 + . . .)I3(K) . . . =
∞∏
e=1

( 1

1−Xe

)Ie(K)
.

On the other hand, 1
1−qX = 1 + qX + q2X2 + . . . and it follows that

1

1− qX
=

∞∏
e=1

( 1

1−Xe

)Ie(K)
.

We apply log to both sides (taking Lemma 4.33 and Example 4.34 into account):

∞∑
n=1

qnXn

n
=

∞∑
e=1

Ie(K)

∞∑
f=1

Xef

f
=

∞∑
n=1

(∑
e|n

Ie(K)

n/e

)
Xn.
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A comparison of coefficients yields
qn =

∑
e|n

Ie(K)e.

Möbius inversion (Example 3.7(v)) now implies the claim.

Example 6.18. According to Theorem 6.17, we can define Id(q) := Id(K) with |K| = q. Then
I1(q) = µ(1)q1 = q holds (every monic polynomial of degree 1 is irreducible). Furthermore,

I2(q) =
1

2
(q2 − q), I3(q) =

1

3
(q3 − q), I4(q) =

1

4
(q4 − q2).

Because I2(2) = 1, X2 +X + 1 is the only irreducible polynomial of degree 2 in F2[X].

Theorem 6.19. For every finite field K and every d ∈ N, there exists an irreducible polynomial in
K[X] of degree d.

Proof. According to Theorem 6.17, dId(K) = qd ± qe1 ± . . . ± qek with d > e1 > . . . > ek > 0. This
shows qek | dId(K), but qek+1 ∤ dId(K). In particular, Id(K) > 0.

Definition 6.20. For a, b ∈ Z and d ∈ N, we write a ≡ b (mod d) if d | a − b. One then says a is
congruent to b modulo d.

Example 6.21. It holds that 7 ≡ −11 (mod 2) and 100 ≡ 0 (mod 10).

Remark 6.22 (Division with remainder). For a ∈ Z and d ∈ N, a± d ≡ a (mod d) holds. Therefore,
there exists a b ∈ {0, . . . , d− 1} with a ≡ b (mod d).

Lemma 6.23. The congruence modulo d ∈ N is an equivalence relation on Z with

a ≡ a′ (mod d)

b ≡ b′ (mod d)

}
=⇒ a +

· b ≡ a
′ +
· b

′ (mod d).

Proof. Reflexive: d | 0 = a− a.
Symmetric: d | a− b =⇒ d | −(a− b) = b− a.
Transitive: (d | a− b) ∧ (d | b− c) =⇒ d | (a− b) + (b− c) = a− c.
For the last statement, let d | a− a′ and d | b− b′. Then d | (a− a′) + (b− b′) = (a+ b)− (a′ + b′) and
d | (a− a′)b+ (b− b′)a′ = ab− a′b′.

Example 6.24. Lemma 10.8 simplifies many calculations. We want to check whether 5100 + 27 is
divisible by 3:

5100 + 27 ≡ 2100 + (−1)7 ≡ 450 − 1 ≡ 150 − 1 ≡ 0 (mod 3).

Lemma 6.25 (Fermat’s “little” theorem). For a ∈ Z and p ∈ P, it holds that ap ≡ a (mod p).
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Proof. For p = 2, it holds that p | a(a− 1) = ap − a, because a or a− 1 is even. So let p > 2. Due to

ap ≡ a (mod p)⇐⇒ (−a)p ≡ −ap ≡ −a (mod p)

we can assume a ≥ 0. The claim certainly holds for a ∈ {0, 1}. So let a ≥ 2. We now argue by induction
on the number of prime factors of a. First, let a ∈ P and K := Fa. From Theorem 6.17 it follows that

1

p
(ap − a) = 1

p
(µ(1)ap + µ(p)a1) = Ip(K) ∈ N.

Now let a = bc with 1 < b < a. By induction, it holds that bp ≡ b (mod p) and cp ≡ c (mod p). With
Lemma 6.23 it follows that ap = (bc)p = bpcp ≡ bc ≡ a (mod p).

Remark 6.26. If a is not divisible by p, then ap−1 ≡ 1 (mod p) follows from p | (ap−a) = a(ap−1− 1).

Lemma 6.27. Every α ∈ K[X] \ {0} has at most deg(α) roots.

Proof. Induction on d := degα. In the case d = 0, α is constant and therefore has no root. Now let
d > 0 and a ∈ K be a root of α. Division with remainder yields α = (X − a)β + r with β, r ∈ K[X]
and deg(r) < deg(X − a) = 1, i. e. r ∈ K. Then r = α(a) = 0, so α = (X − a)β with deg(β) = d− 1.
For every further root b ≠ a of α, it holds that 0 = α(b) = (b− a)β(b) = β(b). Thus b is also a root of
β. By induction, β has at most d− 1 roots. In total, α thus has at most d roots.

Example 6.28. For k ∈ N0 we define(
X

k

)
:=

k∏
i=1

X − i+ 1

i
∈ C[X].

Let α :=
(
2X
k

)
∈ C[X] and β :=

∑k
i=0

(
X
i

)(
X
k−i

)
∈ C[X]. According to the Vandermonde identity 1.16 it

then holds that (α− β)(n) = 0 for all n ∈ N. Lemma 6.27 shows α = β. Therefore(
2x

k

)
= α(x) = β(x) =

k∑
i=0

(
x

i

)(
x

k − i

)
holds even for all x ∈ C and k ∈ N0. For example,

k∑
i=0

(
1/2

i

)(
1/2

k − i

)
=

(
1

k

)
=

{
1 if k ∈ {0, 1},
0 if k ≥ 2.

Definition 6.29. Let n ∈ N and ζn := e2πi/n ∈ C. The numbers
ζkn := e2πik/n ∈ C with k = 1, . . . , n are called n-th roots of unity
(keyword: polar coordinates). For gcd(k, n) = 1, ζkn is called primitive.
One calls

Φn :=
∏

1≤k≤n
gcd(k,n)=1

(X − ζkn) ∈ C[X]

the n-th cyclotomic polynomial.

ζ66 = 1

ζ6 = eπi/3ζ26

ζ36

ζ46 ζ56

Remark 6.30. With Euler’s φ-function, deg(Φn) = φ(n) holds.
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Example 6.31. It holds that

• ζ1 = 1 and Φ1 = X − 1,

• ζ2 = −1 and Φ2 = X + 1,

• ζ3 =
1
2(−1 +

√
3i), ζ23 = ζ3 and

Φ3 = (X − ζ3)(X − ζ3) = X2 − (ζ3 + ζ3)X + 1 = X2 +X + 1,

• ζ4 = i, ζ24 = −1 = ζ2, ζ34 = −i and

Φ4 = (X − i)(X + i) = X2 + 1.

Theorem 6.32. The n-th roots of unity are the roots of Xn − 1, i. e.

Xn − 1 =

n∏
k=1

(X − ζkn)

is the prime factorization of Xn − 1 in C[X].

Proof. Because of (ζkn)n = e2kπi = (e2πi)k = 1, ζn, ζ2n, . . . , ζnn are pairwise distinct roots of Xn − 1.
Therefore, also

α := Xn − 1−
n∏

k=1

(X − ζkn)

has n roots, but degα < n. Lemma 6.27 shows α = 0.

Example 6.33. A comparison of coefficients (or a geometric series) shows 1 + ζ3 + ζ23 = 0. For n ∈ N0

it holds that

1 + ζn3 + ζ2n3 =

{
1 + ζ3 + ζ23 = 0 if 3 ∤ n,
1 + 1 + 1 = 3 if 3 | n.

For α =
∑
anX

n ∈ C[[X]] one obtains

1

3

(
α+ α(ζ3X) + α(ζ23X)

)
=

1

3

∑
an
(
1 + ζn3 + ζ2n3

)
Xn =

∑
a3nX

3n.

Theorem 6.34. For n ∈ N, it holds that

Xn − 1 =
∏
d|n

Φd.

In particular, Φn has integer coefficients.

Proof. For d | n, ζdn = e2πdi/n = ζn/d is a primitive n
d -th root of unity. This shows

Xn − 1
6.32
=

n∏
k=1

(X − ζkn) =
∏
d|n

∏
1≤k≤n/d,

gcd(k,n/d)=1

(X − ζdk) =
∏
d|n

Φn/d =
∏
d|n

Φd.

For the second assertion, we argue by induction on n. For n = 1, Φ1 = X − 1 has integer coefficients.
Now let n > 1 and assume the assertion is proven for d < n. Then α :=

∏
d|n, d<nΦd is monic with

integer coefficients. Since the polynomial division Φn = (Xn − 1)/α has no remainder in C[X], it also
has no remainder in Q[X], i.e., Φn ∈ Q[X]. Since α is monic, no denominators occur in the process and
the assertion follows.
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Remark 6.35. Gauss showed that the cyclotomic polynomials are irreducible in Q[X], i.e., Xn − 1 =∏
d|nΦd is the prime factorization of Xn − 1 in Q[X] (without proof).

Example 6.36. One can use Theorem 6.34 to calculate Φn recursively:

Φ1 = X − 1,

Φ2 =
X2 − 1

Φ1
= X + 1,

Φ3 =
X3 − 1

Φ1
= X2 +X + 1,

Φ4 =
X4 − 1

Φ1Φ2
=
X4 − 1

X2 − 1
= X2 + 1.

For p ∈ P, one generally obtains Φp =
Xp−1
X−1 = Xp−1 +Xp−2 + . . .+X + 1 and inductively

Φpn =
Xpn − 1

Φ1Φp . . .Φpn−1

=
Xpn − 1

Xpn−1 − 1
= Xpn−1(p−1) +Xpn−1(p−2) + . . .+Xpn−1

+ 1 = Φp(X
pn−1

).

Theorem 6.37. For n ∈ N, it holds that

Φn =
∏
d|n

(X
n
d − 1)µ(d)

with the classical Möbius function µ.

Proof. The polynomials Xn/d − 1 lie in the abelian group Q[[X]]× according to Lemma 4.8. The
assertion therefore follows from Theorem 6.34 and the multiplicative version of the Möbius inversion
(Remark 3.8).

Example 6.38. It holds that

Φ6 =
(X6 − 1)(X − 1)

(X2 − 1)(X3 − 1)
=
X3 + 1

X + 1
= X2 −X + 1.

Theorem 6.39.

(i) Let n = pa11 . . . pass be the prime factorization of n ∈ N and q := p1 . . . ps. Then Φn = Φq(X
n
q ).

(ii) For n ∈ N and p ∈ P with p ∤ n, it holds that Φpn = Φn(Xp)
Φn

.

(iii) For odd n ≥ 3, it holds that Φ2n = Φn(−X).

Proof.

(i) According to Theorem 6.37, it holds that

Φn =
∏
d|n

(X
n
d − 1)µ(d) =

∏
d|q

((X
n
q )

q
d − 1)µ(d) = Φq(X

n
q ).
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(ii) It holds that

Φpn =
∏
d|n

(X
pn
d − 1)µ(d)(X

pn
pd − 1)µ(pd) =

∏
d|n

((Xp)
n
d − 1)µ(d)

(X
n
d − 1)µ(d)

=
Φn(X

p)

Φn
.

(iii) Because n ≥ 3, φ(n) is even according to Theorem 1.27. Thus Φn(−X) is monic. As in (ii), we
have

Φ2n =
∏
d|n

((X n
d )2 − 1

X
n
d − 1

)µ(d)
=
∏
d|n

(X
n
d + 1)µ(d) = ±

∏
d|n

(−X
n
d − 1)µ(d)

= ±
∏
d|n

((−X)
n
d − 1)µ(d) = ±Φn(−X) = Φn(−X).

Example 6.40. Theorem 6.39 allows an efficient calculation of Φn. For example:

Φ24
(i)
= Φ6(X

4)
(iii)
= Φ3(−X4)

6.36
= (−X4)2 −X4 + 1 = X8 −X4 + 1,

Φ300 = Φ22·3·52
(i)
= Φ30(X

10)
(iii)
= Φ15(−X10)

(ii)
=

Φ3(X
5)

Φ3
(−X10)

=
X100 −X50 + 1

X20 −X10 + 1
= X80 +X70 −X50 −X40 −X30 +X10 + 1.

Remark 6.41. In the following, we investigate the coefficients of the cyclotomic polynomials.

Theorem 6.42. Let n ≥ 2 and Φn =
∑φ(n)

k=0 akX
k. Then ak = aφ(n)−k for k = 0, . . . , φ(n), i. e. the

coefficients of Φn are “symmetric”.

Proof. Because Φ2 = X + 1, we may assume n ≥ 3. According to Theorem 1.27, φ(n) is then even.
With ζkn, ζ−k

n = ζn−k
n ̸= ζkn is also a primitive n-th root of unity. This shows

a0 = Φn(0) =
∏

1≤k≤n
gcd(k,n)=1

ζkn =
∏

1≤k≤n/2
gcd(k,n)=1

ζknζ
−k
n = 1 = aφ(n).

In particular, α :=
∑φ(n)

k=0 akX
φ(n)−k is monic. For a primitive n-th root of unity ζ ln, it holds that

α(ζ ln) =

φ(n)∑
k=0

akζ
l(φ(n)−k)
n = ζ lφ(n)n

φ(n)∑
k=0

ak(ζ
−l
n )k = ζ lφ(n)n Φn(ζ

−l
n ) = 0.

Therefore α has the same roots as Φn and it follows that

α =
∏

1≤k≤n
gcd(k,n)=1

(X − ζkn) = Φn.

Thus ak = aφ(n)−k.

Theorem 6.43. It holds that Φn = Xφ(n) − µ(n)Xφ(n)−1 + . . .− µ(n)X + 1 for n ≥ 2.
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Proof. For α =
∑
anX

n ∈ Q[X] \ Q let f(α) = adeg(α)−1. For α, β ∈ Q[X] it then follows that
f(αβ) = f(α) + f(β). With the Kronecker delta δij it follows that∑

d|n

f(Φd) = f
(∏
d|n

Φd

)
= f(Xn − 1) = −δ1n = −

∑
d|n

µ(d)

for all n ∈ N (see Example 3.7). Möbius inversion shows f(Φn) = −µ(n). The other coefficients result
from Theorem 6.42.

Remark 6.44. If one calculates Φ1,Φ2, . . . ,Φ104, one finds that all coefficients are 0 or ±1. However,
Suzuki has shown that all integers occur as coefficients of cyclotomic polynomials.

7. Polynomials in several variables

Definition 7.1. In this section, let n ∈ N be fixed. A polynomial in the variables X1, . . . , Xn over
a field K is a formal sum of the form α =

∑
ak1,...,knX

k1
1 . . . Xkn

n , where only finitely many of the
coefficients ak1,...,kn ∈ K are non-zero. The set of these polynomials is denoted by K[X1, . . . , Xn]. One
calls deg(α) := sup{i1 + . . .+ in : ai1,...,in ̸= 0} the degree of α, where deg 0 = sup∅ = −∞.

Remark 7.2.

(i) One easily sees that the calculation rules from Lemma 4.3 also hold in K[X1, . . . , Xn]. In fact,
one can also regard every polynomial α ∈ K[X1, . . . , Xn] as a polynomial in Xi with coefficients
in K[X1, . . . , Xi−1, Xi+1, . . . , Xn]. The rules deg(α + β) ≤ max{degα,deg β} and deg(αβ) =
degα+ deg β from Lemma 6.3 also hold in K[X1, . . . , Xn].

(ii) Although there is no division with remainder in K[X1, . . . , Xn] for n > 1 (try to divide X1 by
X2), Gauss has shown that K[X1, . . . , Xn] nevertheless possesses a unique prime factorization
(without proof).

(iii) Lemma 6.27 does not hold in K[X1, . . . , Xn] for n > 1: For example, α = X − Y ∈ R[X,Y ] has
infinitely many roots of the form (x, x) ∈ R2, although degα = 1. We prove a substitute for this
statement.

Theorem 7.3 (Interpolation). Let L ⊆ Kn and d ∈ N with |L| <
(
n+d
d

)
. Then there exists an

α ∈ K[X1, . . . , Xn] \ {0} with degα ≤ d and α(x1, . . . , xn) = 0 for all (x1, . . . , xn) ∈ L.

Proof. Let Vd be the K-vector space of all polynomials α ∈ K[X1, . . . , Xn] with degα ≤ d. Obviously,
the monomials Xa1

1 . . . Xan
n with a1 + . . .+ an ≤ d form a basis of Vd. If one sets a0 := d− a1 + . . .+ an,

then (a0, . . . , an) is a d-element multisubset of {0, . . . , n} (ai is the multiplicity of i). From Theorem 1.22
it follows that dimVd =

((
n+1
d

))
=
(
n+d
d

)
. The linear map

Vd → K |L|, α 7→ (α(x))x∈L,

has a non-trivial kernel because dimK |L| = |L| < dimVd. Thus there exists α ∈ Vd \ {0} with
α(x1, . . . , xn) = 0 for all (x1, . . . , xn) ∈ L.

Lemma 7.4 (Schwartz-Zippel). A polynomial α ∈ K[X1, . . . , Xn] \ {0} has at most |K|n−1 degα
zeros in Kn.
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Proof. Induction on n. The case n = 1 is exactly Lemma 6.27. So let n ≥ 2 and wlog. |K| < ∞.
For x ∈ K let αx(X1, . . . , Xn−1) := α(X1, . . . , Xn−1, x) ∈ K[X1, . . . , Xn−1]. Let us assume αx = 0.
Then β(X1, . . . , Xn) := α(X1, . . . , Xn−1, Xn + x) ∈ K[X1, . . . , Xn] has the form β = Xnγ with
γ ∈ K[X1, . . . , Xn]. This shows α = β(X1, . . . , Xn−1, Xn−x) = (Xn−x)γ̃ (one can thus split off linear
factors as usual). Let L := {x ∈ K : αx = 0}. By iteration one obtains

α =
∏
x∈L

(Xn − x)γ

with deg γ ≤ deg(α)− |L| and γx ̸= 0 for x ∈ K \ L. Let

Z(α) := {(x1, . . . , xn) ∈ Kn : α(x1, . . . , xn) = 0}

be the set of zeros of α. Then

Z(α) ⊆ (Kn−1 × L) ∪
⋃

x∈K\L

(Z(γx)× {x}).

By induction |Z(γx)| ≤ |K|n−2 deg γx ≤ |K|n−2(deg(α)− |L|). In total it follows

|Z(α)| ≤ |K|n−1|L|+ |K||K|n−2(deg(α)− |L|) = |K|n−1 degα.

Lemma 7.5. Let K be an infinite field and α, β ∈ K[X1, . . . , Xn] with α(x1, . . . , xn) = β(x1, . . . , xn)
for all x1, . . . , xn ∈ K. Then α = β.

Proof. For n = 1, α−β has infinitely many zeros and it follows that α = β. Now let n ≥ 2 and α−β =∑d
k=0 γkX

k
n with γ0, . . . , γd ∈ K[X1, . . . , Xn−1]. For all x1, . . . , xn−1 ∈ K,

∑d
k=0 γk(x1, . . . , xn−1)X

k
n ∈

K[Xn] has infinitely many zeros and it follows again that γk(x1, . . . , xn−1) = 0. By induction on n,
γ0 = . . . = γd = 0 and thus α = β.

Lemma 7.6. Let α ∈ K[X1, . . . , Xn]. Let di be the degree of α as a polynomial in Xi. Let L1, . . . , Ln ⊆ K
with |Li| > di for i = 1, . . . , n. If α(x1, . . . , xn) = 0 for all (x1, . . . , xn) ∈ L1 × . . .× Ln, then α = 0.

Proof. For n = 1, degα = d1 < |L1| and the claim follows from Lemma 6.27. Now let n ≥ 2 and
assume the claim has already been proven for n − 1. We write α =

∑dn
i=0 αiX

i
n with α0, . . . , αdn ∈

K[X1, . . . , Xn−1]. Obviously, the degree of αi as a polynomial in Xj is at most dj . Let (x1, . . . , xn−1) ∈
L1 × . . . × Ln−1 be fixed. The polynomial β := α(x1, . . . , xn−1, Xn) ∈ K[Xn] has at least the roots
xn ∈ Ln. Because deg β ≤ dn < |Ln|, β = 0 by Lemma 6.27. This shows αi(x1, . . . , xn−1) = 0 for
i = 0, . . . , dn. By induction, it follows that α0 = . . . = αdn = 0 and α = 0.

Lemma 7.7. Let L1, . . . , Ln ⊆ K be non-empty, finite subsets and α ∈ K[X1, . . . , Xn] with α(x1, . . . , xn) =
0 for all (x1, . . . , xn) ∈ L1 × . . . × Ln. Then there exist β1, . . . , βn ∈ K[X1, . . . , Xn] with deg βi ≤
deg(α)− |Li| for i = 1, . . . , n and α =

∑n
i=1 βi

∏
xi∈Li

(Xi − xi).

Proof. For 1 ≤ i ≤ n let di := |Li| − 1 and

γi =
∏

xi∈Li

(Xi − xi) = Xd1+1
i −

di∑
j=0

cijX
j
i ∈ K[Xi].

For xi ∈ Li, xdi+1
i =

∑di
j=0 cijx

j
i holds. By repeatedly replacing every term of the form Xe

i with e > di

in α by Xe−di−1
i

∑di
j=0 cijX

j
i , we obtain a polynomial α̃ ∈ K[X1, . . . , Xn] with the following properties:

• The degree of α̃ in Xi is at most di.
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• For (x1, . . . , xn) ∈ L1 × . . .× Ln, α̃(x1, . . . , xn) = α(x1, . . . , xn) = 0 holds.

• α− α̃ =
∑n

i=1 βiγi with β1, . . . , βn ∈ K[X1, . . . , Xn] and deg βi ≤ deg(α)− |Li| for i = 1, . . . , n.

From Lemma 7.6 it follows that α̃ = 0 and thus the claim.

Theorem 7.8 (Combinatorial Nullstellensatz). Let α ∈ K[X1, . . . , Xn] with degα = d1 + . . . + dn,
such that the coefficient of Xd1

1 . . . Xdn
n in α does not vanish. Let L1, . . . , Ln ⊆ K with |Li| > di for

i = 1, . . . , n. Then there exists (x1, . . . , xn) ∈ L1 × . . .× Ln with α(x1, . . . , xn) ̸= 0.

Proof. Wlog. let |Li| = di+1 for i = 1, . . . , n. Assume indirectly α(x1, . . . , xn) = 0 for all (x1, . . . , xn) ∈
L1 × . . .×Ln. According to Lemma 7.7 there exist β1, . . . , βn ∈ K[X1, . . . , Xn] with deg βi ≤ deg(α)−
|Li| =

∑
j ̸=i dj − 1 and

α =
n∑

i=1

βi
∏

xi∈Li

(Xi − xi).

By assumption there exists i ∈ {1, . . . , n}, such that the coefficient of Xd1
1 . . . Xdn

n in βi
∏

xi∈Li
(Xi− xi)

does not vanish. But then deg βi ≥
∑

j ̸=i di. From this contradiction the claim follows.

Remark 7.9.

(i) Hilbert’s (original) Nullstellensatz states: Let K be an algebraically closed field and α1, . . . , αk, β ∈
K[X1, . . . , Xn], such that β vanishes on all common zeros of α1, . . . , αk. Then there exist
β1, . . . , βk ∈ K[X1, . . . , Xn] and s ∈ N with βs = α1β1 + . . .+ αkβk.

(ii) In algebra one shows that for every prime number p a primitive root x ∈ Fp exists, i. e. xk ̸= 1 for
k = 1, . . . , p− 2 (cf. Remark 6.26). If applicable it holds that

xk
∑
y∈Fp

yk =
∑
y∈Fp

(xy)k =
∑
y∈Fp

yk.

From this follows
∑

y∈Fp
yk = 0 for k = 0, . . . , p− 2 (note 00 = 1). This will be used in the next

proof.

Theorem 7.10 (Chevalley-Warning). Let α1, . . . , αk ∈ Fp[X1, . . . , Xn] with
∑k

i=1 degαi < n. Then
the number of common zeros of α1, . . . , αk in Fn

p is divisible by p. Thus, there can never be exactly one
common zero.

Proof. According to Remark 6.26 is

β(x) :=

k∏
i=1

(1− αi(x)
p−1) =

{
1 if x is a common zero of α1, . . . , αk,

0 otherwise

for all x ∈ Fn
p . For the number N of common zeros it therefore holds N ≡

∑
x∈Fn

p
β(x) (mod p).

Multiplying out β, one obtains a linear combination of monomials of the form
∏n

i=1 x
ai
i with

n∑
i=1

ai ≤ (p− 1)
k∑

j=1

degαi < (p− 1)n
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by assumption. In every such monomial there must therefore be an i with ai < p− 1. Wlog. let i = 1.
According to Remark 7.9 it holds that∑

x∈Fn
p

n∏
i=1

xaii =
∑

x1∈Fp

xa11
∑

x2,...,xn∈Fp

n∏
i=2

xaii = 0.

This shows N ≡
∑

x∈Fn
p
β(x) ≡ 0 (mod p). The second claim is clear because of p ≥ 2.

Theorem 7.11 (Erdős-Ginzburg-Ziv). Every multiset of 2n− 1 integers has n elements whose sum
is divisible by n.

Proof. Let k := 2n− 1 and a1, . . . , ak ∈ Z. Let us first assume that n = p is a prime number. Since we
are only interested in divisibility by p, we can assume a1, . . . , ak ∈ Fp. The polynomials

α :=

k∑
i=1

Xp−1
i , β :=

k∑
i=1

aiX
p−1

in Fp[X1, . . . , Xk] have degree p− 1 and a common zero (0, . . . , 0). Because 2(p− 1) < k, there must be
another common zero x := (x1, . . . , xk) by Chevalley-Warning. Let I := {1 ≤ i ≤ k : ai ≠ 0} ≠ ∅. By
Fermat, it holds that

|I| ≡
k∑

i=1

xp−1
i = α(x) = 0,

∑
i∈I

ai = β(x) = 0.

From |I| ≤ k it follows that |I| = p and
∑

i∈I ai is divisible by p.

Now let us assume n = pm with p ∈ P and m > 1. According to the first part of the proof, there exists
I1 ⊆ {1, . . . , k} with |I1| = p and

∑
i∈I1 ai ≡ 0 (mod p). Furthermore, there exists I2 ⊆ {1, . . . , k} \ I1

with
∑

i∈I2 ai ≡ 0 (mod p). Because k − 2(m− 1)p = 2p− 1, we find in the same way disjoint subsets
I1, . . . , I2m−1 ⊆ {1, . . . , k} with |Ij | = p and bj :=

1
p

∑
i∈Ij ai ∈ Z for j = 1, . . . , 2m− 1. By induction

on n, there exists J ⊆ {1, . . . , 2m − 1} with |J | = m and
∑

j∈J bj ≡ 0 (mod m). For I :=
⋃

j∈J Ij it
holds that |I| = mp = n and

∑
j∈J aj ≡ 0 (mod n).

Example 7.12. Theorem 7.11 is optimal, because from the (2n− 2)-element multiset

{0, . . . , 0︸ ︷︷ ︸
n−1

, 1, . . . , 1︸ ︷︷ ︸
n−1

}

no n elements can be chosen whose sum is divisible by n.

Definition 7.13. A polynomial α ∈ K[X1, . . . , Xn] is called symmetric if

α(Xπ(1), . . . , Xπ(n)) = α(X1, . . . , Xn)

holds for all π ∈ Sn. The elementary symmetric polynomials of order n are σ0 := 1 and

σk :=
∑

1≤i1<...<ik≤n

Xi1 . . . Xik (k ≥ 1).

The complete symmetric polynomials of order n are τ0 := 1 and

τk :=
∑

1≤i1≤...≤ik≤n

Xi1 . . . Xik (k ≥ 1).

The power sum polynomials are ρk := Xk
1 + . . .+Xk

n for k ≥ 0.
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Remark 7.14.

(i) The symmetric polynomials form a multiplicatively closed subspace of K[X1, . . . , Xn] with basis

β(a1,...,an) :=
1

m1! . . .mn!

∑
π∈Sn

Xa1
π(1) . . . X

an
π(n) (a1 ≥ . . . ≥ an ≥ 0),

where mi is the multiplicity of ai in the sequence (a1, . . . , an) (all coefficients are 1, so that the
characteristic of the field plays no role). One obtains

σk = α(1k,0n−k),

τk =
∑

a1+...+an=k

α(a1,...,an),

ρk = α(k,0n−1).

(ii) Note: σk = 0 for k > n and ρ0 = n. It holds that deg σk = deg τk = deg ρk = k for k = 1, . . . , n.

Theorem 7.15 (Vieta). In the ring of formal power series K[X1, . . . , Xn][[Y ]] with coefficients in
K[X1, . . . , Xn], it holds that

n∏
k=1

(1 +XkY ) =
n∑

k=0

σkY
k,

n∏
k=1

1

1−XkY
=

∞∑
k=0

τkY
k.

Proof. The first equation results from expanding the product. The second equation follows from

n∏
k=1

1

1−XkY
=

n∏
k=1

∞∑
l=0

(XkY )l =

∞∑
k=0

( ∑
l1+...+ln=k

X l1
1 . . . X

ln
n

)
Y k =

∞∑
k=0

τkY
k.

Theorem 7.16 (Girard-Newton identity). For k ∈ N, it holds that

k∑
i=0

(−1)iσiτk−i = 0,

min{k,n}∑
i=0

(−1)iσiρk−i =

{
0 if k ≥ n,
(−1)k(n− k)σk if k < n

Proof.

(i) According to Vieta,

1 =
( ∞∑
i=0

(−1)iσiY i
)( ∞∑

j=0

τjY
j
)
=

∞∑
k=0

( k∑
i=0

(−1)iσiτk−i

)
Y k.

A comparison of coefficients yields the first assertion.
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(ii) For k ∈ N0 and 0 ≤ l ≤ n− 1, let

α(k, l) :=
n∑

i=1

Xk
i σl(X1, . . . , Xi−1, Xi+1, . . . , Xn).

Then it holds that

σiρk−i =


ρk = α(k, 0) if i = 0,

α(k − i, i) + α(k − i+ 1, i− 1) if 1 ≤ i ≤ k < n,

α(k − n+ 1, n− 1) if i = n ≤ k.

As a telescoping sum, one obtains the second assertion (note α(0, l) = (n− l)σl).

Theorem 7.17 (Fundamental theorem on symmetric polynomials). For every symmetric α ∈ K[X1, . . . , Xn],
there exists exactly one γ ∈ K[X1, . . . , Xn] with α = γ(σ1, . . . , σn).

Proof. Existence: Let wlog.
α =

∑
i1,...,in

ai1,...,inX
i1
1 . . . Xin

n ̸= 0.

We order the tuples (i1, . . . , in) lexicographically and argue by induction on

f(α) := max
{
(i1, . . . , in) : ai1,...,in ̸= 0

}
.

In the case f(α) = (0, . . . , 0), then γ := α = a0,...,0 ∈ K. Now let f(α) = (d1, . . . , dn) > (0, . . . , 0).
Because of α = α(Xπ(1), . . . , Xπ(n)) for all π ∈ Sn, it follows that d1 ≥ . . . ≥ dn. Let

β := ad1,...,dnσ
d1−d2
1 σd2−d3

2 . . . σ
dn−1−dn
n−1 σdnn .

It holds that f(σdk−dk+1

k ) = (dk − dk+1)f(σk) = (dk − dk+1, . . . , dk − dk+1, 0, . . . , 0) and

f(β) = f(σd1−d2
1 ) + . . .+ f(σdnn ) = (d1, . . . , dn).

The symmetric polynomial α − β therefore satisfies f(α − β) < (d1, . . . , dn) and the existence of γ
follows by induction.

Uniqueness: Let γ, δ ∈ K[X1, . . . , Xn] with γ(σ1, . . . , σn) = δ(σ1, . . . , σn). For ρ := γ − δ we then have
ρ(σ1, . . . , σn) = 0 and we must show ρ = 0. Suppose indirectly ρ ≠ 0. Let d1 ≥ . . . ≥ dn be the
lexicographically largest n-tuple such that the coefficient of Xd1−d2

1 Xd2−d3
2 . . . Xdn

n in ρ does not vanish.
As above, f(σd1−d2

1 . . . σdnn ) = (d1, . . . , dn) holds. For every other summand Xe1−e2
1 . . . Xen

n of ρ, we
have f(σe1−e2

1 . . . σenn ) < (d1, . . . , dn). This yields f(ρ(σ1, . . . , σn)) = (d1, . . . , dn) in contradiction to
ρ(σ1, . . . , σn) = 0.

Example 7.18. We consider α = XY 3 +X3Y −X − Y ∈ K[X,Y ]. With the notation from the proof,
f(α) = (3, 1) and

β := σ21σ2 = (X + Y )2XY = X3Y + 2X2Y 2 +XY 3.

It follows that α− β = −2X2Y 2 −X − Y . In the next step, f(α− β) = (2, 2) and

β2 := −2σ22 = −2X2Y 2.

There remains α− β − β2 = −X − Y = −σ1. Finally,

α = β + β2 − σ1 = σ21σ2 − 2σ22 − σ1 = γ(σ1, σ2)

with γ = X2Y − 2Y 2 −X.
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Theorem 7.19 (Waring formula). For K = C and k ∈ N it holds that

ρk = −k
∑

(1a1 ,...,kak )∈P (k)

(a1 + . . .+ ak − 1)!

a1! . . . ak!
(−τ1)a1 . . . (−τk)ak

= (−1)k
∑

(1a1 ,...,kak )∈P (k)

(a1 + . . .+ ak − 1)!

a1! . . . ak!
(−σ1)a1 . . . (−σk)ak .

Proof. We introduce a new variable Y and manipulate the generating function:

∞∑
k=1

ρk
k
Y k =

n∑
i=1

∞∑
k=1

(XiY )k

k
=

n∑
i=1

log((1−XiY )−1) = log
( n∏
i=1

1

1−XiY

)
7.15
= log

(
1 +

n∑
i=1

τiY
i
)
=

∞∑
l=1

(−1)l−1

l

( n∑
i=1

τiY
i
)l

1.20
= −

∞∑
l=1

1

l

∑
a1+...+an=l

(
l

a1, . . . , an

)
(−τ1)a1 . . . (−τn)anY a1+2a2+...+nan

= −
∞∑
k=1

∑
(1a1 ,...,kak )∈P (k)

1

a1 + . . .+ ak

(
a1 + . . .+ ak
a1, . . . , ak

)
(−τ1)a1 . . . (−τn)anY k

∞∑
k=1

(−1)k ρk
k
Y k = −

n∑
i=1

∞∑
k=1

(−1)k−1 (XiY )k

k
= −

n∑
i=1

log(1 +XiY ) = − log
( n∏
i=1

(1 +XiY )
)

7.15
= − log

(
1 +

n∑
i=1

σiY
i
)
=

∞∑
l=1

(−1)l

l

( n∑
i=1

σiY
i
)l

1.20
=

∞∑
l=1

1

l

∑
a1+...+an=l

(
l

a1, . . . , an

)
(−σ1)a1 . . . (−σn)anY a1+2a2+...+nan

=
∞∑
k=1

∑
(1a1 ,...,kak )∈P (k)

1

a1 + . . .+ ak

(
a1 + . . .+ ak
a1, . . . , ak

)
(−σ1)a1 . . . (−σn)anY k.

Remark 7.20. The formula proven in the next theorem has an external similarity to the Leibniz
formula for determinants:

det(A) =
∑
σ∈Sn

sgn(σ)a1σ(1) . . . anσ(n) (A = (aij) ∈ Kn×n).

Theorem 7.21. For A ∈ Kn×n and σ ∈ Sn let trσ(A) := tr(Ac1) . . . tr(Ack) ∈ K, where c1, . . . , ck are
the cycle lengths of σ (including cycles of length one). Then

det(A)n! =
∑
σ∈Sn

sgn(σ) trσ(A).

Proof. We consider the entries of A as independent variables in the polynomial ring K[Xij : 1 ≤ i, j ≤ n].
According to the Leibniz formula, the claim is then an equation of polynomials in Z[Xij ]. According to
Lemma 7.5, these polynomials are already equal if they coincide at all points xij ∈ C. It therefore suffices
to prove the claim for K = C. Let λ1, . . . , λn ∈ C be the eigenvalues of A with multiplicities. According
to the Jordan normal form, tr(Ac) = λc1+. . .+λ

c
n holds for c ≥ 0. For permutations σ, τ ∈ Sn of the same
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cycle type, trσ(A) = trτ (A) certainly holds. We therefore sum over the partitions (1a1 , . . . , nan) ∈ P (n)
using Theorem 2.26. For a corresponding permutation σ, sgn(σ) =

∏n
i=1(−1)(i−1)ai = (−1)n+a1+...+an

holds. The right side is thus

n!(−1)n
∑

(1a1 ,...,nan )∈P (n)

(−1)a1+...+an

1a1a1! . . . nanan!
(λ1 + . . .+ λn)

a1 . . . (λn1 + . . .+ λnn)
an

= n!(−1)n
∑

(1a1 ,...,nan )∈P (n)

n∏
l=1

(−ρl(λ1, . . . , λn))al
lalal!

7.5
= n!σn(λ1, . . . , λn)

= n!λ1 . . . λn = det(A)n!.

8. Bernoulli Numbers

Remark 8.1. One easily shows (Exercise 1):

1 + 2 + . . .+ n− 1 =

(
n

2

)
,

12 + 22 + . . .+ (n− 1)2 =
1

4

(
2n

3

)
,

13 + 23 + . . .+ (n− 1)3 =

(
n

2

)2

= (1 + 2 + . . .+ (n− 1))2 (Nicomachus identity).

Gauss found the first formula as a child through

2(1 + . . .+ n− 1) = (1 + n− 1) + (2 + n− 2) + . . .+ (n− 1 + 1) = n(n− 1).

The third one can be seen as follows4:

4Source: https://math.stackexchange.com/questions/61482/proving-the-identity-sum-k-1n-k3-big-sum-k-1n-k-big2-
without-i
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We are looking for a general formula for
∑n

k=1 k
m with m ∈ N. For this we use that

exp(X)− 1

X
=

∞∑
n=1

Xn−1

n!
=

∞∑
n=0

Xn

(n+ 1)!
∈ Q[[X]]

is invertible (Lemma 4.8).

Definition 8.2. The numbers B0, B1, . . . ∈ Q with

X

exp(X)− 1
=

∞∑
n=0

Bn

n!
Xn

are called Bernoulli numbers.

Example 8.3. Because of(
B0 +B1X +

B2

2
X2 + . . .

)(
1 +

1

2
X +

1

6
X2 + . . .

)
= 1

it holds that B0 = 1, B1 = −1/2 and B2 = 1/6. With the following lemma, Bn can be calculated
recursively from Bk with k < n.

Lemma 8.4. For n ≥ 2 it holds that
n−1∑
k=0

(
n

k

)
Bk = 0.

Proof. A comparison of coefficients as in Example 8.3 yields

0 =

n−1∑
k=0

Bk

k!

1

(n− k)!
=

1

n!

n−1∑
k=0

(
n

k

)
Bk.

Lemma 8.5. For n ∈ N, B2n+1 = 0 holds.

Proof. Let

α = 1 +
∞∑
k=2

Bk

k!
Xk =

X

exp(X)− 1
+

1

2
X =

X

2

exp(X) + 1

exp(X)− 1

4.23
=

X

2

exp(12X) + exp(−1
2X)

exp(12X)− exp(−1
2X)

.

Because of α(X) = α(−X), the claim follows by comparison of coefficients.

Example 8.6. Because of (
5

0

)
B0 +

(
5

1

)
B1 +

(
5

2

)
B2 +

(
5

4

)
B4 = 0

it follows that
B4 = −

1

5

(
1− 5

2
+

10

6

)
= − 1

30
.

Although the first Bernoulli numbers are relatively small, |B2k| ∼ 2(2k)!
(2π)2k

→∞ holds (without proof).
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Lemma 8.7. For n ∈ N, (−1)nB2n < 0 holds.

Proof. According to (the proof of) Lemma 8.5,

α :=
X

exp(X)− 1
+

1

2
X =

∞∑
k=0

B2k

(2k)!
X2k.

Differentiation with the quotient rule yields

α′ =
exp(X)− 1−X exp(X)

(exp(X)− 1)2
+

1

2
=

∞∑
k=1

B2k

(2k − 1)!
X2k−1.

On the other hand,

α2 =
X2

(exp(X)− 1)2
+

X2

exp(X)− 1
+

1

4
X2 =

X2 exp(X)

(exp(X)− 1)2
+

1

4
X2 = α−Xα′ +

1

4
X2.

Substitution yields

∞∑
n=0

( n∑
k=0

B2kB2(n−k)

(2k)!(2(n− k))!

)
X2n = 1 +

1

4
X2 +

∞∑
n=1

B2n

( 1

(2n)!
− 1

(2n− 1)!

)
X2n.

By comparison of coefficients,

n∑
k=0

(
2n

2k

)
B2kB2(n−k) = (2n)!B2n

(2n− 1)!− (2n)!

(2n− 1)!(2n)!
= (1− 2n)B2n

for n ≥ 2. We subtract 2B2n on both sides and obtain

(2n+ 1)B2n = −
n−1∑
k=1

(
2n

2k

)
B2kB2(n−k) (8.1)

for n ≥ 2. We now prove the claim by induction on n. For n = 1, B2 =
1
6 > 0. If the claim is already

proven for all k < n, then it follows that

(−1)n(2n+ 1)B2n = −
n−1∑
k=1

(
2n

2k

)
(−1)kB2k(−1)n−kB2(n−k)︸ ︷︷ ︸

>0

< 0

according to (8.1).

Theorem 8.8 (Faulhaber’s formula). For n,m ∈ N0,

n−1∑
k=0

km =
1

m+ 1

m∑
k=0

(
m+ 1

k

)
Bkn

m−k+1

holds.
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Proof. According to Lemma 4.23, it holds that

∞∑
m=0

1

m!

n−1∑
k=0

kmXm =

n−1∑
k=0

∞∑
m=0

kmXm

m!
=

n−1∑
k=0

exp(kX) =

n−1∑
k=0

exp(X)k

=
exp(X)n − 1

exp(X)− 1
=

X

exp(X)− 1

exp(nX)− 1

X

=

∞∑
k=0

Bk

k!
Xk ·

∞∑
k=0

nk+1Xk

(k + 1)!
=

∞∑
m=0

( m∑
k=0

Bk

k!

nm−k+1

(m− k + 1)!

)
Xm.

Comparison of coefficients yields

n−1∑
k=0

km = m!
m∑
k=0

Bk

k!

nm−k+1

(m− k + 1)!
=

1

m+ 1

m∑
k=0

(
m+ 1

k

)
Bkn

m−k+1

Example 8.9. For m = 4, we have

14 + 24 + . . .+ (n− 1)4 =
1

5

((
5

0

)
B0n

5 +

(
5

1

)
B1n

4 +

(
5

2

)
B2n

3 +

(
5

4

)
B4n

)
=

1

5
n5 − 1

2
n4 +

1

3
n3 − 1

30
n =

6n5 − 15n4 + 10n3 − n
30

.

Remark 8.10.

(i) Faulhaber’s formula expresses the sum
∑n−1

k=0 k
m as a polynomial in n of degree m+ 1. Pascal

showed the existence of this polynomial inductively, without explicitly calculating the coefficients.5

(ii) Bernoulli numbers also appear in analysis:

∞∑
k=1

1

k2
=
π2

6
,

∞∑
k=1

1

k4
=
π4

90
,

∞∑
k=1

1

k2n
=

(2π)2n(−1)n+1B2n

2(2n)!

(without proof). On the other hand, no formula is known for the Apéry constant
∑∞

k=1
1
k3

=
1.202 . . ..

Theorem 8.11. For n ∈ N0, it holds that

Bn =

n∑
k=0

(−1)k

k + 1
k!

{
n

k

}
.

Proof. For k ∈ N0, according to the functional equation, it holds that

(exp(X)− 1)k =

k∑
l=0

(−1)k−l

(
k

l

)
exp(lX) =

∞∑
n=0

k∑
l=0

(−1)k−l

(
k

l

)
ln

n!
Xn 2.37

=
∞∑
n=0

k!

n!

{
n

k

}
Xn.

5see [Beardon, Sums of Powers of Integers, Amer. Math. Monthly 103 (1996), 201–213]
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It follows that∑ Bn

n!
Xn =

X

exp(X)− 1
=

log(1 + (exp(X)− 1))

exp(X)− 1
=

1

exp(X)− 1

∞∑
k=1

(−1)k−1 (exp(X)− 1)k

k

=
∞∑
k=0

(−1)k (exp(X)− 1)k

k + 1
=

∞∑
k=0

(−1)k

k + 1

∞∑
n=0

k!

n!

{
n

k

}
Xn

=
∞∑
n=0

1

n!

( ∞∑
k=0

(−1)k

k + 1
k!

{
n

k

})
Xn.

The claim follows by comparison of coefficients.

Theorem 8.12 (Clausen, von Staudt). For n ∈ N, there exists a zn ∈ Z with

B2n = zn +
∑
p∈P

(p−1) | 2n

1

p
.

In particular, the (fully reduced) denominator of B2n is the product of all prime numbers p with p−1 | 2n.

Proof. We analyze the summands (−1)k

k+1 k!
{
2n
k

}
with 0 ≤ k ≤ 2n in Theorem 8.11. Because of

(−1)k
{
2n
k

}
∈ Z, we are only interested in k!

k+1 . Let us first assume that k + 1 is not a prime number.
Then there exist a, b ∈ Z with k + 1 = ab and a, b ≤ k. In the case a ̸= b, it follows that k + 1 = ab | k!
and thus (−1)k

k+1 k!
{
2n
k

}
∈ Z. Now let a = b. In the case 2a ≤ k, it again holds that k + 1 = ab | a(2a) | k!

and (−1)k

k+1 k!
{
2n
k

}
∈ Z. In the case 2a > k, we have k + 1 = a2 ≥ 2a ≥ k + 1. It follows that a = 2 and

k = 3. Then

(−1)kk!
{
2n

k

}
2.37
=

3∑
l=0

(−1)l
(
3

l

)
l2n = −3 + 3 · 22n − 32n

6.23≡ 1 + 3 · 4n − 9n ≡ 1− 1 ≡ 0 (mod 4).

Thus (−1)3

4 3!
{
2n
3

}
∈ Z. The summands in Theorem 8.11 with k + 1 /∈ P are therefore all integers.

Now let p := k + 1 ∈ P. In the case (p− 1) | 2n, it holds that

l2n = (lp−1)
2n
p−1

6.26≡ 1
2n
p−1 ≡ 1 (mod p)

for l = 1, . . . , p− 1 = k. This yields

(−1)kk!
{
2n

k

}
2.37
=

k∑
l=1

(−1)l
(
k

l

)
l2n ≡ −1 +

k∑
l=0

(−1)l
(
k

l

)
≡ −1 + (1− 1)k ≡ −1 (mod p).

Therefore
1

p
+

(−1)k

k + 1
k!

{
2n

k

}
∈ Z.

Finally, let (p− 1) ∤ 2n. Then there exist m ∈ {1, . . . , p− 2} and q ∈ Z with 2n = m+ q(p− 1) (division
with remainder). For l = 1, . . . , p− 1, it holds that l2n = lm(lp−1)q ≡ lm1q ≡ lm (mod p) by Fermat.
This shows

(−1)kk!
{
2n

k

}
=

k∑
l=1

(−1)l
(
k

l

)
l2n ≡

k∑
l=1

(−1)l
(
k

l

)
lm ≡ (−1)kk!

{
m

k

}
≡ 0 (mod p)
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because of m < p− 1 = k. We again obtain (−1)k

k+1 k!
{
2n
k

}
∈ Z. This proves the first assertion.

For the second assertion, let α be the denominator of B2n and {p ∈ P : p − 1 | 2n} = {p1, . . . , ps}.
Because of B2np1 . . . ps ∈ Z, α is a divisor of p1 . . . ps. Furthermore, it holds that

s∑
i=1

1

pi
=
p2 . . . ps + p1p3 . . . ps + . . .+ p1 . . . ps−1

p1 . . . ps

with
p2 . . . ps + p1p3 . . . ps + . . .+ p1 . . . ps−1 ≡ p1 . . . pi−1pi+1 . . . ps ̸≡ 0 (mod pi)

for i = 1, . . . , s. Because of α
∑ 1

pi
∈ Z, it follows that p1 . . . ps | α. Overall, we therefore have

α = p1 . . . ps.

Example 8.13. From Theorem 8.12 it follows that the denominator of B2n is always divisible by 6.
The denominator of B12, for example, is 2 · 3 · 5 · 7 · 13 = 2730.

Theorem 8.14 (Lucas). Let p be a prime and n =
∑

i≥0 nip
i as well as k =

∑
i≥0 kip

i with
0 ≤ ni, ki ≤ p− 1 for i ≥ 0 (p-adic expansion). Then(

n

k

)
≡
∏
i≥0

(
ni
ki

)
(mod p).

In particular,
(
n
k

)
is divisible by p if and only if there exists an i ≥ 0 with ni < ki.

Proof. For 0 ≤ m < p, we have
(
p
m

)
= p(p−1)...(p−m+1)

m! ≡ 0 (mod p). In Fp[X], it therefore holds that

(1 +X)p =

p∑
m=0

(
p

m

)
Xm = 1 +Xp.

Inductively, one obtains (1 +X)p
i
= 1 +Xpi for all i ≥ 0. It follows that

n∑
m=0

(
n

m

)
Xm = (1 +X)n =

∏
i≥0

(
(1 +X)p

i)ni =
∏
i≥0

(
1 +Xpi

)ni =
∏
i≥0

ni∑
mi=0

(
ni
mi

)
Xmip

i
.

Multiplying out the product on the right side results in summands of the form

X
∑

i≥0 mip
i∏
i≥0

(
ni
mi

)
.

Since the p-adic expansion of m =
∑

i≥0mip
i is uniquely determined, Xm occurs only once in the sum.

A comparison of coefficients at m = k yields the first claim.

Because ni < p, we have
(
ni
ki

)
̸≡ 0 (mod p) if ki ≤ ni. In the case ki > ni, we have

(
ni
ki

)
= 0. From this,

the second claim follows.

Example 8.15. Because 2n − 1 = 1 + 2 + . . .+ 2n−1,
(
2n−1
k

)
is odd for k = 0, . . . , 2n − 1.
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9. Catalan Numbers

Remark 9.1.

(i) A magma is a set M together with a map (binary operation) · : M ×M → M , (x, y) 7→ x · y.
For x1, . . . , xn ∈M , the product x1 · . . . · xn is then generally not well-defined, because different
parenthesizations can yield different results (M is not necessarily associative). We investigate how
many possible parenthesizations there are.

(ii) Even if M is associative, one can save computation time through suitable parenthesization. If, for
example, A, B, and C are (real) matrices of format 10× 20, 20× 5, and 5× 100, then for (AB)C
one only needs

10 · 20 · 5 + 10 · 5 · 100 = 6000

multiplications (of real numbers), while for A(BC) one already needs

20 · 5 · 100 + 10 · 20 · 100 = 30, 000

multiplications.

Example 9.2. The integers Z form a magma with respect to subtraction. It holds that

(1− 2)− 3 = −4 ̸= 2 = 1− (2− 3).

Definition 9.3. For n ∈ N0, let Cn be the number of possible parenthesizations of x1 · . . . · xn+1, where
x1, . . . , xn+1 are elements of a magma. Cn is called the n-th Catalan number.

Example 9.4. Certainly C0 = C1 = 1 and C2 = 2. Furthermore, C3 = 5 holds because of

x1(x2(x3x4)), x1((x2x3)x4), (x1x2)(x3x4), ((x1x2)x3)x4, (x1(x2x3))x4.

Lemma 9.5 (Segner). For n ∈ N0, it holds that

Cn+1 =

n∑
k=0

CkCn−k.

Proof. Every parenthesization of x1 . . . xn+2 has the form (x1 . . . xk+1)(xk+2 . . . xn+2) for some k ∈
{0, . . . , n}. Within the first pair of parentheses (x1 . . . xk+1) there are Ck many parenthesizations
and within the second pair of parentheses there are Cn−k possible parenthesizations. This shows the
claim.

Example 9.6.

(i) If n ≥ 2 is even, then also Cn = 2
∑n/2−1

k=0 CkCn−1−k. In particular,

C4 = 2(C0C3 + C1C2) = 2(5 + 2) = 14.
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(ii) Let α =
∑
anX

n ∈ Q[[X]] be the inverse function of X −X2 (Exercise 21). Then

X = α− α2 =
∞∑
n=0

anX
n −

∞∑
n=0

n∑
k=0

akan−kX
n =

∞∑
n=0

(
an −

n∑
k=0

akan−k

)
Xn

and it follows that a0 = 0 (by Theorem 4.24), a1 = 1 as well as an =
∑n−1

k=1 akan−k for n ≥ 2.
Thus an = Cn−1 for n ∈ N.

Theorem 9.7 (Euler). The generating function of Cn is

1−
√
1− 4X

2X
.

Proof. Let α =
∑
CnX

n. Then

(1− 2Xα)2 = (1− 2C0X − 2C1X
2 − 2C2X

3 − . . .)2

= 1− 4X +

∞∑
n=2

(
−4Cn−1 + 4

n−2∑
k=0

CkCn−2−k

)
Xn 9.5

= 1− 4X.

This shows 1− 2Xα =
√
1− 4X and the claim follows.

Theorem 9.8 (Catalan). For n ∈ N0, it holds that

Cn =
1

n+ 1

(
2n

n

)
.

Proof. According to Newton’s binomial theorem,

1−
√
1− 4X

2X
=

1−
∑(

1/2
n

)
(−1)n4nXn

2X
=

1

2

∑
(−1)n

(
1/2

n+ 1

)
4n+1Xn.

A comparison of coefficients according to Theorem 9.7 shows

Cn = (−1)n 1
2

(
1/2

n+ 1

)
4n+1 = (−1)n 2

n+1

2
· 2(1/2) · 2(1/2− 1) · . . . · 2(1/2− n)

(n+ 1)!

=
2n

n+ 1

1 · 3 · 5 · . . . · (2n− 1)

n!
=

1

n+ 1

2 · 4 · . . . · 2n
n!

· 1 · 3 · 5 · . . . · (2n− 1)

n!

=
1

n+ 1

(2n)!

(n!)2
=

1

n+ 1

(
2n

n

)
.

Example 9.9. It holds that

C5 =
1

6

(
10

5

)
=

10 · 9 · 8 · 7
120

= 2 · 3 · 7 = 42.

Definition 9.10. Let n ∈ N and {a, b, c} = {1, 2, 3}. A permutation σ ∈ Sn possesses the pattern abc
if there exist 1 ≤ i1 < i2 < i3 ≤ n with σ(ia) < σ(ib) < σ(ic). Otherwise, one says: σ avoids the pattern
abc.

72



Example 9.11. The permutations in S4 that possess the pattern 123 are:(
1 2 3 4
1 2 3 4

)
,

(
1 2 3 4
1 2 4 3

)
,

(
1 2 3 4
1 3 2 4

)
,

(
1 2 3 4
1 3 4 2

)
,

(
1 2 3 4
1 4 2 3

)
,(

1 2 3 4
2 1 3 4

)
,

(
1 2 3 4
2 3 1 4

)
,

(
1 2 3 4
2 3 4 1

)
,

(
1 2 3 4
3 1 2 4

)
,

(
1 2 3 4
4 1 2 3

)
.

Thus, there are |S4| − 10 = 14 permutations that avoid 123.

Theorem 9.12 (MacMahon). The number of permutations in Sn that avoid a pattern abc is Cn.

Proof (Simion-Schmidt). Let Sn(abc) be the set of permutations in Sn that avoid abc. With the
convention S0 = {id∅}, it holds that |S0(abc)| = |S1(abc)| = 1 = C0 = C1 and |S2(abc)| = 2 = C2. So
let n ≥ 3 and assume the claim is already proven for smaller n.

We first show |Sn(132)| = Cn. Let σ ∈ Sn(132) and y := σ−1(n). For 1 ≤ x < y < z ≤ n, it
then holds that σ(x) > σ(z), because otherwise we would have σ(x) < σ(z) < σ(y) = n and σ
would possess the pattern 132. Thus {σ(x) : 1 ≤ x < y} = {n − 1, n − 2, . . . , n − y + 1} and
{σ(z) : y < z ≤ n} = {1, 2, . . . , n− y}. The permutations(

1 2 · · · y − 1
σ(1)− n+ y σ(2)− n+ y · · · σ(y − 1)− n+ y

)
∈ Sy−1,(

1 2 · · · n− y
σ(y + 1) σ(y + 2) · · · σ(n)

)
∈ Sn−y

likewise avoid 132. For a fixed y = σ−1(n), there are thus |Sy−1(132)||Sn−y(132)| = Cy−1Cn−y possible
σ (induction). In total, one obtains

|Sn(132)| =
n∑

y=1

Cy−1Cn−y =

n−1∑
y=0

CyCn−y−1 = Cn

according to Segner.

The bijections

Γ: Sn(abc)→ Sn(cba), ∆: Sn(abc)→ Sn(4− a, 4− b, 4− c),(
1 · · · n
a1 · · · an

)
7→
(

1 · · · n
an · · · a1

)
,

(
1 · · · n
a1 · · · an

)
7→
(

1 · · · n
n+ 1− a1 · · · n+ 1− an

)
show |Sn(132)|

Γ
= |Sn(231)|

∆
= |Sn(213)|

Γ
= |Sn(312)| and |Sn(123)|

Γ
= |Sn(321)|. It therefore suffices to

construct a bijection f : Sn(132)→ Sn(123). For σ ∈ Sn(132), let

M(σ) := {(k, σ(k)) : σ(k) < σ(i) for i = 1, . . . , k − 1}

be the set of left-to-right minima. We construct f(σ) from σ by keeping M(σ) fixed and sorting the
remaining images of σ in descending order. For example:(

1 2 3 4 5 6 7 8

6 7 3 4 1 2 5 8

)
f−→
(

1 2 3 4 5 6 7 8

6 8 3 7 1 5 4 2

)
.

Then f(σ) is the unique permutation in Sn(123) with M(f(σ)) =M(σ). For σ ∈ Sn(123), we conversely
construct τ ∈ Sn(132) as follows: For i = 1, . . . , n, let τ(i) := σ(i) if (i, σ(i)) ∈M(σ) and otherwise let
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τ(i) be the smallest not yet used number that is larger than the next left-to-right minimum to the left
of i. This yields a map g : Sn(123)→ Sn(132), σ 7→ τ . For example:(

1 2 3 4 5 6 7 8

6 8 3 7 1 5 4 2

)
g−→
(

1 2 3 4 5 6 7 8

6 7 3 4 1 2 5 8

)
.

Again, g(σ) is the unique permutation in Sn(132) with M(g(σ)) =M(σ). It follows that f ◦g = idSn(123)

and g ◦ f = idSn(132). In particular, f is a bijection and |Sn(132)| = |Sn(123)|.

Remark 9.13. No simple formulas are known for the number of permutations that avoid 1234 (see
https://oeis.org/A005802).

10. Groups

Remark 10.1. Many counting problems simplify when symmetries are taken into account. Symmetries
are modeled by groups.

Definition 10.2. A group is a set G with an operation · : G×G→ G, (x, y) 7→ x · y, such that:

• ∀x, y, z ∈ G : (x · y) · z = x · (y · z) (associative),

• ∃e ∈ G : x · e = e · x = x (neutral element),

• ∀x ∈ G : ∃y ∈ G : x · y = y · x = e (inverse elements).

One calls |G| the order of G. In the case |G| <∞, one calls G finite. If additionally

• ∀x, y ∈ G : x · y = y · x,

then G is called abelian.

Remark 10.3. As usual, one shows that the neutral element e ∈ G is uniquely determined. We then
write e = 1G = 1 or also e = 0 if the operation is +. Furthermore, x ∈ G possesses exactly one inverse
element, which we denote by x−1 or −x. Then (x−1)−1 = x and (x · y)−1 = y−1 · x−1 (Attention!).
Often we will omit the symbol · and write xy instead.

Example 10.4.

(i) The trivial group G = {1G}.

(ii) The integers Z form an abelian group with respect to +. On the other hand, (N,+) is not a group,
because for example the identity element is missing.

(iii) We had already mentioned that Sym(A) for a set A is a group with respect to composition of
maps. For |A| ≥ 3, Sym(A) is non-abelian (consider (1, 2)(1, 3) = (1, 3, 2) ̸= (1, 2, 3) = (1, 3)(1, 2)
in S3).

(iv) Let K be a field and V a finite-dimensional K-vector space. The invertible linear maps V → V
form the general linear group GL(V ) with respect to composition of maps.
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(v) We consider the Euclidean space Rn with the standard inner product (x, y) :=
∑n

i=1 xiyi for
x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ Rn. In linear algebra, one studies the orthogonal group

O(Rn) :=
{
f ∈ GL(Rn) : ∀x, y ∈ Rn : (f(x), f(y)) = (x, y)

}
.

The equation ∥f(x)∥
√
(f(x), f(x)) =

√
(x, x) = ∥x∥ means that f ∈ O(Rn) preserves lengths. As

is well known, a map is orthogonal if and only if its matrix A satisfies the equation AAt = 1n,
where At denotes the transpose of A. In particular, det(A) = ±1.

(vi) Let ∆ ⊆ R2 be a regular n-gon (n ≥ 3) with center (0, 0) and let

G :=
{
f ∈ O(R2) : f(∆) = ∆

}
.

Certainly idR2 ∈ G and for f, g ∈ G we have (f ◦ g)(∆) = f(g(∆)) = f(∆) = ∆, so f ◦ g ∈ G.
Furthermore, f−1(∆) = ∆. This shows that G is a group. One calls G the symmetry group of
∆. Since orthogonal maps preserve lengths, f ∈ G must map vertices of ∆ to vertices. Since
two adjacent vertices x and y form a basis of R2 (n ≥ 3), f is already uniquely determined as
a linear map by f(x) and f(y). Because of ∥f(x) − f(y)∥ = ∥f(x − y)∥ = ∥x − y∥, f(x) and
f(y) are also adjacent vertices. There are thus n possibilities for f(x) and subsequently two more
possibilities for f(y). This implies |G| ≤ 2n. We show |G| = 2n. Obviously, the rotations by 2πk

n
for k = 1, . . . , n all lie in G. If n is even, then G possesses n

2 reflections through two opposite
vertices and just as many reflections through two opposite midpoints of sides. If n is odd, then G
possesses exactly n reflections through one vertex and one midpoint of a side. In total, we have
found 2n elements. One calls D2n := G therefore also the dihedral group of order 2n. If we label
the vertices with 1, . . . , n, then each f ∈ D2n describes a permutation in Sn. The rotations are
the powers of the n-cycle (1, . . . , n). For n = 3 one obtains S3.

Definition 10.5. A non-empty subset H of a group G is called a subgroup, if xy−1 ∈ H for all x, y ∈ H.
We then write H ≤ G or H < G if H ̸= G.

Remark 10.6. Let H ≤ G. Then there exists an x ∈ H. Thus 1G = xx−1 ∈ H and x−1 = 1Gx
−1 ∈ H.

For x, y ∈ H we also have xy = x(y−1)−1 ∈ H. This shows that H with the restricted operation is itself
a group.

Example 10.7.

(i) Every group G possesses the subgroups {1G} and G.

(ii) For every family of subgroups Hi ≤ G (i ∈ I), the intersection
⋂

i∈I Hi ≤ G is also a subgroup
(verify).

(iii) For x ∈ G and k ∈ Z we define

xk :=


1G if k = 0,

x . . . x (k factors) if k > 0,

(x−1)−k if k < 0.

Then certainly xmxn = xm+n and (xm)n = xmn for n,m ∈ Z. Furthermore, ⟨x⟩ := {xk : k ∈ Z} is
a subgroup of G because of xk(xl)−1 = xk−l ∈ ⟨x⟩. One calls ⟨x⟩ the subgroup generated by x. It
is always abelian. Moreover, one calls |⟨x⟩| the order of x.
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(iv) For x1, . . . , xn ∈ G one defines more generally

⟨x1, . . . , xn⟩ :=
⋂

H≤G
x1,...,xn∈H

H ≤ G.

Obviously ⟨x1, . . . , xn⟩ contains all elements of the form x±1
i1
. . . x±1

ik
. Conversely, these elements

themselves form a subgroup, which then must coincide with ⟨x1, . . . , xn⟩. In the case G =
⟨x1, . . . , xn⟩, one calls x1, . . . , xn a generating system of G.

(v) It holds that D2n ≤ O(R2) ≤ GL(R2) ≤ Sym(R2). Furthermore, the n rotations in D2n form a
subgroup, which is called a cyclic group and is denoted by Cn. Obviously Cn is generated by the
rotation by 2π/n. In general, rotations lie in the special orthogonal group

SO(Rn) := {f ∈ O(Rn) : det(f) = 1} = SL(Rn) ∩O(Rn).

Lemma 10.8. For every group G and x ∈ G it holds that

|⟨x⟩| = inf{n ∈ N : xn = 1G}

with the convention inf ∅ =∞.

Proof. First, let n ∈ N be minimal with xn = 1. For k ∈ Z there exist q ∈ Z and r ∈ N0 with k = qn+ r
and 0 ≤ r < n (division with remainder). Then xk = xqn+r = (xn)qxr = 1qxr = xr and it follows
that ⟨x⟩ = {1, x, x2, . . . , xn−1}. Suppose there exist 0 ≤ k < l < n with xk = xl. Then xl−k = 1 with
1 ≤ l − k < n in contradiction to the choice of n. This shows |⟨x⟩| = n.

Now let xn ̸= 1 for all n ∈ N. For 1 ≤ k < l we then have xk ̸= xl, because otherwise xl−k = 1. This
shows that the elements x, x2, . . . are pairwise distinct. In particular, |⟨x⟩| =∞.

Definition 10.9. An action of a group G on a set Ω is a map G × Ω → Ω, (g, ω) 7→ gω with the
following properties:

• ∀ω ∈ Ω : 1ω = ω,

• ∀g, h ∈ G ∀ω ∈ Ω : g(hω) = ghω.

For ω ∈ Ω one calls Gω := {gω : g ∈ G} the orbit of ω and Gω := {g ∈ G : gω = ω} the stabilizer of ω
in G. If there exists only one orbit, the action is called transitive. One calls |Gω| the length of the orbit.

Example 10.10.

(i) For every set A, G := Sym(A) acts on A by σa := σ(a), because id(a) = a and σ(τa) = σ(τ(a)) =
(στ)(a) = στa for a ∈ A and σ, τ ∈ G. This action is transitive, because for distinct a, b ∈ A the
transposition (a, b) lies in G and (a,b)a = b. This shows Ga = A for all a ∈ A. The length of a
cycle σ ∈ Sym(A) is simultaneously the length of an orbit of ⟨σ⟩.

(ii) For every K-vector space V , G := GL(V ) acts on V by fv := f(v) for f ∈ GL(V ) and v ∈ V .
This follows from (i) because G ≤ Sym(V ). The orbit of the zero vector is G0 = {0}. In particular,
the action is only transitive if V = {0}.

(iii) The groups D2n ≤ O(Rn) ≤ GL(Rn) act on Rn. The action of D2n can be restricted to the regular
n-gon ∆. Furthermore, D2n acts transitively on the set of vertices of ∆.
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Remark 10.11.

(i) In the situation of Definition 10.9, 1 ∈ Gω ̸= ∅ holds and for x, y ∈ Gω we have

xy−1
ω = x(y

−1
ω) = x(y

−1
(yω)) = x(y

−1yω) = x(1ω) = xω = ω.

This shows xy−1 ∈ Gω and Gω is a subgroup of G.

(ii) For g ∈ G, the map ω 7→ gω is a bijection on Ω with inverse map ω 7→ g−1
ω, because g(g

−1
ω) =

gg−1
ω = 1ω = ω = . . . = g−1

(gω). Therefore, each g determines a permutation in Sym(Ω).

(iii) We show that
α ∼ β :⇐⇒ ∃g ∈ G : gα = β

defines an equivalence relation on Ω. Because of 1α = α, ∼ is reflexive. From gα = β it follows
that g−1

β = g−1
(gα) = g−1gα = 1α = α. Thus ∼ is symmetric. Finally, let gα = β and hβ = γ

for g, h ∈ G and α, β, γ ∈ Ω. Then hgα = h(gα) = hβ = γ. Therefore ∼ is transitive and an
equivalence relation. The equivalence classes are exactly the orbits. In particular, the orbits form
a partition of Ω.

(iv) Let H ≤ G. Then H operates on G by hx := xh−1 for h ∈ H and x ∈ G, because 1x = x1−1 = x
and g(hx) = g(xh−1) = (xh−1)g−1 = x(h−1g−1) = x(gh)−1 = ghx for g, h ∈ H. The orbits have
the form xH := {xh : h ∈ H} for x ∈ G. They are called left cosets. Let G/H := {xH : x ∈ G}
and |G : H| := |G/H|. One calls |G : H| the index of H in G.

Theorem 10.12 (Lagrange). For H ≤ G, |G| = |G : H||H| holds. In particular, |H| and |G : H|
are divisors of |G| if |G| <∞.

Proof. For x ∈ G, the map H → xH, h → xh is bijective with inverse map g 7→ x−1g. Thus all left
cosets of H have the cardinality |H|. The assertion follows because G is the disjoint union of the left
cosets.

Lemma 10.13. For H ≤ G and x, y ∈ G, xH = yH ⇐⇒ y−1x ∈ H holds.

Proof.

xH = yH ⇐⇒ xH ∩ yH ̸= ∅⇐⇒ ∃h, k ∈ H : xh = yk

⇐⇒ ∃h, k ∈ H : y−1x = kh−1 ⇐⇒ y−1x ∈ H.

Theorem 10.14 (Orbit-Stabilizer Theorem). For every operation of G on a set Ω,

|Gω| = |G : Gω|

holds for all ω ∈ Ω.

Proof. It suffices to show that the map F : G/Gω → Gω, xGω 7→ xω is a bijection. Because of

xGω = yGω
10.13⇐⇒ y−1x ∈ Gω ⇐⇒ y−1xω = ω ⇐⇒ xω = yω

for x, y ∈ G, F is well-defined and injective. The surjectivity follows from the definition of the orbit.
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Remark 10.15.

(i) Theorem 10.14 and Lagrange show that the orbit lengths are always divisors of the group order, if
|G| <∞.

(ii) If ∆ is a system of representatives for the orbits of G on Ω, then one obtains the orbit equation

|Ω| =
∑
δ∈∆
|Gδ| =

∑
δ∈∆
|G : Gδ|.

(iii) Let |G| = 77 and |Ω| = 23. According to the orbit equation, there exist a, b, c ∈ N0 with
23 = a+ 7b+ 11c. It follows that a > 0, i. e. G always has a fixed point on Ω.

(iv) One can prove Lucas’s Theorem using group actions: We decompose N := {1, . . . , n} into a
partition of the form

N =
⋃
i≥0

ni⋃
j=1

Aij

with |Aij | = pi for j = 1, . . . , ni. For Aij = {α1, . . . , αpi} let Gij := ⟨(α1, . . . , αpi)⟩. Then

G :=×
i≥0

ni×
j=1

Gij ≤ Sn

is a p-group acting on N . Certainly G also acts on
(
N
k

)
. The orbit lengths are always p-powers

according to Theorem 10.14. Therefore, the number of fixed points of G on
(
N
k

)
is congruent to(

n
k

)
modulo p. A subset K = {β1, . . . , βk} ⊆ N is a fixed point under G if and only if K is the

union of certain Aij . For each i ≥ 0, one must choose exactly ki of the sets Ai1, . . . , Aini . The
number of fixed points is therefore

∏
i≥0

(
ni
ki

)
.

Theorem 10.16 (Burnside’s Lemma). Let G be a finite group acting on a set Ω. For g ∈ G let
f(g) := |{ω ∈ Ω : g ∈ Gω}| be the number of fixed points of g on Ω. Then

1

|G|
∑
g∈G

f(g)

is the number of orbits of G on Ω.

Proof. If α, β ∈ Ω lie in the same orbit, then |G : Gα| = |Gα| = |Gβ| = |G : Gβ|. By Lagrange it follows
that |Gα| = |Gβ| (note: |G| <∞). Let ∆ ⊆ Ω be a system of representatives for the orbits of G on Ω.
Then ∑

g∈G
f(g) = |{(g, ω) ∈ G× Ω : gω = ω}| =

∑
ω∈Ω
|Gω| =

∑
δ∈∆
|Gδ||Gδ|

=
∑
δ∈∆
|G : Gδ||Gδ| =

∑
δ∈∆
|G| = |∆||G|.

This shows the claim.
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Example 10.17.

(i) Let G be a finite group acting transitively on Ω with |Ω| > 1. According to Burnside’s Lemma,
1 is the average number of fixed points of elements from G. On the other hand, f(1) = |Ω| > 1.
There must therefore always be fixed-point-free elements in G. This generalizes Theorem 2.2.

(ii) We want to count necklaces with six beads, where beads in three colors are available. Naively,
there are initially 36 such necklaces, some of which, however, are identical. We arrange the necklace
such that the beads form a regular 6-gon. Rotation by π/3 will not change the necklaces. Likewise,
we can rotate the necklace in space and thereby realize a reflection of the 6 vertices. Two necklaces
are thus identical if and only if they lie in the same orbit under G := D12. We apply Burnside’s
Lemma to the set Ω of the 36 necklaces.

Certainly f(1) = 36. A rotation σ ∈ G by π/3 fixes only the three monochromatic necklaces, i. e.
f(σ) = 3. The rotation σ2 by 2π/3 fixes the monochromatic necklaces and the necklaces with
alternating colors. There are f(σ2) = 32 of these. Analogously, one shows f(σ3) = 33. Furthermore,
f(σ4) = f(σ−2) = 32, f(σ5) = f(σ−1) = 3 as well as σ6 = 1. Now let τ be one of the three
reflections through two midpoints of sides. Then f(τ) = 33. Finally, let ρ be one of the three
reflections through two vertices. Then f(ρ) = 34.

σ2
σ3

τ ρ

According to Burnside’s Lemma there are

1

12

(
36 + 2 · 3 + 2 · 32 + 33 + 3 · 33 + 3 · 34

)
=

1

4

(
34(3 + 1) + 32(1 + 3) + 2 + 6

)
= 81 + 9 + 2 = 92

different necklaces.

(iii) In how many ways can one color the six faces of a cube W ⊆ R3 if n colors are available? Naively:
n6. Rotations in space do not change W essentially. Reflections, however, do. We therefore seek
the number of orbits under the rotation group of W (as a subgroup of SO(R3)).

Rotation axis Angle Number of rotations Number of fixed points
opposite side midpoints 0◦ 1 n6

opposite side midpoints ±90◦ 6 n3

opposite side midpoints 180◦ 3 n4

opposite edge midpoints 180◦ 6 n3

space diagonal ±120◦ 8 n2

hline 24

According to Burnside’s Lemma, the number of colored cubes is given by

1

24

(
n6 + 6n3 + 3n4 + 6n3 + 8n2) =

n2

24

(
n4 + 3n2 + 12n+ 8

)
.
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For n = 2 one obtains the following ten cubes:

If one wants only cubes with pairwise distinct side colors, then one initially has n(n− 1) . . . (n− 5)
possibilities (variations without repetition). Since every non-trivial rotation is now fixed-point-free,
Burnside’s Lemma simplifies to 1

24n(n− 1) . . . (n− 5). For n = 6 one obtains the 30 MacMahon
cubes:

(iv) There are
314 · 53 · 72 · 11 = 43, 252, 003, 274, 489, 856, 000

states of the 3× 3× 3 Rubik’s Cube, many of which, however, can be transformed into each other
by spatial rotation and reflection. With Burnside’s Lemma, the number reduces to

901, 083, 404, 981, 813, 616

essentially different states.6 With this, it was possible to show in 2010 that every state can be
solved in at most 20 “moves” (god’s number, see https://cube20.org/).

(v) With Burnside’s Lemma, one can also show that there are

5, 472, 730, 538

essentially different (filled) 9× 9 Sudokus.7

6see [Sambale, Endliche Permutationsgruppen, Springer, 2017]
7see [Russell-Jarvis, Mathematics of Sudoku II, Mathematical Spectrum 39 (2006), 54–58]
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Remark 10.18. In the following, we refine Burnside’s Lemma to count, for example, necklaces with a
certain value (the bead colors are no longer necessarily equivalent). For this, we consider an operation
of G on Ω and another finite set ∆. Then G operates on ∆Ω = {f : Ω→ ∆} by (gf)(ω) := f(g

−1
ω) for

g ∈ G, ω ∈ Ω and f ∈ ∆Ω, because (1f)(ω) = f(ω) and

(g(hf))(ω) = (hf)(g
−1
ω) = f(h

−1
(g

−1
ω)) = f(h

−1g−1
ω) = f((gh)

−1
ω) = (ghf)(ω)

for g, h ∈ G. For a weight function w : ∆→ N0, we define wi := |w−1(i)| for i ∈ N0 and

W (X) :=

∞∑
i=0

wiX
i ∈ Q[X].

Finally, let
(∆Ω)k :=

{
f ∈ ∆Ω :

∑
α∈Ω

w(f(α)) = k
}
.

Because of ∑
α∈Ω

w((gf)(α)) =
∑
α∈Ω

w(f(g
−1
α)) =

∑
α∈Ω

w(f(α))

for g ∈ G, G also operates on (∆Ω)k. Finally, let (1z1(g), 2z2(g), . . .) be the cycle type of g as an element
of Sym(Ω).

Theorem 10.19 (Pólya). With the notation from Remark 10.18, the number of orbits of G on (∆Ω)k
is the coefficient of Xk in

1

|G|
∑
g∈G

∞∏
i=1

W (Xi)zi(g). (10.1)

Proof. Let fk(g) be the number of fixed points of g ∈ G on (∆Ω)k. According to Burnside’s Lemma, we
must show that

∞∑
k=0

( 1

|G|
∑
g∈G

fk(g)
)
Xk =

1

|G|
∑
g∈G

∞∑
k=0

fk(g)X
k

coincides with (10.1). It thus suffices to prove

∞∑
k=0

fk(g)X
k =

∞∏
i=1

W (Xi)zi(g)

for g ∈ G. If g has cycle type (l1, . . . , ls) (i. e. cycles of length l1, l2, . . . , ls), then

∞∏
i=1

W (Xi)zi(g) =
s∏

i=1

(w0 + w1X
li + w2X

2li + . . .).

Every fixed point f ∈ (∆Ω)k of g is constant on the cycles of g. For the li-cycle σ of g, there are |∆|
possibilities for the assignment of f on the elements of σ. Exactly wj of these possibilities contribute
jli to k. The claim follows.

Example 10.20.

(i) We consider once again the necklaces with six beads of three colors (red, blue and green). Let the
red beads be worth 3e, the blue ones 2e and the green ones 1e. How many necklaces worth 12e
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can be produced? Let Ω := {1, . . . , 6}, ∆ := {r, b, g} and w(r) := 3, w(b) := 2 and w(g) := 1. Then
W (X) = X +X2 +X3 and we are looking for the number of orbits of G := D12 on (∆Ω)12. The
trivial element of G has cycle type (16). The rotation σ by π/3 has cycle type (61). Analogously
one obtains z3(σ2) = 2 = z3(σ

4) and z2(σ
3) = 3. For the reflections τ ∈ G through midpoints

of sides, z2(τ) = 3 and the remaining three reflections through vertices have cycle type (12, 22).
Equation 10.1 now has the form

1

12

(
W (X)6 + 2W (X6) + 2W (X3)2 +W (X2)3 + 3W (X2)3 + 3W (X)2W (X2)2

)
= . . . = X18 +X17 + 4X16 + 6X15 + 12X14 + 13X13

+18X12 + 13X11 + 12X10 + 6X9 + 4X8 +X7 +X6

Thus there are 18 necklaces worth 12e.

(ii) Pólya determined the number of isomers of alcohols and paraffins with Theorem 10.19.

Definition 10.21. Two groups G and H are called isomorphic, if a bijection f : G → H with
f(xy) = f(x)f(y) for all x, y ∈ G exists. We then write G ∼= H.

Remark 10.22. Obviously, the isomorphism of groups is an equivalence relation. The equivalence
classes are called isomorphism classes. Isomorphic groups G and H differ only by the naming of their
elements. In particular, G and H have the same properties (e. g. |G| = |H|, G abelian ⇐⇒ H abelian
etc.).

Definition 10.23. Let g(n) be the number of isomorphism classes of groups of order n.

Remark 10.24. Since every group of order n is uniquely determined by its multiplication table,
g(n) ≤ nn2

<∞ holds. The existence of cyclic groups shows g(n) ≥ 1 for all n ∈ N.

Example 10.25.

(i) Let G be a group with prime order p = |G| and let x ∈ G\{1}. Then |⟨x⟩| > 1 and Lagrange shows
G = ⟨x⟩. According to Lemma 10.8, G = {1, x, . . . , xp−1} holds. Because of xixj = xi+j (mod p),
the multiplication table of G is already uniquely determined. One obtains an isomorphism G ∼= Cp

by mapping xk to the rotation by 2πk/p. Therefore, Cp is the only group of order p up to
isomorphism, i. e. g(p) = 1.

(ii) Let G be a group with four elements. If there exists an x ∈ G with G = ⟨x⟩, then G ∼= C4 holds
again. According to Lagrange, we can thus assume x2 = 1 for all x ∈ G. Then x = x−1 for all
x ∈ G. It follows

xy = (xy)−1 = y−1x−1 = yx

for x, y ∈ G, i. e. G is abelian. Obviously, G has the form G = {1, x, y, xy} for certain x, y ∈ G. The
multiplication table is thereby uniquely determined and G is isomorphic to the Klein four-group

V4 := {1, (1, 2)(3, 4), (1, 3)(2, 4), (1, 4)(2, 3)} ≤ S4.

In particular, g(4) = 2. One also finds V4 as a subgroup of D8:

1

2 3

4
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Theorem 10.26. It holds that

g(n) ≤
(
[n!/e]

λ(n)

)
≤ nnλ(n) ≤ nn log2(n),

where λ(n) is the number of prime factors of n ∈ N with multiplicities.

Proof. According to Example 10.25, we may assume n ≥ 4. Let G be a group of order n and let
x1, . . . , xd ∈ G be a minimal generating system of G, i. e. G cannot be generated with d− 1 elements.
In particular, xi ̸= 1 for i = 1, . . . , d. By gx := gx for g, x ∈ G, G acts on itself. In particular, each
g ∈ G determines an element fg ∈ Sym(G) with fg(x) = gx (Remark 10.11(ii)). Since every element in
G can be written as a product of the xi, the isomorphism type of G is already uniquely determined by
fx1 , . . . , fxd

. For g ∈ G, fxi(g) = xig ≠ g, i. e. fxi is fixed-point free. Because of fxi(1) = xi, fx1 , . . . , fxd

are pairwise distinct. According to Theorem 2.2, there are thus at most(
[n!/e]

d

)
possibilities for G. Now let Hi := ⟨x1, . . . , xi⟩ for i = 1, . . . , d. Then 1 < H1 < . . . < Hd = G holds,
because otherwise G could be generated with fewer than d elements. According to Lagrange,

n = |G| = |Hd : Hd−1||Hd−1 : Hd−2| . . . |H1|

and it follows that d ≤ λ(n). Since every prime divisor of n is at least 2, it also holds that λ(n) ≤
log2(n) ≤

[n!/e]
2 because of n ≥ 4. This shows

g(n) ≤
(
[n!/e]

d

)
Exercise 3
≤

(
[n!/e]

λ(n)

)
≤ (n!)λ(n) ≤ (nn)λ(n) = nnλ(n) ≤ nn log2(n).

Example 10.27. It holds that

g(6) ≤
(
[720/e]

λ(6)

)
=

(
265

2

)
= 34.980.

In fact, there are only two groups of order 6 up to isomorphism, namely C6 and S3 (without proof). On
the other hand, g(210) = 49.487.365.422 and g(211) is unknown. Over 99% of all groups of order ≤ 2000
have order 210 = 1024 (see https://oeis.org/A000001). The number of abelian groups of order 210 is
only p(10) = 42. This follows from the fundamental theorem of finite abelian groups (see Algebra 1).

Remark 10.28.

(i) Every group G acts on itself by conjugation, i. e. gx := gxg−1 for g, x ∈ G, because 1x = 1x1−1 = x
and g(hx) = g(hxh−1)g−1 = (gh)x(gh)−1 = ghx for g, h, x ∈ G. The stabilizer of x ∈ G is then
called the centralizer and is written as CG(x) := {g ∈ G : gx = xg}. The orbits are called conjugacy
classes of G and their number k(G) is called the class number of G. Certainly k(G) ≤ |G|. The
orbit equation becomes the class equation

|G| =
∑
x∈R
|G : CG(x)|,

where R is a system of representatives for the conjugacy classes of G.

83

https://oeis.org/A000001


(ii) Let Ω be a set on which G acts. For ω ∈ Ω and g, x ∈ G it holds that

xω = ω ⇐⇒ gxg−1
(gω) = gω.

Therefore, the map ω 7→ gω is a bijection between the set of fixed points of x and the set of fixed
points of gxg−1. In particular, conjugate elements have the same number of fixed points on Ω.
In Burnside’s Lemma, one therefore only needs to sum over a system of representatives R of the
conjugacy classes of G, i. e.

1

|G|
∑
x∈R
|G : CG(x)|f(x) =

∑
x∈R

f(x)

|CG(x)|

is the number of orbits of G on Ω.

Lemma 10.29. A finite group G is abelian if and only if k(G) = |G| holds.

Proof. If G is abelian and g, x ∈ G, then gx = gxg−1 = gg−1x = x, i. e. every conjugacy class has only
one element. This shows k(G) = |G|. Conversely, if k(G) = |G|, then {x} = Gx = {gxg−1 : g ∈ G} for
all x ∈ G. This shows that G is abelian.

Theorem 10.30 (Landau). Up to isomorphism, there are only finitely many finite groups with a given
class number.

Proof. Let G be a finite group with class number k and let x1, . . . , xk ∈ G be a system of representatives
for the conjugacy classes of G with xk = 1G. Let ni := |CG(xi)| for i = 1, . . . , k. wlog. let n1 ≤ . . . ≤
nk = |G|. The class equation shows

1 =
1

n1
+ . . .+

1

nk
≤ k

n1

and n1 ≤ k. In particular, there are only finitely many possibilities for n1. Now

n1 − 1

n1
=

1

n2
+ . . .+

1

nk
≤ k − 1

n2

and n2 ≤ n1(k−1)
n1−1 . Thus there are also only finitely many possibilities for n2. Continuing in this manner,

one sees that there are only finitely many possibilities for nk = |G|. The assertion now follows from
Remark 10.24.

Remark 10.31. Erdős and Turán have shown that |G| < 22
k(G) holds.

Example 10.32. A group with class number 1 is trivial, because {1G} is always a conjugacy class.
Now let k(G) = 2. As in Theorem 10.30, n1 ≤ 2 and there is only the solution n1 = 2 = n2 = |G|. Then
G ∼= C2 holds. Finally, we assume k(G) = 3. In the case n1 = 3, then n1 ≤ n2 ≤ 3 as in Theorem 10.30.
This leads to n1 = n2 = n3 = 3 = |G| and G ∼= C3 according to Example 10.25. The case n1 = 2 remains.
Here n2 ≤ 4 and one has the solutions (n1, n2, n3) ∈

{
(2, 3, 6), (2, 4, 4)

}
. The possibility n2 = 4 = |G| is

excluded, because then G would be abelian (Example 10.25) and would have four conjugacy classes
according to Lemma 10.29. The first possibility leads to G ∼= S3. There are therefore exactly two
groups with class number 3 (up to isomorphism). All groups with class number ≤ 14 are known (see
https://oeis.org/A073043).
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Theorem 10.33. For n ∈ N, k(Sn) = p(n) (number of partitions of n). In particular, p(n) ≤ n!.

Proof. It suffices to show that the permutations with a given cycle type form a conjugacy class of Sn.
Let σ = (a1, a2, . . .)(b1, b2, . . .) . . . ∈ Sn be a product of pairwise disjoint cycles and τ ∈ Sn arbitrary.
Then

τστ−1 = (τ(a1), τ(a2), . . .)(τ(b1), τ(b2), . . .) . . . .

Since τ is injective, the cycles (τ(a1), τ(a2), . . .), (τ(b1), τ(b2), . . .), . . . are also pairwise disjoint. In
particular, σ and τστ−1 have the same cycle type.

Conversely, let σ′ = (a′1, a
′
2, . . .)(b

′
1, b

′
2, . . .) . . . ∈ Sn be a permutation with the same cycle type as σ. For

τ :=

(
a1 a2 · · · b1 b2 · · ·
a′1 a′2 · · · b′1 b′2 · · ·

)
then τστ−1 = σ′ holds. This shows the claim.

Example 10.34. The conjugacy classes of S5 are represented by 1, (1, 2), (1, 2, 3), (1, 2, 3, 4), (1, 2, 3, 4, 5),
(1, 2)(3, 4) and (1, 2)(2, 3, 4) (p(5) = 7).

Remark 10.35. A group G also acts by conjugation on the set of all subgroups by means of gHg−1 :=
{ghg−1 : h ∈ H} for g ∈ G and H ≤ G. We write H ∼ K if H,K ≤ G are conjugate. The stabilizer
of H is the normalizer NG(H) := {g ∈ G : gHg−1 = H}. According to the orbit-stabilizer theorem,
|G : NG(H)| is the length of the conjugacy class of H.

Theorem 10.36. Let G be a finite group acting on a set Ω. For H ≤ G, let f(H) := |{ω ∈ Ω : H ≤ Gω}|
be the number of fixed points of H on Ω. Let µ be the Möbius function on the set of all subgroups of G
(ordered by ⊆). Then

1

|G|
∑
H≤G

µ(1, H)f(H)

is the number of orbits of G on Ω with length |G|.

Proof. For g ∈ G and ω ∈ Ω, we have

x ∈ gGωg
−1 ⇐⇒ g−1xg ∈ Gω ⇐⇒ g−1xgω = ω ⇐⇒ xgω = gω ⇐⇒ x ∈ Ggω,

i. e. gGωg
−1 = Ggω. Every orbit of G on Ω therefore determines a conjugacy class of stabilizers. For

H ≤ G, let ρ(H) be the number of orbits whose stabilizers are conjugate to H. The length of these
orbits is |G : H|. Now we have

f(H) =
∑
ω∈Ω

H≤Gω

1 =
∑
K≥H

∑
ω∈Ω

Gω=K

1 =
∑
K≥H

1

|G : NG(K)|
∑
ω∈Ω

Gω∼K

1

=
∑
K≥H

|G : K|
|G : NG(K)|

ρ(H) =
∑
K≥H

|NG(K) : K|ρ(K).

Möbius inversion yields
|NG(H) : H|ρ(H) =

∑
K≥H

µ(H,K)f(K).

The claim follows from the special case H = 1.
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11. Graphs

Definition 11.1. A graph Ω = (ΩE ,ΩK) of order n ∈ N consists of an n-element set ΩE of vertices and
a set ΩK ⊆

(
ΩE
2

)
of edges . We set |Ω| := |ΩE | = n. Vertices α, β ∈ ΩE are called adjacent , if {α, β} ∈ ΩK .

The degree of a vertex is the number of its adjacent vertices. More generally, vertices α, β ∈ ΩE are
called connected , if a path α = α1, . . . , αm = β ∈ ΩE with {αi, αi+1} ∈ ΩK for i = 1, . . . ,m− 1 exists.
This describes a partition on ΩE , whose parts are called (connected) components of Ω. If there is only
one component, then Ω is called connected and otherwise disconnected.

Remark 11.2. As usual, we will illustrate graphs with diagrams and number the vertices with natural
numbers.

Example 11.3.

(i) The components of

1 2 3

9
4

5

6
7

8

are {1, 2, 3, 4, 5, 9}, {6} and {7, 8}.

(ii) The trivial graph Tn :=
(
{1, . . . , n},∅

)
without edges and the complete graph

Vn := ({1, . . . , n},
(
{1, . . . , n}

2

)
)

of order n ∈ N.

T4 : V4 :

(iii) For every graph Ω there exists the complementary graph ΩC = (ΩE ,
(
ΩE
2

)
\ ΩK). A vertex in Ω of

degree k corresponds to a vertex in ΩC of degree |Ω| − k − 1. Obviously Tn = VCn .

Ω : ΩC :

(iv) For graphs Ω and ∆, the (disjoint) union Ω ⊔∆ := (ΩE ⊔∆E ,ΩK ⊔∆K) is also a graph with
|Ω ⊔∆| = |Ω|+ |∆|. Obviously, every graph is the union of its components.

Remark 11.4. A graph Ω with ΩE = {1, . . . , n} is obviously uniquely determined by ΩK . The number
of all graphs of order n is therefore |2(

ΩE
2 )| = 2(

n
2). However, many of these graphs look the same. For

example, there are six graphs of order 4 with only one edge.

Definition 11.5. Graphs Ω and ∆ are called isomorphic, if a bijection σ : ΩE → ∆E with

{x, y} ∈ ΩK ⇐⇒ {σ(x), σ(y)} ∈ ∆K

exists. We then write Ω ∼= ∆.

86



Remark 11.6. As with groups, the isomorphism of graphs is an equivalence relation. Isomorphic
graphs differ only by the labeling of the vertices and therefore have the same properties (same order,
same number of edges, etc.).

Definition 11.7. Let g(n) be the number of isomorphism classes of graphs of order n.

Remark 11.8. To determine g(n), it suffices to consider the set Gn of all graphs Ω with ΩE =

{1, . . . , n} =: N . Thus g(n) ≤ |Gn| = 2(
n
2). We count the isomorphism classes in Gn. For this, we

consider that Sn acts on
(
N
2

)
by

σ{a, b} := {σ(a), σ(b)}

for σ ∈ Sn and {a, b} ∈
(
N
2

)
. This induces an action of Sn on 2(

N
2 ). Therefore Sn also acts on Gn by

σΩ := (N, σΩK).

Example: Ω :

1 2

34

σ = (1, 2, 3)
σΩ :

1 2

34

Two graphs in Gn are isomorphic if and only if they lie in the same orbit of Sn. To calculate the number
of these orbits, we use Burnside’s Lemma. For this, we must count how many fixed points σ ∈ Sn has
on Gn. Let σ̃ be the permutation on

(
N
2

)
induced by σ. A graph Ω ∈ Gn remains fixed under σ if and

only if ΩK is the union of orbits of σ̃. The number f(σ) of these graphs is thus 2z(σ̃), where z(σ̃) is the
number of cycles of σ̃. Burnside’s Lemma shows

g(n) =
1

n!

∑
σ∈Sn

2z(σ̃). (11.1)

It is easy to see that f(σ) depends only on the cycle type of σ (cf. Remark 10.28(ii)). Furthermore, we
know from Theorem 2.26 how many elements of each cycle type exist. In (11.1), one therefore “only” needs
to sum over the partitions of n. No explicit formula for g(n) is known (cf. https://oeis.org/A000088).

Example 11.9.

(i) Certainly g(1) = 1, g(2) = 2 and g(3) = 4:

T3 : V2 ⊔ T1 : (V2 ⊔ T1)C : V3 :

(ii) We consider the case n = 4 in Remark 11.8. Obviously σ = 1 has exactly z(σ̃) =
(
4
2

)
= 6

cycles (of length 1) on
(
N
2

)
, i. e. f(σ) = 26. Furthermore σ = (1, 2) has the cycles ({1, 2}),

({3, 4}), ({1, 3}, {2, 3}) and ({1, 4}, {2, 4}) on
(
N
2

)
and it follows f(σ) = 24. Analogously one shows

f((1, 2, 3)) = 22, f((1, 2)(3, 4)) = 24 and f((1, 2, 3, 4)) = 22. According to Theorem 2.26 there are
six permutations of cycle type (2), eight of type (3), three of type (22) and six of type (4). With
(11.1) one obtains

g(4) =
1

4!
(f(1) + 6f((1, 2)) + 8f((1, 2, 3)) + 3f((1, 2)(3, 4)) + 6f((1, 2, 3, 4)))

=
1

24
(26 + 6 · 24 + 8 · 22 + 3 · 24 + 6 · 22) = 1

24
(25(2 + 3 + 1) + 3 · 23(2 + 1)) = 11.
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Representatives of these graphs are:

(iii) With Pólya’s Theorem we can more precisely count the graphs with a given number of vertices
and edges. For this, let Γ :=

({1,...,n}
2

)
and ∆ := {0, 1}. Every graph Ω of order n corresponds to a

mapping f ∈ ∆Γ with f(a) = 1 if a is an edge of Ω and 0 otherwise. As in (i), Sn acts on ∆Γ.
With the notation from Theorem 10.19, let w : ∆→ N0, w(0) = 0, w(1) = 1. Then W (X) = 1+X.
The number of orbits of Sn on (∆Γ)k is exactly the number of graphs with n vertices and k edges
up to isomorphism. With the calculations from (i) one obtains the polynomial

1

4!

∑
σ∈S4

4∏
i=1

(1 +Xi)ci(σ̃) =
1

24

(
(1 +X)6 + 6(1 +X)2(1 +X2)2

+ 8(1 +X3)2 + 3(1 +X)2(1 +X2)2 + 6(1 +X2)(1 +X4)1
)

= . . . = X6 +X5 + 2X4 + 3X3 + 2X2 +X + 1.

There are thus exactly three graphs of order 4 with three edges up to isomorphism (cf. figure
above). The symmetry in the coefficients is explained by the bijection Ω 7→ ΩC .

Definition 11.10. The automorphism group Aut(Ω) of a graph Ω consists of the isomorphisms from Ω
to itself, i. e.

Aut(Ω) := {σ ∈ Sym(ΩE) : {x, y} ∈ ΩK ⇐⇒ {σ(x), σ(y)} ∈ ΩK} ≤ Sym(ΩE).

In the case |Aut(Ω)| ̸= 1, Ω is called symmetric and otherwise asymmetric.

Example 11.11.

(i) For every graph Ω, Aut(Ω) = Aut(ΩC) holds. In particular, Aut(Tn) = Aut(Vn) ∼= Sn.

(ii) Let Gn :=
(
{1, . . . , n}, {{i, i+1} : i = 1, . . . , n−1}

)
be a path of order n ≥ 2. Then Aut(Gn) ∼= C2,

where the non-trivial automorphism describes a reflection at the center of the path.

G5:

(iii) Let Kn :=
(
{1, . . . , n}, {{i, i + 1} : i = 1, . . . , n − 1} ∪ {1, n}

)
be a cycle of order n ≥ 3. Then

Aut(Kn) ∼= D2n, because every automorphism must preserve the distances of the vertices and
thus corresponds to a symmetry of the regular n-gon.

K3 = V3:
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(iv) Let Sn := ({1, . . . , n}, {{i, n} : i = 1, . . . , n− 1}) be a star of order n ≥ 2. Then SCn ∼= T1 ⊔ Vn−1

and Aut(Sn) ∼= Sn−1.

S4 :

(v) We examine the automorphism group of the graph

Ω : 1 2 3 4 5

6

Every α ∈ Aut(Ω) must permute the two vertices 3 and 4 of degree 3, i. e. {α(3), α(4)} = {3, 4}.
The only common neighbor of 3 and 4 must therefore remain fixed, so α(6) = 6. Besides 6, only
vertex 2 has degree 2. This shows α(2) = 2. It now follows easily that α = id and Aut(Ω) = {id},
i. e. Ω is asymmetric. This is the smallest asymmetric graph. Surprisingly, however, almost all
graphs are asymmetric.

Theorem 11.12 (Erdős-Rényi). It holds that

g(n) ∼ 1

n!
2(

n
2),

i. e. almost all graphs are asymmetric.

Proof. With (11.1) from Remark 11.8 we must show

lim
n→∞

1

2m

∑
σ∈Sn

2z(σ̃) = 1.

In the following, let n therefore always be “large enough”. Let 2 ≤ k < n and Σk ⊆ Sn be the set of
permutations with at most k fixed points. For σ ∈ Σk, σ̃ then has at most

(
k
2

)
+ n−k

2 fixed points (where
equality only holds if σ is a disjoint product of n−k

2 transpositions). All other orbits of σ̃ have at least
length 2. Thus

z(σ̃) ≤ m− 1

2

(
m−

(
k

2

)
− n− k

2

)
= m− n(n− 1)− k(k − 1)− n+ k

4

= m− n(n− 2)− k(k − 2)

4
≤ m− n(n− k)

4
(replace k(k − 2) by n(k − 2)).

For 1 ̸= σ ∈ Sn \ Σk it holds that σ ∈ Σn−2 and

z(σ̃) ≤ m− 1

2

(
m−

(
n− 2

2

)
− 1
)

= m− n(n− 1)− (n− 2)(n− 3)− 2

4
= m− n+ 2.

Because of |Σk| ≤ n! ≤ nn and |Sn \ Σk| ≤
(
n
k

)
(n− k)! = n!

k! ≤ n
n−k it follows∑

σ∈Sn

2z(σ̃) = 2z(1) +
∑
σ∈Σk

2z(σ̃) +
∑

1̸=σ∈Sn\Σk

2z(σ̃)

≤ 2m + nn2m−n(n−k)/4 + nn−k2m−n+2.
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It suffices to show that nn2−n(n−k)/4 and nn−k22−n tend to 0 if one chooses k appropriately. We take
the logarithm to the base 2 and then set k = n− 5[log n] (which is allowed for large n). Then

n log(n)− n(n− k)
4

−→ −n log(n)
4

−→ −∞

(n− k) log(n) + 2− n −→ 5 log2(n)− n −→ −∞

for n→∞.

For the second assertion, let t(n) be the number of asymmetric graphs of order n up to isomorphism.
The orbits of these graphs under the above operation then have length n!. All other orbits have at most
length n!/2. This shows

2m ≤ n!

2

(
g(n) + t(n)

)
.

Dividing by g(n)n! and letting n tend to ∞, it follows t(n)
g(n) → 1.

Remark 11.13. Frucht has shown that every finite group G is the automorphism group of a graph Ω.
Except in the cases G ∈ {C3, C4, C5}, one can choose |Ω| ≤ 2|G|. The smallest graph with automorphism
group C5 has order 15 (without proof).

Definition 11.14. A connected graph Ω is called a tree, if Ω contains no cycle, i. e. any two vertices of
Ω are connected by exactly one path. Vertices of degree 1 are then (appropriately) called leaves.

Example 11.15. Lines and stars are always trees. In contrast, Tn, Vn and Kn for n ≥ 3 are not trees.

Theorem 11.16. A connected graph Ω of order n is a tree if and only if |ΩK | = n − 1 holds. In
particular, every connected graph of order n has at least n− 1 edges.

Proof. Induction on n: For n = 1 the assertion is clear. So let Ω be a tree with order n ≥ 2. Let
ω = ω1, . . . , ωk be a path of maximal length in Ω. Then ω is a leaf, because otherwise one could extend
the path by one vertex. If one removes ω and the edge containing ω, one obtains a tree of order n− 1.
By induction, this tree has exactly n− 2 edges. Thus |ΩK | = n− 1.

Conversely, let Ω be a connected graph of order n with k edges. Suppose that Ω contains a cycle ∆ (i. e.
∆E ⊆ ΩE and ∆K ⊆ ΩK). Then one can remove an edge of ∆ such that Ω is still connected. This can
be repeated until one obtains a tree. According to the first part, k ≥ n− 1 holds, where equality occurs
if and only if Ω is already a tree.

Remark 11.17. We first count trees without considering isomorphism.

Theorem 11.18 (Cayley formula). There are exactly nn−2 trees with vertex set {1, . . . , n}.

Proof8(Prüfer). wlog. let n ≥ 3. For an n-element subset M ⊆ N, let B(M) be the set of all trees Ω
with ΩE =M . We construct mutually inverse bijections

f : B(M)→Mn−2,

g : Mn−2 → B(M)

8alternative proofs can be found in [Aigner-Ziegler, Proofs from THE BOOK, Springer, 2014]
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by induction on n. For n = 3, Ω ∈ B(M) is a path and we define f(Ω) as the center of Ω (the only
vertex of degree 2). Conversely, if α ∈M =Mn−2 is given, we define g(α) as the path with center α.
Then surely f ◦ g = idMn−2 and g ◦ f = idB(M).

Now let n ≥ 4 and Ω ∈ B(M) be given. Let α ∈ ΩE =M be the leaf with the smallest value in M and
let β be the unique neighbor of α. We remove α and the edge {α, β} from Ω and thereby obtain a tree
∆ ∈ B

(
M \ {α}

)
. Then we define f(Ω) :=

(
β, f(∆)

)
. Conversely, let (α1, . . . , αn−2) ∈Mn−2 be given.

We set α := minM \ {α1, . . . , αn−2}. Inductively, g(α2, . . . , αn−2) ∈ B
(
M \ {α}

)
already exists and we

can define
g(α1, . . . , αn−2) :=

(
M, g(α2, . . . , αn−2)K ∪ {α1, α}

)
∈ B(M).

To calculate g ◦ f , we choose Ω ∈ B(M), the smallest leaf α ∈ ΩE and ∆ ∈ B(M \ {α}) as above.
By construction, M \ f(Ω) is the set of leaves of Ω. In particular, minM \ f(Ω) = α. Inductively,
g(f(∆)) = ∆ holds and it follows that g(f(Ω)) = Ω. Conversely, let (α1, . . . , αn−2) ∈Mn−2 and α :=
minM \ {α1, . . . , αn−2}. Inductively, f(g(α2, . . . , αn−2)) = (α2, . . . , αn−2). Thus M \ {α, α2, . . . , αn−2}
are the leaves of g(α2, . . . , αn−2) and M \ {α1, . . . , αn−2} are the leaves of g(α1, . . . , αn−2). Therefore
α is the smallest leaf of g(α1, . . . , αn−2) and it follows that f(g(α1, . . . , αn−2)) = (α1, . . . , αn−2). Thus
f and g are mutually inverse bijections. In particular, f is bijective and |B(M)| = |Mn−2| = nn−2.

Remark 11.19. Using the notation from the above proof, f(Ω) is called the Prüfer code of a tree Ω.

Example 11.20. The Prüfer code of

1 2 3

4

5

2 3

4

5

3

4

5

3

5

is (2, 3, 3).

Remark 11.21.

(i) Let Ω be a tree with ΩE = {1, . . . , n} and let di be the degree of the vertex i ∈ {1, . . . , n}.
According to Theorem 11.16, Ω has exactly n− 1 edges and it follows that

∑n
i=1 di = 2(n− 1).

The bijection in the proof of Theorem 11.18 maps Ω to a sequence (a1, . . . , an−2) with |{1 ≤ i ≤
n− 2 : ai = k}| = dk − 1 for k = 1, . . . , n. Conversely, every such sequence arises from a tree with
vertex degrees d1, . . . , dn. The number of these trees is thus(

n− 2

d1 − 1, . . . , dn − 1

)
according to Theorem 1.18.

(ii) The multiset {d1− 1, . . . , dn− 1} describes a partition of n− 2 (if one omits zeros) and conversely,
for every partition of n − 2 there is a corresponding tree. Isomorphic trees obviously yield the
same multiset {d1, . . . , dn}. The number of isomorphism classes of trees of order n is therefore at
least p(n− 2).
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(iii) Let e1, . . . , es be the multiplicities in the multiset {d1, . . . , dn} (so e1 + . . .+ es = n). Then one
can arrange the numbers d1, . . . , dn in (

n

e1, . . . , es

)
ways. The number of trees whose vertex degrees yield the multiset {d1, . . . , dn} is thus(

n− 2

d1 − 1, . . . , dn − 1

)(
n

e1, . . . , es

)
.

For n = 7 and {d1, . . . , d7} = {1, 1, 1, 2, 2, 2, 3} one obtains(
5

1, 1, 1, 2

)(
7

3, 3, 1

)
=

5!7!

2!3!3!
= 5! · 2 · 5 · 7 = 120 · 70 = 8.400.

Theorem 11.22. The number of trees of order n with exactly k leaves is
{
n−2
n−k

}
n!
k! .

Proof. For the choice of the leaves e1, . . . , ek ∈ {1, . . . , n} of Ω there are
(
n
k

)
possibilities. Let ek+1, . . . , en

be the remaining vertices. The Prüfer code of Ω then corresponds to a surjective mapping {1, . . . , n−2} →
{ek+1, . . . , en}. The sought number of trees is therefore(

n

k

){
n− 2

n− k

}
(n− k)! =

{
n− 2

n− k

}
n!

k!

according to Theorem 2.35.

Example 11.23. According to Theorem 11.18 there are 53 = 125 trees with vertex set {1, . . . , 5}. We
determine the isomorphism classes by going through the partitions of 3:

• The partition (13) yields the
(

5
2,3

)
= 10 possible degree sequences (1, 1, 2, 2, 2), . . . , (2, 2, 2, 1, 1).

There are therefore
10

(
3

1, 1, 1

)
= 60

such trees, which are all isomorphic to the path G5.

• The partition (2, 1) yields
(

5
1,1,3

)
= 20 possible degree sequences (1, 1, 1, 2, 3), . . . , (3, 2, 1, 1, 1).

This results in
20

(
3

1, 2

)
= 60

trees, which are all isomorphic to

1 2 3

4

5

(the vertex of degree 3 forms a star with three other vertices).

• The partition (3) yields
(

5
4,1

)
= 5 degree sequences (1, 1, 1, 1, 4), . . . , (4, 1, 1, 1, 1) and 5 trees, which

are all isomorphic to S5.

There are therefore only three trees of order 5 up to isomorphism (cf. https://oeis.org/A000055).

Remark 11.24. In contrast to Theorem 11.12, Erdős and Rényi also proved that almost all trees are
symmetric. For this, they showed that most trees possess cherries. These are two leaves with a common
neighbor. Swapping these leaves yields a non-trivial automorphism.
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12. Exercises

Exercise 1 (2 + 2 + 2 + 2 + 2 points). Let n ∈ N. Find “combinatorial” proofs (i. e. if possible without
induction) for the following identities:

(a) 1 + 2 + . . .+ n− 1 =
(
n
2

)
.

(b) 1 + 3 + 5 + . . .+ 2n− 1 = n2.

(c) 12 + 22 + . . .+ (n− 1)2 = 1
4

(
2n
3

)
.

Hint: Determine the cardinality of {(a, b, c) ∈ N3 : a, b < c ≤ n} in two ways.

(d) 1
(
n
1

)
+ 2
(
n
2

)
+ . . .+ n

(
n
n

)
= n2n−1.

(e) 20
(
n
0

)
+ 21

(
n
1

)
+ . . .+ 2n

(
n
n

)
= 3n.

Exercise 2 (2 + 2 + 2 points). Answer the following questions with justification:

(a) How many subsets of {1, . . . , 10} contain at least one odd number?

(b) How many possibilities are there to arrange the letters of MISSISSIPPI such that the four S are
not all next to each other?

(c) How many possibilities are there to place 7 people at a round table, where two possibilities are
considered the same if every person has the same two neighbors?

Exercise 3 (3 points). Show(
n

0

)
<

(
n

1

)
< . . . <

(
n

⌊n/2⌋

)
=

(
n

⌈n/2⌉

)
>

(
n

⌈n/2⌉+ 1

)
> . . . >

(
n

n

)
for n ∈ N, where ⌊n/2⌋ denotes rounding down and ⌈n/2⌉ denotes rounding up.

Exercise 4 (2 points). Let M be a non-empty set. Show that M has as many subsets with even
cardinality as with odd cardinality. Determine the number of these subsets.

Exercise 5 (2 points). How many six-digit decimal numbers are there whose digits are strictly
monotonically increasing?

Exercise 6 (2 points). Show
m∑

k=n

(
k

n

)
=

(
m+ 1

n+ 1

)
for n,m ∈ N0.
Hint: Count the (n+ 1)-element subsets of {0, . . . ,m} with a given maximum.
Remark: Since the involved binomial coefficients in Pascal’s triangle take the shape of a hockey stick,
this is called the hockey-stick identity.
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Exercise 7 (3 points). Prove without induction the multinomial theorem

(a1 + . . .+ an)
k =

∑
(k1,...,kn)∈Nn

0
k1+...+kn=k

(
k

k1, . . . , kn

)
ak11 . . . aknn

for a1, . . . , an ∈ C and k ∈ N.

Exercise 8 (2 + 2 + 2 + 2 points).

(a) Calculate φ(1500).

(b) Determine {n ∈ N : φ(n) = 8}.

(c) Write (1, 2, 3, 4)(7, 6, 5, 4, 3) as a product of disjoint cycles.

(d) Write (1, 4, 6, 3)(2, 7, 9) as a product of transpositions. How many transpositions are needed for
this?

Exercise 9 (3 points). Every permutation σ ∈ Sn can be uniquely written as a product of disjoint
cycles

σ = (a1, . . . , ak)(b1, . . . , bl) . . .

if one requires a1 = max{a1, . . . , ak} < b1 = max{b1, . . . , bl} < . . . (cf. Remark 2.8). Here we also count
the 1-cycles. Show that the mapping

Ψ: Sn → Sn,

σ 7→
(
1 2 · · · k k + 1 k + 2 · · · k + l · · ·
a1 a2 · · · ak b1 b2 · · · bl · · ·

)
is bijective. Ψ is called the Foata transformation.

Exercise 10 (2 + 2 + 2 points). How many possibilities are there to place n different figures on an
n× n chessboard such that

(a) there is one figure in each horizontal row?

(b) there is one figure in each horizontal and vertical row?

(c) there are no restrictions?

Exercise 11 (4 + 2 + 2 + 2 points).

(a) Calculate
[
7
4

]
,
{
7
4

}
, p(7) and b(6).

(b) Show [
n+ 1

2

]
= n!Hn

for n ∈ N, where Hn is the n-th harmonic number.

(c) Show [
n

n− 2

]
= 2

(
n

3

)
+ 3

(
n

4

)
for all n ≥ 2.
Hint: Consider which cycle types are relevant and apply Theorem 2.26.
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(d) Find and prove an analogous formula for
{

n
n−2

}
.

Exercise 12 (2 + 1 points). Show that

x(x+ 1) . . . (x+ n− 1) =

n∑
k=1

[
n

k

]
xk

for all n ∈ N and x ∈ R. Conclude:
n∑

k=1

(−1)k
[
n

k

]
= 0.

Exercise 13 (1 + 1 points). How many summands do the two formulas[
n

k

]
=

∑
0<a1<...<an−k<n

a1 . . . an−k,{
n

k

}
=

∑
1≤a1≤...≤an−k≤k

a1 . . . an−k

from Theorems 2.17 and 2.32 have?

Exercise 14 (2 points). Show that S2n has exactly 1 · 3 · . . . · (2n− 1) fixed-point-free permutations of
order 2.

Exercise 15 (2 points). Show that among six people there are always three who all know each other
or all do not know each other.

Exercise 16 (2 points). Show that there exist two prime numbers whose difference is divisible by 2019.
Hint: Using the pigeonhole principle, one does not need to specify the prime numbers explicitly.
Addition: Are there two prime numbers whose sum is divisible by 2019?

Exercise 17 (2 points). For every n ∈ N there exists an m ∈ N such that mn consists only of the
digits 0 and 1.

Exercise 18 (2 + 2 points). For partitions λ = (λ1, . . . , λs) and µ = (µ1, . . . , µt) of n ∈ N we write
λ ≤ µ if λ is a refinement of µ, i.e., with suitable numbering µ1 = λ1 + . . .+ λi1 , µ2 = λi1+1 + . . .+ λi2
etc. Show that (P (n),≤) is a locally finite ordered set. Calculate the corresponding Möbius function
µP (4)((1, 1, 1, 1), (4)).

Exercise 19. Let V be a finite-dimensional vector space over a field with q <∞ elements. The set U
of subspaces of V is ordered by ⊆. Show that

µU (U,W ) = (−1)dim(W/U)q(
dim(W/U)

2 )

for U ≤W ≤ V .
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Exercise 20. Let a0, a1 . . . , b0, b1, . . . ∈ C. Show:

(a) (Binomial inversion)

∀n ∈ N0 : an =
n∑

k=0

(−1)k
(
n

k

)
bk ⇐⇒ ∀n ∈ N0 : bn =

n∑
k=0

(−1)k
(
n

k

)
ak

(b) (Stirling inversion)

∀n ∈ N0 : an =

n∑
k=0

(−1)k
[
n

k

]
bk ⇐⇒ ∀n ∈ N0 : bn =

n∑
k=0

(−1)k
{
n

k

}
ak

Exercise 21 (2 + 2 points).

(a) Calculate the coefficients of (1 +X +X2)−1 ∈ Q[[X]].

(b) Calculate the first six coefficients of the inverse function of X −X2 ∈ Q[[X]].
Hint: Set up the inverse function in the form

∑
anX

n and establish equations for a1, a2, . . ..

Exercise 22 (2 points). For every prime number p, the power series of the form X+a2X
2+. . . ∈ Fp[[X]]

form a subgroup of Fp[[X]]◦, which is called the Nottingham group Np. Construct an element of order p
in Np.

Exercise 23 (3 points). Construct for every field K suitable power series α, β, γ ∈ K[[X]], such that
α ◦ β ̸= β ◦ α, α ◦ (β + γ) ̸= α ◦ β + α ◦ γ and α ◦ (βγ) ̸= (α ◦ β)(α ◦ γ)

Exercise 24. We consider the following power series in C[[X]]:

sin(X) :=
∞∑
n=0

(−1)n

(2n+ 1)!
X2n+1, cos(X) :=

∞∑
n=0

(−1)n

(2n)!
X2n,

tan(X) :=
sin(X)

cos(X)
, arctan(X) :=

∞∑
k=0

(−1)k

2k + 1
X2k+1,

arcsin(X) :=
∞∑
n=0

(2n)!

(2nn!)2
X2n+1

2n+ 1
.

Show:

(a) (Euler’s formula) exp(iX) = cos(X) + i sin(X), where i =
√
−1 ∈ C.

(b) sin(2X) = 2 sin(X) cos(X) and cos(2X) = cos(X)2 − sin(X)2.

(c) (“trigonometric Pythagoras”) cos(X)2 + sin(X)2 = 1.

(d) sin(X)′ = cos(X) and cos(X)′ = − sin(X).

(e) arctan ◦ tan = X.
Hint: First check tan ∈ C[[X]]◦. Then differentiate.

(f) arctan(X) = i
2 log

(
i+X
i−X

)
with i =

√
−1 ∈ C.

Hint: Check that log
(
i+X
i−X

)
is well-defined.
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(g) arcsin(X)′ = 1√
1−X2

.
Hint: Newton’s binomial theorem.

(h) arcsin ◦ sin = X.

Remark: There are countless other trigonometric identities, but not all can be proven via formal power
series. For example, cos has no formal inverse function (nevertheless, one can give the analytical Taylor
series for arccos).

Exercise 25 (3 points). Let K be a field. Verify that

K((X)) :=
{ ∞∑
n=k

anX
n : k ∈ Z, an ∈ K

}
with the operations ∑

anX
n +

∑
bnX

n =
∑

(an + bn)X
n,∑

anX
n ·
∑

bnX
n =

∞∑
n=−∞

( ∞∑
k=−∞

akbn−k

)
Xn

is a field.
Hint: Do not forget to check the well-definedness of addition and multiplication.

Exercise 26 (2 points). Find and prove an explicit formula for the recursively defined sequence a0 := 1,
a1 := 2, an+1 := 3an − an−1 for n ∈ N.

Exercise 27 (2 points). Determine all invertible 2× 2-matrices over the field F2.

Exercise 28 (2 + 3 + 2 points). Let n ∈ N. Prove:

(a) Let p1(n) be the number of partitions of n with even parts. Let p2(n) be the number of partitions
of n whose parts have even multiplicity. Show that p1(n) = p2(n) for all n ∈ N.

(b) Let p+(n) (resp. p−(n)) be the number of partitions of n with an even (resp. odd) number of parts.
Show that (−1)n(p+(n)− p−(n)) is the number of symmetric partitions of n.

(c) Let q+(n) (resp. q−(n)) be the number of partitions of n with an even (resp. odd) number of even
parts. Show that q+(n)− q−(n) is the number of symmetric partitions of n.

Exercise 29 (3 + 3 + 3 points). Let n, d ∈ N. Prove:

(a) (Glaisher) The number of partitions of n whose parts are not divisible by d is equal to the number
of partitions of n in which no part occurs d times (or more).
Hint: The case d = 2 corresponds to Theorem 5.7(i).

(b) (Subbarao) The number of partitions of n where each part occurs exactly twice, three times, or
five times is equal to the number of partitions of n into parts of the form ±2 + 12k, ±3 + 12k, or
6 + 12k.

(c) (MacMahon) The number of partitions of n where each part occurs at least twice is equal to the
number of partitions of n into parts that do not have the form ±1 + 6k.
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Exercise 30 (2 + 2 points).

(a) Determine all irreducible polynomials in F3[X] of degree ≤ 3.

(b) Calculate the cyclotomic polynomial Φ396.

Exercise 31 (3 points). Let n ∈ N. How many pairwise distinct numbers a, b, c ∈ {1, . . . , 2n} are there
such that a is the arithmetic mean of b and c?

Christmas puzzle (+3 bonus points). From a bag with r red and b blue beads, two are drawn at
random. If both beads have the same color, they are removed and a new red bead is put into the bag
instead. If both beads have different colors, the red one is removed and the blue one is put back into
the bag. If this process is repeated often enough, exactly one bead remains in the bag at the end. How
can the color of this remaining bead be determined from r and b?
Note: It has nothing to do with probabilities.

Exercise 32 (2 + 2 + 2 points). Let Z be the set of all rational polynomials with integer values, i.e.,

Z := {α ∈ Q[X] : α(z) ∈ Z ∀z ∈ Z}.

Show:

(a) For α, β ∈ Z, it holds that α+ β, αβ ∈ Z.

(b) The polynomials
(
X
k

)
defined in Example 6.28 lie in Z for k ∈ N0.

(c) Every α ∈ Z can be uniquely written in the form α =
∑∞

k=0 ak
(
X
k

)
with ak ∈ Z.

Exercise 33 (3+3 points). For α =
∑
ak1,...,knX

k1
1 . . . Xkn

n ∈ K[X1, . . . , Xn], we define the (l1, . . . , ln)-
th Hasse derivative by

H(l1,...,ln)(α) =
∑

ak1,...,kn

(
k1
l1

)
. . .

(
kn
ln

)
Xk1−l1

1 . . . Xkn−ln
n ∈ K[X1, . . . , Xn].

Let the multiplicity of x = (x1, . . . , xn) ∈ Kn as a root of α be the smallest number mα(x) ∈ N0 ∪ {∞}
with H(l1,...,ln)(x) = 0 for all (l1, . . . , ln) with l1 + . . .+ ln < mα(x) (in the case mα(x) = 0, x is not a
root of α). Show:

(a) For α ̸= 0, it holds that
∑

x∈Kn mα(x) ≤ deg(α)|K|n−1.

(b) Let c : Kn → N0 and d ∈ N0 with
∑

x∈Kn

(
c(x)+n−1

n

)
<
(
d+n
n

)
. Then there exists an α ∈

K[X1, . . . , Xn] \ {0} with deg(α) ≤ d and mα(x) ≥ c(x) for all x ∈ Kn.

Exercise 34 (2 + 2 points). Prove the “inverse” Waring formulas

τk =
∑

(1a1 ,...,kak )∈P (k)

k∏
i=1

ρaii
iaiai!

,

σk = (−1)k
∑

(1a1 ,...,kak )∈P (k)

k∏
i=1

(−ρi)ai
iaiai!

.

for K = C and k ∈ N.
Note: Proof of Theorem 5.12.
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Exercise 35 (2 + 2 points).

(a) Calculate the Bernoulli numbers B5, . . . , B10.

(b) For which n < 100 does the n-th Bernoulli number have the form Bn = z
6 with z ∈ Z?

Exercise 36 (2 points). Apparently, the set M := Q \ {0} is a magma w.r.t. division. How many
results are obtained if one brackets 1 : 2 : 3 : 4 in all possible ways?

Exercise 37 (2 + 2 points).

(a) Which patterns does the permutation (2, 4, 5, 6, 1, 3) ∈ S6 possess (or avoid)?

(b) Let n ≥ 4. Which permutations in Sn possess only one pattern?

Exercise 38 (2 + 2 points). Let n, k ∈ N. Show that∣∣∣∣{(n1, . . . , nk) ∈ Nk :
k∑

i=1

ni = n
}∣∣∣∣ = (n− 1

k − 1

)
,

∣∣∣∣{(n1, . . . , nk) ∈ Nk
0 :

k∑
i=1

ni = n
}∣∣∣∣ = ((n+ 1

k − 1

))
=

((
k

n

))
.

Hint: Consider the map (n1, . . . , nk) 7→ (n1, n1 + n2, . . . , n1 + . . .+ nk−1).

Exercise 39 (2 + 2 points). Let n ∈ N and A ⊆ {1, . . . , 2n} with |A| = n+ 1. Show:

(a) A contains two coprime numbers.

(b) There exist a, b ∈ A with a ̸= b and a | b.

Exercise 40 (2 points). Show that
∑∞

n=1
Cn
4n = 1.

Exercise 41 (2 points). Let H ≤ G be finite groups. Prove or disprove k(H) ≤ k(G).

Exercise 42 (2 points). Determine the automorphism group of the graph V2 ⊔ V2.

Exercise 43 (2 + 2 + 2 points). Determine the trees with Prüfer code (1, 2, 2, 3, 3, 3), (1, 2, . . . , n) and
(1, 1, . . . , 1).

Exercise 44 (2 points). Construct all trees of order 5 up to isomorphism.

Exercise 45 (2 + 2 + 2 points). Let K be a field. For α =
∑
anX

n ∈ K[[X]] let

m(α) := inf{n ∈ N0 : an ̸= 0},

where m(0) = inf ∅ =∞. Show:

(a) For α, β ∈ K[[X]], m(αβ) = m(α) +m(β) and m(α+ β) ≥ m(α) +m(β) hold.
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(b) For α, β ∈ K[[X]] with β ≠ 0, there exist uniquely determined δ, γ ∈ K[[X]] with α = βγ + δ and
(γ = 0 or m(δ) > m(β)).

(c) For α, β ∈ K[[X]], there exists a γ ∈ K[[X]] with α = βγ if and only if m(α) ≥ m(β) holds (this
generalizes Lemma 4.8).

Exercise 46 (3 + 3 + 3 points). Prove for all α ∈ C[[X]]:

(a)
∞∏
k=0

(1 + αXk) =
∞∑
k=0

αkX(k2)

Xk!
.

(b) For n ∈ N,
n∏

k=1

1

1− αXk
=

∞∑
k=0

αk

〈
n+ k − 1

k

〉
Xk

holds. Hint: Interpret the coefficient of αkX l.

(c)
∞∏
k=1

1

1− αXk
=

∞∑
k=0

αkXk

Xk!
.

Exercise 47 (3 points). Let α =
∑
anX

n ∈ C[[X]], k ∈ N and ζk = e2πi/k. Show that

1

k

k∑
l=1

α(ζ lkX) =
∞∑
n=0

aknX
kn.
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A. GAP commands

Most combinatorial objects can be calculated in the free computer algebra system GAP9:

Object Code
n! Factorial(n);

2A Combinations(A);

Variations with repetition Tuples([1,2,3],2);

Variations without repetition Arrangements([1,2,3],2);

Combinations with repetition UnorderedTuples([1,2,3],2);

Combinations without repetition Combinations([1,2,3],2);

Sn SymmetricGroup(n);(
n
k

)
Binomial(n,k);〈

n
k

〉
GaussianCoefficient(n,k,X(Integers,"q"));((

n
k

))
NrUnorderedTuples(n,k);[

n
k

]
Stirling1(n,k);{

n
k

}
Stirling2(n,k);

P (n) Partitions(n);

Partitions into odd parts RestrictedPartitions(n,[1,3..2*n+1]);

Partitions into distinct parts RestrictedPartitionsWithoutRepetitions(n,[1..n]);

Partitions into k parts Filtered(Partitions(n),p->Size(p)=k);

Symmetric partitions Filtered(Partitions(n),p->AssociatedPartition(p)=p);

p(n) NrPartitions(n);

P (A) PartitionsSet(A);

b(n) Bell(n);

φ(n) Phi(n);

Φn CyclotomicPolynomial(Rationals,n);

Factorization in K[X] x:=X(Rationals,"X");; Factors(x^4+3*x^3-7*x+1);

Bn Bernoulli(n);

fn Fibonacci(n);

9https://www.gap-system.org/
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Index
Symbols
∅, 3
2A, 4〈
n
k

〉
, 33

|A|, 4
AI , 4(
A
k

)
, 4(

a
k

)
, 5

a ≤ b, 20
α−1, 25
|α|, 27
α′, 30
α(β), 28
α ◦ β, 28
α(n), 30
An, 4
Aut(Ω), 88
Bn, 66
b(n), 15
C, 4
CG(x), 83
Cn, 71, 76
D2n, 75
deg(α), 49, 58
exp(X), 25
Fq, 50
GL(V ), 74
Gn, 88
g(n), 82
g(n), 87
Hk(α), 31
H(l1,...,ln)(α), 98
Hn, 13
Id(K), 52
k(G), 83
k(Sn), 85
K[X], 49
K[[X]], 24
K[[X]]×, 26
K((X)), 97
K[[X]]◦, 30
Kn, 88
λ′, 36
log(1 +X), 32
m(α), 99
µA(a, b), 21
n!, 4
NG(H), 85
N, 3
N0, 3(

n
k1,...,ks

)
, 5

Ω ⊔∆, 86
Ω ∼= ∆, 86

O(Rn), 75
ΩC , 86
P, 3
p±(n), 97
P (A), 15
φ(n), 9
pk,l(n), 38
pk(n), 37
p(n), 15, 20, 40
Q, 3
q±(n), 97
R, 3
ρk, 61
SO(Rn), 76
σk, 61
Sn, 6
Sn, 89[
n
k

]
, 14{

n
k

}
, 17

Sym(A), 6
τk, 61
Tn, 86
V4, 82
Vn, 86
×i∈I Ai, 4
⟨x1, . . . , xn⟩, 76(
X
k

)
, 54, 98

Z, 3
ζn, 54

A
action, 76

transitive, 76
anagram, 8
Apéry-Konstante, 68
asymmetric, 88
automorphism group, 88

B
Bell number, 15
Bernoulli number, 66
binary operation, 71
Binet formula, 35
binomial coefficient, 5
binomial inversion, 96
binomial theorem, 7
Birthday Paradox, 6
Burnside’s Lemma, 78

C
Cartesian product, 4
Catalan, 72
Catalan number, 71
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Cayley formula, 90
centralizer, 83
chain rule, 31
Chevalley-Warning, 60
class equation, 83
class number, 83
Clausen, 69
combination

with replacement, 8
without repetition, 6

combination lock, 5
Combinatorial Nullstellensatz, 60
component, 86
congruence, 53
conjugacy class, 83
conjugation, 83
connected, 86
connected component, 86
constant multiple rule, 32
constant term, 25
coprime, 9
Coupon collector’s problem, 19
cube, 79
cycle, 11, 88

disjoint, 12
cycle type, 17
cyclotomic polynomial, 54

D
degree, 58

polynomial, 49
vertex, 86

derivative, 30
n-th, 30

dice, 8
Dihedral group, 75
disjoint union, 4
division with remainder, 51, 53
Dobiński formula, 20
Durfee’s Square Theorem, 40

E
edge, 86
Enigma, 11
equivalence class, 16
equivalence relation, 16
Erdős-Ginzburg-Ziv, 61
Erdős-Rényi, 89
Erdős-Szekeres, 10
Erdős-Turán, 38, 84
Euler, 36, 72
Euler φ-function, 9
Euler’s formula, 96
Euler’s Pentagonal Number Theorem, 39
Euler-Mascheroni constant, 13
exponential function, 25

F
factorial, 4
Faulhaber’s formula, 67
Fermat’s little theorem, 53
Fibonacci sequence, 35
fixed point, 10
fixed-point-free, 10
Foata transformation, 94
Franklin, 39
functional equation

for exp(X), 29
for log(1 +X), 32

Fundamental theorem on symmetric polynomials, 63

G
Gauss, 52
Gauss’s Binomial Theorem, 34
Gaussian binomial coefficient, 33
generating function, 34

for b(n), 36
for p(n), 36

generating system, 76
geometric series, 26
Girard-Newton identity, 62
Glaisher, 97
graph, 86

asymmetric, 88
complementary, 86
complete, 86
connected, 86
symmetric, 88
trivial, 86
union, 86

group, 74
abelian, 74
cyclic, 76
finite, 74
general linear, 74
orthogonal, 75
special orthogonal, 76
symmetric, 6
trivial, 74

H
Hall, 23
Hardy-Ramanujan, 20
Hasse derivative, 31, 98
Hilbert’s Nullstellensatz, 60
Hirschhorn, 41
hockey-stick identity, 93

I
Inclusion-Exclusion Principle, 9
indeterminate, 25
interpolation, 58
inverse function, 30
irreducible, 51
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isomorphism
of graphs, 86
of groups, 82

isomorphism class, 82

J
Jacobi, 41
Jacobi’s triple product, 43

K
Klein four-group, 82

L
Lagrange, 77
Lagrange-Jacobi, 45
Landau, 84
Laurent series, 25
leading coefficient, 49
leaf, 90
left coset, 77
left-to-right minimum, 73
length

of a cycle, 11
of an orbit, 76

locally finite, 21
logarithm, 32
lottery, 6
Lucas, 70

M
MacMahon, 73, 97
MacMahon cube, 80
magma, 71
Mercator series, 32
modulo, 53
Montmort, 10
multinomial coefficient, 5
multinomial theorem, 8, 94
multiset, 8
Möbius function, 21

classical, 23
Möbius inversion, 21

multiplicative, 23

N
necklace, 79, 81
Newton’s Binomial Theorem, 33
Nicomachus identity, 65
norm, 27
normalizer, 85
Nottingham group, 96
number

complex, 4
harmonic, 13
integer, 3
k-cycles, 13
natural, 3

of partitions, 15
partitions into distinct parts, 37
partitions with fixed type, 16
partitions with largest part k, 37
permutations with cycle type, 17
prime, 3
rational, 3
real, 3
symmetric partitions, 37

O
Ono, 43
orbit, 76
orbit equation, 78
Orbit-Stabilizer Theorem, 77
order

element, 75
graph, 86
group, 74

order relation, 20
locally finite, 21

P
partial fraction decomposition, 27
partition

conjugate, 36
of a number, 15
of a set, 15
parts, 15
symmetric, 36

Pascal’s triangle, 5
path, 86, 88
pattern, 72
permutation, 6

fixed-point-free, 10
pigeonhole principle, 6
Pólya, 81
polynomial, 49

constant, 50
in several variables, 58
monic, 49
reducible/irreducible, 51

power series, 25
inverse, 25
invertible, 25
norm, 27
root, 32

power set, 4
Prime factorization in K[X], 52
primitive root, 60
prisoners problem, 14
product rule, 31
Prüfer, 90
Prüfer code, 91

Q
quotient rule, 31
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R
Ramanujan, 42
reducible, 51
relation, 16

antisymmetric, 20
reflexive, 16
symmetric, 16
transitive, 16

Rogers-Ramanujan identities, 47
root, 50
root of unity, 54

primitive, 54
Rubik’s Cube, 80

S
Schwartz-Zippel, 58
Secretary problem, 11
Segner, 71
set

equinumerous, 4
finite/infinite, 4
ordered, 20

Simion-Schmidt, 73
skat cards, 8
stabilizer, 76
star, 89
Stirling formula, 19
Stirling inversion, 96
Stirling number

of the first kind, 14
of the second kind, 17

Subbarao, 97
subgroup, 75

generated, 75
Sudoku, 80
sum rule, 31
Symmetry group, 75

T
Taylor series, 31
transposition, 12
tree, 90
trigonometric Pythagoras, 96

U
unit group, 26

V
Vandermonde identity, 7, 54
variation

with repetition, 5, 7
without repetition, 5

vertex, 86
adjacent, 86
connected, 86
degree, 86

Vieta, 62

von Staudt, 69

W
Waring formula, 64

inverse, 98
Waring problem, 47
Wright, 43

Y
Young diagram, 36
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