Combinatorics

Lecture notes winter semester 2018/19

Benjamin Sambale
Friedrich-Schiller-Universitat Jena

Version: March 21, 2026




Contents

[Preface] 3
[1._Finite Sets| 3
2. _Permutations and Partitions| 10
(3. _Mobius Inversion 20
4. Power series| 24
|5. Generating Functions| 34
[6. Polynomials| 49
[7. Polynomials in several variables| 58
8. Bernoulli Numbers| 65
9. Catalan Numbers| 71
74
86
[12. Exercises| 93
I/A. GAP commands| 101
[Index] 102



Warning: This is an Al-translated version of my German lectures notes, performed by Gemini 3 Flash
Preview. I have not checked whether Gemini introduced errors. Use with care!

Preface

The present notes originated from a 3 + 1 lecture in the winter semester 2018/19 (15 weeks) at the
Friedrich Schiller University Jena and is primarily aimed at students of the following degree programs:

e Mathematics Teacher Training for Gymnasium
e B.Sc. Mathematics, Business Mathematics, Computer Science

Knowledge of Linear Algebra 1 and Analysis 1 is assumed. Some parts were not presented (especially the
last chapter). In 2020 and 2021, extensive changes and additions were made, including the Ramanujan
congruences and the Rogers-Ramanujan identities.

Literature:

e P. Tittmann, Finfihrung in die Kombinatorik, 2. Auflage, Springer Spektrum, Heidelberg, 2014,
https://link.springer.com/book/10.1007/978-3-642-54589-4.

e R. P. Stanley, Fnumerative Combinatorics Vol. I, II, 2nd edition, Cambridge University Press,
Cambridge, 2012, http://www-math.mit.edu/ "rstan/ec/ecl.pdf.

e G. E. Andrews, K. Eriksson, Integer Partitions, Cambridge University Press, Cambridge, 2004,
https://doi.org/10.1017/CB09781139167239

1. Finite Sets

Remark 1.1. Combinatorics is the study of counting discrete objects:
e (casy) The number of k-element subsets of an n-clement set is (}).
e (medium) The number of fixed-point-free permutations on {1,...,n} is [n!/€].
e (hard) The number of partitions of 5n + 4 is divisible by 5.

e (very hard) Every map can be colored with four colors such that adjacent countries have different
colors.

e (open) How many magic squares of size 6 x 6 are there?

Definition 1.2.

e Empty set: @.

Natural numbers: N = {1,2,...} Ny ={0,1,...}.
Prime numbers: P ={2,3,5,7...}.

Integers: Z ={...,—1,0,1,...}.

Rational numbers: Q = {{ : a,b € Z, b # 0}.

Real numbers: R (Analysis).


https://link.springer.com/book/10.1007/978-3-642-54589-4
http://www-math.mit.edu/~rstan/ec/ec1.pdf
https://doi.org/10.1017/CBO9781139167239

e Complex numbers: C = {a +bi: a,b € R}.

e For aset A, let |A| be the cardinality of A. A is called finite if |A| < oo and infinite otherwise. We
do not distinguish between cardinalities (countable, uncountable etc.) with the notation |A| = co.
Two sets A and B are called equinumerous if a bijection A — B exists.

o If A; (i € I) are sets, then so is their Cartesian product X ,.; A; = {(a; :i € I) : a; € A;}. In the
case A = A; for all i € I, we also write Al := Xier A For I ={1,...,n}, we write A x...x A,
and A" = A x ... x A (n factors).

o If A; (i € I) are sets, then so is their disjoint union
| |4i = J{(a,i):aec A} C (| JA) x L.
il el iel
For I ={1,...,n}, we write A; LI... LU A,.
e For aset A, 24 := {B C A} is the power set of A. For k € N, let

<2> ={BCA:|B|=k}c2’

be the set of k-element subsets of A.

Remark 1.3. For sets A and I, one can identify A’ with the set of all mappings I — A by replacing
(a;)icr € AT with f: I — A where f(i) := a;.

Theorem 1.4. For finite sets A, B, A1,..., A, the following holds:
(i) |A1 x ... x Ap| = |A1|...|An| and |A™| = |A|™.
(i) |A1U...UA,| = |A1] + ...+ |An|

(i1i) A and B are equinumerous if and only if |A| = |B|.

(i) 24| = 2141
Proof.
(i) For each element (aj,...,a,) € Ay X ... x A, there are |A;| possibilities to choose a1, |As]

possibilities for as and so on. Conversely, each such choice yields exactly one element of A; x...x A,,.

(ii) Each element in A; LU... L A, lies in exactly one of the sets {(a,?) : a € A;}. Here, |{(a,i) : a €

(i) Let A= {a1,...,a,} and f: A — B be a bijection. Then B = {f(a1),..., f(an)} with f(a;) #
f(a;) for i # j. This shows |B| = n = |A|. Conversely, let |A| = |B| and A = {a1,...,a,} as well
as B={b1,...,b,}. Then f: A — B, a; — b; is a bijection.

(iv) Let A = {a1,...,an}. For M C Alet f(M) := (x1,...,2p) € {0,1}" with z; = 1 <= a; € M.
Then f:24 — {0,1}", M s f(M) is a bijection. According to and (i) it follows

24| = [{0,1}"] = [{0,1}|" = 2" = 21, O

Definition 1.5.

e For n € Ny, nl :=[[,_; k is the factorial of n. Note: 0! =1 (empty product).



e For a € C and k € Ny one defines the binomial coefficient

<a> _ala—1).. (a—k+1)

k 1-2-...-k

e Forn,ky,..., ks e Ngwithn =~k +... 4+ ks let

n L n!
ki,....ks)  kil... k!

be the multinomial coefficient of n and kq,..., ks.

Remark 1.6. It holds that (j) = 1 (empty product) and (}) =0 for k > n € No. For k < n € Ny it

holds that
n\ nn-1)...(n—k+1) n! o on\ n
k) 1-2-...-k S kl(n—k)! \n—-k) \kn-—k

<Z> " (kﬁ1> - <n_]:1>

One can therefore calculate the binomial coefficients with the Pascal’s triangle:

and

(o) () Lo
(0) ;) () 121
(0) (7) () (s) 18 3 1
(o) (1) () (s) ) + 4 64

Remark 1.7 (“Variation with repetition”). For finite sets A and B, there exist exactly |B4| = | B|l4!
maps A — B according to

Example 1.8. A 4-digit combination lock has 10* = 10, 000 possible states (choose A = {1,2,3,4} and
B ={0,1,...,9} in|Remark 1.7)). If a thief checks one state per second, he needs on average approx. 83

minutes to crack the lock.

Theorem 1.9 (“Variation without repetition”). For finite sets A and B, there exist exactly (;ﬁ“) |A|!
injective maps A — B.

Proof. In the case |A| > |B|, there are no injective maps A — B and indeed ('@') = 0. Now let

k:=|A| <|B|=:nand A ={ay,...,a}. For every injective map f : A — B, there are n possibilities
for f(a1). Once f(aq) is fixed, there remain n — 1 possibilities for f(ag) € B\ {f(a1)} etc. The number

of injective maps is thus n(n —1)...(n —k+1) = (n%'k)' L O



Example 1.10 (Birthday Paradox). For persons P, ..., P, we consider the mapping f: {1,...,n} —

1,...,365}, which maps ¢ to the birthday of P; (leap years, twins etc. neglected). According to
Remark 1.7| there are 365" such mappings, of which (325)11! are injective. The probability that at least
two persons have their birthday on the same day is therefore

1 365\ n!
n ) 365™

(Laplace formula). For n = 23 one already obtains > 50%.

Remark 1.11.

(i) The case |A| > |B| in yields the Dirichlet pigeonhole principle: If one distributes n
objects into k < n drawers, then at least one drawer must contain several objects. Example: In
Leipzig there are two persons with the same number of hairs on their head (nobody has more
hairs than Leipzig has inhabitants (> 500, 000)).

(ii) In the case |A| = |B|, every injective mapping A — B is also bijective (provided |A|] < 00).
Bijections A — A are called permutations on A. As is well known, the permutations on A form
the symmetric group Sym(A) with respect to composition of mappings. The neutral element is
id4 and the inverse to f € Sym(A) is the inverse mapping f~!. We set S,, :== Sym({1,...,n}).
According to

A
()] = I8y = (| )1l = A1

Example 1.12.

S'—123 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3
P\ 2 3)0\1 3 2021 3)°\2 3 1)°\3 1 2)°\3 2 1)

Theorem 1.13 (“Combination without repetition”). For every finite set A and k € Ny holds

G)I=(5),

Proof. Let Ay be the set of injective mappings {1,...,k} — A. Then the mapping

A

f A, f(R)}

is surjective. For o € S, holds F(foo) = {f(o(1)),..., f(o(k))} = F(f). For B € (‘2) even F~1(B) =
{foo:0 € Sk}, where f € Ay, is a fixed preimage of B under F. In particular, every B € (‘2) has

exactly |Si| = k! preimages. It follows |(’2)‘ = % = ('2‘) according to [Theorem 1.9 O

Example 1.14. In the lottery “6 out of 49” there are (469) = 13,983, 816 possibilities and the probability

for a 4-match is o 143

() = 665896




Remark 1.15.

(i) [Theorem 1.13| provides a combinatorial interpretation of the identity (n}gl) = () + (,"): For
a € A there are exactly (\Ak\jclt}l) subsets B € (’2) that contain a and (‘A\]j“}‘) subsets B € (’2)
that do not contain a.

(ii) According to [Theorem 1.4 and [Theorem 1.13|

k=0

This is a special case of the well-known binomial theorem (set a = b= 1)

(a+b)" = i (Z) a*o" k| (a,b €R).

k=0

Theorem 1.16 (VANDERMONDE identity). For n,ay,...,a, € N and k € Ny we have

ar+...+ap\ al an
(k17~--akn)€N3
ki4...4k,=k

Proof. Let Ai,..., A, be sets with |A4;| = a; for i = 1,...,n. We determine ‘(Al“'“""A”)‘ in two ways.

k
According to on the one hand

‘Alu...uAn ‘_ [ArU. . UAL  far+... +ay
k N k N k '

On the other hand, every k-element subset of A; U...U A, is composed of k;-element subsets of A; for
i1=1,...,nand ki +...+ k, = k. For each of these subsets there are ‘(Z‘Z) = (Z:) possibilities. This

shows
‘<A1I_|.].€.I_|An>‘: Z (Zi)(z:i) 0

(k17---7kn)€N3
ki4...4+kn=Fk

Example 1.17. The special case n =2 and a1 = as =k in yields

(-5 06)-50)

Theorem 1.18 (“Variation with repetition” II). Let A = {a1,...,an} and B be finite sets and
ki,...,k, € Ng with |B| = k1 + ...+ k,. Then there exist exactly (kl‘.l.s.‘kn) mappings f: B — A with
\fYNai)| = ki fori=1,...,n.

Proof. Let |B| =k and f : B — A with |f~'(a;)| = k; for i = 1,...,n. According to [Theorem 1.13
there are (kk1 ) possibilities for f~*(a1). Once f~'(ay) is fixed, there remain (k;fl) possibilities for
f~(az) etc. Thus there are

k\ (k= ki k—ki— o=kt Kk —E) . (k—k— . — k) k
)\ ke ) e T kal(k — k)l (k — kr — ko)l k! \K1,. .. ke

possibilities for f. O




Example 1.19.

(i) An anagram is a permutation of the letters of a word. According to [Theorem 1.18| there are
(2 151 1) = 60 anagrams of EULER (choose A = {E,U,L, R}, B ={1,2,3,4,5}, k1 =2, ka = k3 =
k4 = 1). For example REUEL, LUREE etc.

(i) There are (,, 1%210 ,) = 2.753.294.408.504.640 possibilities to distribute 32 skat cards to three
players.

Remark 1.20. According to [Remark 1.7 and [Theorem 1.1§|

nF =L n}f= > <k1kkn>

(k1 yoonrhin ) ENE
K1+t kp =k

This is a special case of the multinomial theorem

k
(a1 + ... 4+ap)k = Z < >a’f1...ai§" (a1,...,a, €R)
(K1,-..rJon ) ENE Fiseoos K
k1+---+kn:k

(Exercise 7|). For n = 2 one obtains the binomial theorem.

Definition 1.21. For an arbitrary set A, the elements from NS‘ are called multisets over A. One can
interpret a multiset m = (ng)qca as a “subset” of A, where each a € A occurs exactly n, times (in the
case n, < 1 for all a € A, m is thus a true set). Accordingly, one sets [m| := " 4 nq. We will often
denote multisets in the form {a,a,b,c, ¢, c, ...}, where, as with sets, the order does not matter.

Theorem 1.22 (“Combination with replacement”). An n-element set possesses exactly

(@)-C5)

Proof. Wlog. let A ={1,...,n}. One can then identify the k-element multisets over A with the tuples
(a1,...,a;) € AF with a; < ... < ay. Let A, be the set of these k-tuples. Obviously, then

FiA ({1,...,nk+k—1}>’

(al,...,ak)lﬁ{al,a2+1,...,ak+k¢—1}

is bijective. From [Theorem 1.13|it follows that [Ag| = |f(Ax)| = (n"']]j_l). O

Example 1.23. When throwing three identical dice simultaneously, there are ((g)) = (g) = 56 possible
events, which, however, are not all equally probable.

many k-element multisets (n,k € Np).

Remark 1.24.
(i) For 1 <k < n, it holds that

() =030 = () ()= (G2) ()



(ii) For finite sets A and B, it is well known that |[AU B| = |A| + |B| — |A N B|. Apparently, it also
holds that

[AUBUC|=|A|+|B|+|C|—|ANB|—|ANC|—|BNC|+|ANnBNC|.

O® <

This can be generalized as follows.

Theorem 1.25 (Inclusion-Exclusion Principle). For finite sets Ay, ..., Ay, it holds that

n

[ALU. L UAR =D (DR 3" 4 N0 Al

k=1 1<i1<...<ig<n

Proof. We count how many times an element a € A; U...U A, is taken into account on the right
side. For this, let wlog. a € AyN...NA; and a ¢ A; for i > [. Then a is counted if and only if
{i1,...,ix} € {1,...,1} holds. In the k-th summand, a is thus counted (—1)*+! (,i) times. In total, a is
counted on the right side exactly

S (y) =1 g(—nk(é) —1-a-ni=1

k=1 0

times. This shows the claim. ]

Definition 1.26. As usual, a,b € N are called coprime, if 1 is the only common positive divisor of a
and b, i.e. ged(a,b) = 1. One calls

o(n) :={1<a<n:ged(a,n) =1} (n € N)

the Euler ¢-function.

Theorem 1.27. Let n = p{*...p* be the prime factorization of n € N. Then

Proof. For i = 1,...,klet A; :={1 <a<n:p;|a}. Then A:={1 <a<n:gcdan) #1} =
AjU...UA. For1 <ip<...<yy <kis

. . n
Ailﬂ...ﬁAil:{jpil...pil:]:1,...,7}.
DPiy - - - Dy,



With [Theorem 1.25] it follows

k
n
=1 1<ir<...<i;<k Piy - - Piy
1 1 _ 1
=n 1——)...(1——): a1 _ poa—ly o pap  par—ly
( 1 r (pi' —pi" ) (ot =)

Remark 1.28. In algebra, one proves using the Chinese Remainder Theorem.

Theorem 1.29 (ERDOS-SZEKERES). Fvery real sequence of pairwise distinct numbers ay, . . .
with n € N possesses a monotone subsequence of length n + 1.

Proof. For i =1,...,n%+1 let a; (resp. 3;) be the maximal length of a monotonically increasing (resp.
decreasing) subsequence that ends with a;. Let us assume that all monotone subsequences have length
< n. Then there are at most n? pairs (;, 5;). By the pigeonhole principle, there exist 1 <14 < j <n?+1
with (a4, 8i) = (Bj, B;). In the case a; < a; (resp. a; > a;), one can extend the monotonically increasing

(resp. decreasing) sequence ending with a; by a;. But then o; < a; or §; < f3;. Contradiction.

Example 1.30. The sequence
n,n—1,...,1,2n,2n—1,...,n+1,...,n2,n2—1,...,n2—n+1
of length n? possesses no monotone subsequence of length n + 1.

2. Permutations and Partitions

Definition 2.1.

o Let A be a set and 0 € Sym(A). One calls a € A a fized point of o if 0(a) = a. If ¢ has no fixed

points, then o is called fized-point-free.

e For z € R let [z] € Z with |z — [z]| < 1 or [2] = 2+ § (“rounding”).

Theorem 2.2 (MONTMORT). The number of fixed-point-free permutations in Sy, is [n!/e], where e is

FEuler’s number.

Proof. Fori=1,...,nlet F; :== {0 € S, : 0(i) = i}. The number f, of fixed-point-free permutations

of S is then f, =[S, \ (FAU...UF,)|=n!l—|FAU...UF,|]. For 1 <iy <...<ip<nis
|Fiy, N...NF | = Sym({1,...,n}\ {i1,...,ix})| = (n — k).
[MTheorem 1.27] shows

- k - k(M ~ (—-1)F
fo=nl+) (1) Yo (n—kl=nl+) (-1) <k>(n—k)!:n! o
k=1 k=1

1<i1 <. <ig<n k=0
Now - .
n! (—1) 1 1 1 1
‘e Jn ’n Z k! ‘ n+1 (n+1)(n+2) n+17= 2
k=n+1
and fn = [n‘/e]

10



Example 2.3.

(i) The fixed-point-free permutations of Sy are
1 2 3 4 1 2 3 4 1 2 3 2 3
2 1 4 3)°’\3 41 2)° 3 2 3 4
1 2 3 4 1 2 3 4 1 4
342 1/)°\3 1 4 2 4 2 4
(ii) In the pre-Christmas “Secret Santa” (Wichteln), n people give each other gifts by drawing lots

beforehand that indicate to whom the gift is to be directed. This describes a permutation on
{1,...,n}, which is fixed-point-free if and only if no person draws their own lot. The probability

—

4 1
1 2
2 3
3 1

that at least one person draws their own lot is therefore 1 — % ~1-— % ~ 63%.

(iii) The encryption machine Enigma used in World War II permutes the 26 letters of the Latin
alphabet. To supposedly make the encryption more secure, only fixed-point-free permutations
were used. However, this was a crucial weakness that allowed the Allies to decrypt the EnigmaE]

Example 2.4 (Secretary Problem). There are n applicants for a vacant position invited one after
another for an interview. Immediately after each interview, the applicant must be informed whether
they have been hired or rejected. In the first case, the process is finished and no further applicants are
considered. With which strategy does one find the best possible applicant?

One first rejects the first k£ < n applicants consistently and chooses among the remaining n — k the first
one who is better than the first k£ applicants (possibly one has to reject all applicants, in which case the
strategy has failed). The order of the applicants describes a permutation o € S, where o(1) is the
position of the best applicant and o(2) is the position of the second best, etc. Let

m:=min{i <n:0(i) <o(l)}.

The above strategy finds the best applicant if and only if o(1) > k and o(m) < k holds. The probability
that o(1) is at position [ is 1/n. The probability for o(m) < k is then Z_Ll The success probability of
the strategy is therefore

n

n—1
1 k k 1k 1 k
- =2 - > —dz=—-(1 —logk).
anfl nzl n/ T . n(ogn og k)
I=k+1 =k

B =

|k k+1 n

The function f(z) = Z(logn — logz) has derivative f’(z) = 1(logn —logz — 1) and therefore takes its
maximum at x = n/e. For k = [n/e], the success probability is thus approx. f(n/e) =1/e ~ 37% (for
“large” n). One can show that this is the best strategy. For n = 20, this results in k = 7 and approx.
38%.

Definition 2.5. For a set A, one calls 0 € Sym(A) a (k-)cycle (or cycle of length k), if pairwise distinct
ai,...,a € A exist, such that

ai
ajr1 if x = a; with i < k, 0'/ \o
o(x) =4 a if x = ag, a a4
T otherwise. Uk as / 9

"https://en.wikipedia.org/wiki/Cryptanalysis_of_the_Enigma#The_Enigma_machine
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One then writes o = (aq, ..., ax). This notation is unique up to “rotation”, i. e.
o= (ag,...,ax,a1) =...= (ag,a1,...,a5_1).

The only 1-cycle is id 4. To make formulations uniform, we will nevertheless formally distinguish the
1-cycles (1),(2),...,(n). Furthermore, we regard id4 as the product of all 1-cycles. Cycles of length 2
are called transpositions. Cycles o = (ay,...,ar) and 7 = (by,...,b;) are called disjoint, if

{al,...,ak}ﬂ{bl,...,bl}:Q.

Remark 2.6.
(i) It holds that (a1,...,ar)" = (ax, agp_1,---,a1).

(ii) Disjoint cycles 0,7 € Sym(A) commute, i.e. 0 o7 = 70 0. In the following, we will often omit the
composition symbol o.

Lemma 2.7. Every permutation o of a finite set A is a composition of pairwise disjoint cycles
o =o01...0; of length > 1 and these are uniquely determined up to their order.

Proof. Existence: Let A, := {a € A : o(a) # a}. We argue by induction on |A,|. In the case
A, = @, 0 = id4 is the empty product. So let a € A, # &. Because |A,| < |A| < oo, the elements
a,0(a),0*(a),... € A, cannot all be distinct. So let 0 < k < [ with 0*(a) = o'(a). Then o'=*(a) = a.
Let s € N be minimal with ¢%(a) = a. Then a,0(a),...,0° !(a) are pairwise distinct and o1 =
(a,0(a),...,0%"(a)) is an s-cycle with s > 1. For 7 := 07 'o € Sym(A,) and i = 0,...,s — 1, it then
holds that

7(0'(a)) = 070" (a) = o' (a).

This shows A; = A, \ Ay, . By induction, there exist pairwise disjoint cycles oo, ..., 0 € Sym(A;) with

length > 1 and 7 = 02 ...0%. Obviously, o1, ..., 0k are also pairwise disjoint and o = 07 ... 0.
Uniqueness: Let 0 =01 ...05 = 71 ... 7 be two representations with pairwise disjoint cycles o1, ..., 0%
as well as 71,...,7. Let a € A with o1(a) # a. Then there exists exactly one 7; with 7;(a) = o1(a).
Furthermore, 0%(a) = 77(a) and so on. This shows o7 = 7;. By multiplying both sides by o', one
obtains o2 ...0p =Ty ...T;—1Ti+1 - . - ;- The claim now follows easily by induction on k. O
Remark 2.8.

(i) One can make the notation in disjoint cycles

o= (ay,...,as)(bi,...,b)...

completely unique by requiring a; = min{aq,...,as} < by = min{by,...,b;} < .... This is
implemented in the computer algebra system GAP.

(ii) In the following, we say that o € S,, contains a cycle 7 if T occurs in the disjoint cycle representation.
In doing so, we want to count the fixed points as 1-cycles.

(i) As is well known (Linear Algebra), every permutation can also be written as a product of
transpositions, although these are generally not disjoint.

12



Example 2.9.

(i) @ D g) ~ (1,4,2)(3,6).
(i) (2,5,3,1)(3,1,6) = (1,6)(2,5,3) (maps are evaluated from right to left).
(iii) S ={(),(1,2),(1,3),(2,3),(1,2,3),(1,3,2)}.

Theorem 2.10. For 1 < k < n, the following holds:
(i) The number of k-cycles of Sy, is k(%—'k)'

(i1) If zi(0) is the number of k-cycles of o, then

Proof.

(i) Each k-cycle permutes a k-element set {a,...,a;} C {1,...,n}. For the choice of this set, there
are (Z) possibilities . Each k-cycle on this set can be uniquely written in the form
(a1,ba,...,bg) with {ba,...,bx} = {ag,...,ax}. This yields (k — 1)! cycles, because the digits
ba, ..., b, can be permuted arbitrarily. In total, there are

n _nlk-1)!  nl
(k) (k=Di= Kl (n—k)! ~ k(n—k)!

cycles of length k.

(ii) Let Cr C S, be the set of k-cycles. Each k-cycle is contained in (n — k)! many permutations,
because one can permute the n — k digits outside the cycle arbitrarily. It follows that
) nl(n —k)! !
3" k(o) = [{(0,¢) € Sp x Cp t 0 contains ¢} = Y (n— k)l = |Cyl(n — k)! ’M = %

gES, ceCy,

(iii) The average number of cycles is

S|~
(]
g
&
s
I
Nl

according to (ii). O]

Remark 2.11. As is well known (Analysis),
v := lim (H, —logn) =0,577...

n—o0

is the Fuler-Mascheroni constant. For large n, H,, ~ log(n) + ~ therefore holds. It is not yet known
whether v is rational.

13



Example 2.12.
(i) The average number of cycles of o € Sg is Hg = % ~ 2,71

(ii) (100 prisoners problem) The names of 100 prisoners are kept in 100 closed numbered envelopes. The
prisoners are asked one after another to open 50 envelopes of their choice with the goal of finding
their own name. If every prisoner succeeds in finding their own name, they all receive freedom.
They may decide on a strategy beforehand, but may not communicate during the experiment.
What is a good strategy? Without a strategy (i.e. everyone opens 50 random envelopes), the
probability of success is only

27100 — (210)=710 — 7024710 < 100071 = 107%.

The prisoners are numbered, so that the distribution of names into the envelopes describes a
permutation o € S1gg. When it is the turn of the prisoner with number a, they first open envelope
a and find therein the name of prisoner o(a). After that, they open envelope o(a) and find therein
the name of 0?(a) etc. In this way, they find their own name if and only if the cycle of o containing
a has length < 50. The procedure is therefore successful if and only if o contains no cycle of length
> 50. Obviously, ¢ can contain at most one such cycle. The number of permutations with a cycle
of length k > 50 is therefore

The probability that the strategy fails is consequently

100 100 100 ¢
— Z 3z Z < / = da = log(2 - 50) — log(50) = log(2) < 0,7
k=51 €S, k—51 50 ¥

(cf. [Example 2.4). The probability of success is therefore greater than 30% (independent of the

number of prisoners).

Definition 2.13. The number of permutations of S,, with exactly k cycles is called Stirling number of
the first kind and is written as [Z] If one considers the identity on the empty set as a product of 0
cycles, one obtains [8] =1

Remark 2.14. For n € Ny it holds that

Example 2.15.

(i) By definition, [Z] =0if k=0 < n or k > n. Since id is the only permutation in S,, with n cycles,
["] =1 holds. In contrast to the binomial coefficient, in general [}[] # [.",].

(ii) A permutation with only one cycle is an n-cycle. From [Theorem 2.10|it follows that [}] = (n—1)!.

iii) Obviously, | ".| is the number of transpositions and thus also the number of 2-element subsets of
n—1
{1,...,n}. This shows [nzl] = (g)

(iv) According to [Remark 2.14] [3] = 4! — []] = [5] — [}]] =24 — 6 — 6 — 1 = 11. The corresponding
permutations are (1,2,3), (1,3,2), (1,2,4), (1,4,2), (1,3,4), (1,4,3), (2,3,4), (2,4,3), (1,2)(3,4),
(1,3)(2,4), (1,4)(2,3).
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Lemma 2.16. For k,n € N, it holds that

[kzil]ﬂmz[n:l]

Proof. Let o € S,, with exactly k—1 cycles. By appending the 1-cycle (n+1), one obtains a permutation
in Sy, 41 with exactly k cycles. Now let o € S, with exactly k cycles. Then the digit n + 1 can be
inserted at n positions in the cycle notation of o (Example: inserting 4 into (1,2)(3) yields (4, 1,2)(3),
(1,4,2)(3), (1,2)(4,3)). In this way, one obtains n different permutations in S, ; with exactly k cycles.
Obviously, every permutation of S,+1 with exactly k cycles arises in exactly one of the two ways. This
shows the claim. O

Theorem 2.17. For 0 < k < n, it holds that

0<a1<...<ap_g<n

Proof. Induction on n: For k = 0, one obtains the empty sum, because there are only n — 1 natural
numbers between 1 and n — 1. Indeed, [g] = 0. In particular, the claim holds for n = 1. Now let £ > 0
and the claim for n be already proven. According to

n+1 n n
[ 1 :|:|:k_1:|—|—n|:k:|: Z aj...0p—g4+1+N Z al...Qp—k

0<a1<...<ap—g+1<n 0<ar1<...<p_p<n

= E al...0p4+1—k- O

0<ar1<...<apt1-p<n+l

Example 2.18. For n € N, it holds that

n s n
n—1 2
k=1
(cf. [Example 2.15)).

Definition 2.19.

e A partition of a (finite) set A is a set of pairwise disjoint, non-empty subsets { A1, ..., Ax} C 24 with
A = AjU...UAL. We denote the set of all partitions of A by P(A). One calls b(n) := |P({1,...,n})|
the n-th Bell number.

e A partition of n € Ny is a multiset \ := {ky,...,ks} € N with n = k; + ... + ks. One calls
ki,..., ks the parts of A. Let the set of all partitions of n be P(n) and p(n) := |P(n)|.

Example 2.20. The partitions of {1,2,3} are {{1,2,3}}, {{1},{2,3}}, {{2},{1,3}}, {{3},{1,2}} and
{{1},{2},{3}}. The partitions of 3 are 3=1+2 =1+ 1+ 1. Thus b(3) = 5 and p(3) = 3.

Remark 2.21.

(i) Note: b(0) =1 = p(0), because the empty (multi)set is a partition of & (or 0).
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(i) If {A1,..., Ag} is a partition of a finite set A, then {|A1],...,|Ax|} is a partition of | A|. Conversely,
from every partition of n € N one can construct a partition of {1,...,n}. Therefore b(n) > p(n)
and b(n) > p(n), if n > 3.

(iii) We will often write partitions of numbers in the form (ki,...,ks) with k1 > ... > kg or in the
form (1™ ..., n™):=(1,...,1,...,n,...,n) with my,...,m, € Np.
SN—— SN——
mq Mp

(iv) A relation on a set A is a subset ~ C A x A. One writes a ~ b :<=> (a,b) € ~. One calls ~ an
equivalence relation, if for all a,b,c € A the following holds:

e a ~ a (reflexive),
e a~ b= b~ a (symmetric),
e a~b~c= ar~ c(transitive).
For a € A one calls [a] :={b € A:a ~ b} the equivalence class of a. Let
Afmi={[a] s a € A}

be the set of equivalence classes. Because of a € [a], we have | J,c4[a] = A. Now let 2 € [a] N [0]
for a,b € A. With a ~ x it also holds that = ~ a. For an arbitrary ¢ € A it follows that

cela=ov~a~c=brar~c=b~c=c€ b,

i.e. [a] C [b]. For reasons of symmetry, [b] C [a] also holds, thus [a] = [b]. Any two equivalence
classes are therefore either equal or disjoint. Thus A/~ is a partition of A.

(v) Conversely, if a partition {Aj,..., A} of A is given, then one obtains by
a~b:i< di:abeA;

an equivalence relation on A. In this case A/~ = {A,..., Ax}. In this way, partitions and
equivalence relations correspond to each other.

Example 2.22. The equality relation = is an equivalence relation on every set A. The corresponding
partition is {{a} : a € A}.

Theorem 2.23. Let (1%t,...,n%) be a partition of n. Then every n-element set has exactly

n!
(Ihar .o (nl)anay!. .. ay!

partitions of the form {Ax, ..., A} with {|Aq|,...,|Al} = (1%, ..., n).

Proof. Wlog. let A = {1,...,n}. One can transform every arrangement bq,...,b, of the numbers
1,...,n into a partition of the desired type by distributing corresponding braces { and }. We can first
brace the a; 1-element subsets, then the as 2-element subsets, etc.:

(b1}, {bo}, o {bisbiga )}, .-

Of the n! possible arrangements b1, ..., b,, however, several lead to the same partition. On the one
hand, one can arbitrarily permute the elements of each k-element subset without changing the partition.
On the other hand, one can permute the aj k-element subsets among themselves without changing
the partition. Therefore, each []}_, (k!)*a;! arrangements lead to the same partition. This shows the
claim. O
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Example 2.24. The number of partitions of {1,2,3,4} of type (2,2) = (1°,22) is (23!22! = % = 3.

These are {{1,2}, {3,4}}, {{1,3},{2,4}} and {{1,4},{2,3}}.

Definition 2.25. If 0 € S, is a disjoint product of a; > 0 cycles of length 4, then (1%1,... ,n%) is
called the cycle type of o. According to this is a well-defined partition of n. The number of
fixed points of o is a;.

Theorem 2.26. The number of permutations of S,, with cycle type (1%*,...,n%) is

n!
191 pangy!. .. a,!
Proof. If one regards cycles as subsets of {1,...,n}, then every permutation corresponds to a partition

of {1,...,n}. According to [Theorem 2.23| the permutations with cycle type (1%1,...,n%") correspond

to exactly
n!

[ L1 (E)oay!
partitions. It remains to count how many permutations yield the same partition. Since every k-cycle
can be uniquely written in the form (by,...,b;) with by := min{by, ..., by}, exactly (k — 1)! cycles
yield the same set {b1,...,b;} (one can arbitrarily permute the bo, ..., b;). The number of the desired
permutations is therefore

n!

n! L
e Tk -1y = —
T (et LLC T, kvant

n! _ n!
1n—k(n—k)k11! = k(n—k)!

Example 2.27. The k-cycles of S,, have cycle type (1%, k). Their number is
in accordance with [Theorem 2.10

Definition 2.28. The number of k-element partitions of an n-element set is called the Stirling number
of the second kind and is written as {Z}

Remark 2.29.

(i) Since every permutation with &k cycles defines a partition with & subsets, { } < [ ] for all k,n € N.

(i) It holds that b(n) = [P({1,...,n})| = 7_, {"}.

Example 2.30.
(i) As usual, {8}—1and{ } =0 for k=0 <nork > n. Furthermore, {1} =1 = {} and

{n 1} = [nnl] = ( )
(ii) Every 2-element partition of A has the form {B, A\ B} with B € 24\ {@, A}. This shows
{5} =z (12t - 2) oty

(111)Accord1ngto {}+{}+{}+{}—1+23—1+() +1=15.
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Lemma 2.31. For k,n € N it holds that
n n n+1
T s

Proof. Let A ={1,...,n} and {A1,...,Ar_1} be a partition of A. Then {A4;y,..., Ax_1,{n+1}} is
a k-element partition of {1,...,n+ 1}. Now let {A1,..., A} be a partition of A. Then one can add

the number n + 1 to each of the sets Ai,..., Ax and obtains in this way a k-element partition of
{1,...,n+ 1}. Obviously, every k-element partition of {1,...,n + 1} arises in exactly one of the two
ways. This shows the claim. O

Theorem 2.32. For 0 < k < n it holds that

- = e

I<ai<..<ap_p<k

Proof. Induction on n: For kK = 0 one obtains the empty sum in accordance with {8} = (. In particular,

the claim holds for n = 1. Now let &£ > 0 and the claim be already proven for n. According to

n+1 n n
{ k: }:{k—1}+k{kz}: Z ay...0n—g+1+ Kk Z aj...0Qp—k

1<ar<..<ap—p4+1<k—1 1<a1<...<ap—p<k

= E a1 ...Q0py1—k- ]

1<a1<...<apy1- <k

Example 2.33. For n € N it holds that

—2
{Z}: 3 al...an_2:n§:2k:2”_1—1
k=0

1<a1 <. <an_2<2

(cf. [Example 2.30)).

Remark 2.34. One should compare the following result with

Theorem 2.35. For finite sets A and B there exist exactly {I‘g‘}]BH surjective mappings A — B.

Proof. Wlog. let B = {1,...,k}. Every surjective mapping f: A — B yields a k-element partition
{f71(1),..., f71(k)} of A. For o € Sym(B), the mapping o o f: A — B is also surjective and leads to
the partition

{00 )W), (@0 HTHER} = {F o M), fH e Ry = {1 (D), f (R

One easily sees that these are the only mappings that lead to the same partition. The number of
surjective mappings is therefore {I‘]j'}]Sym(B)] = {'Q'}k!. O
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Example 2.36 (Coupon collector’s problem). With every purchase at the supermarket, you receive
one of n different trading cards (randomly and uniformly distributed). What is the probability that you
own all trading cards after k purchases? The k purchases provide a mapping {1,...,k} — {1,...,n}.
There are n* such mappings, of which {Z}n' are surjective. The probability is therefore

nf!k:
nk\nf’

For n = 20 one obtains:

0,5

055 55 67 83 100 k

Theorem 2.37. For k,n € Ny, it holds that
k
n 1 (kN
i =men ()
1=0

Proof. Let A :={1,...,n}, B:={1,...,k} and M be the set of surjective mappings from A to B.
According to [Theorem 2.35| it suffices to show |M| = Zfzo(—l)k*l(]l“)l”. Fori=1,...,k let
M;:={f:A—=B:i¢ f(A)}.

For 1 <i; <...< i <k, then M;, N...N M, is the set of all mappings from A to B\ {i1,...,4}. In
particular, |M;, N...NM;| = (k—1)" according to |[Remark 1.7 [Theorem 1.25shows

k k
M= 1B U = 4 S0 () - 0 = S0 () - o
=1 =0
The claim follows from (];) = (k;lil)' O

Remark 2.38. From [Theorem 2.37 it follows that

nl = n‘{Z} = En:(—n"—k (Z) k",

Asymptotically, the Stirling formula holds
n! ~ 27Tn(ﬁ)n,

i.e.
n!

m —— =
n—oo \/2mn(n/e)"

(without proof). Example: 100! ~ 9.333 - 1017 and /2007 (100/¢)1% ~ 9.325 - 10157,
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Theorem 2.39 (DOBINSKI formula). Forn € Ny is

> jn
>
k=0

b(n) =

Q|

Proof. Because {Z} =0 for k > n, it holds that

k=
k
ey CN Gt (5 ()
(k=10 I
where in (%) the Cauchy product formula for absolutely convergent series is used (Analysis). O

Theorem 2.40. For n € Ny is

b(n+1) = zn: (Z) b(k).

k=0

Proof. Let A be a partition of {1,...,n+1} and n+1 € A € A with k := |A| —1 > 0. Then there are
(%) possibilities for A and A\ {A} is a partition of {1,...,n} \ A. For A\ {4} there are thus b(n — k)

possibilities. It follows
" /n " /n
bn+1) = E (k)b(n—k): E (k)b(k) O

k=0 k=0

Remark 2.41. No simple formula for p(n) is known. However, Hardy and Ramanujan have proved

( ) 67“/271/3
mn) ~
P An\/3

' N 10106 o™/20000/3
Example: p(10%) ~ 3.617 - 10'"® and 000075

~ 3.633 - 10106,

3. Mobius Inversion

Definition 3.1. A relation < on a set A is called an order relation (or partial order), if for all a,b,c € A
the following holds:

e a < a (reflexive),

e a <b<a= a="> (antisymmetric),

e a <b<c= a<c (transitive).
If applicable, (A, <) is called an ordered set. One also writes a > b if b < a, and a < b (resp. a > b) if
a<b#a (resp. b<a#b).
Example 3.2.

(i) The usual “less than or equal to relation” < on R.
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(ii) The subset relation C on 24 for every set A.

)
(iii) The divisibility relation | on N, but not on Z, because 1 | —1 | 1.
(iv) For every ordered set (A4, <), (A4, >) is also an ordered set.

)

(v) For ordered sets (A1,<1),...,(An, <n), A1 X ... X Ay is lexicographically ordered by

(al,...,an) < (bl,...,bn) <= 3dkeNy:a; =by,...,a; :bk,akH <k4+1 bk+1.

Definition 3.3. For an ordered set (A, <) and a,b € A, let
[a,b] : ={ce A:a <c<b}.

(A, <) is called locally finite if [{b € A :b < a}| < oo holds for all a € A. If applicable, the Mdbius
function pa: A X A — Z is defined recursively by

1 if a = b,
MA(C% b) = .
- Za§x<b MA(av .’L‘) if a 7é b.

Remark 3.4. In the situation of [Definition 3.3, >° ., #a(a,z) = 0 holds if a # b. We show
> zefap] Ha(z,b) = 0 by induction on k:=Ta,b][ = 2. For k = 2, we have

> palw,b) = pala,b) + pad,b) = pala,b) + pala,a) = Y pala,x) =0.
z€|a,b| z€[a,b]

Now let the claim be already proven for £k — 1. Then

> pa(mb) = pa®,b) = > > palw,y) =pala,a) = > Y palx,y)

z€a,b] a<z<bx<y<b a<y<bz€(a,y]

= pa(a,a) — pa(a,a) = 0.

Theorem 3.5 (MOBIUS Inversion). Let (A, <) be locally finite. For f,F: A — R, the following are
equivalent:

(1) | F(a) :Zf(a:) foralla € A.

z<a

(2) | fla) = Z,uA(x,a)F(x) for all a € A.

z<a

Proof. Since (A, <) is locally finite, the sums are well-defined. Let F(a) = >, ., f(x) for all a € A.
Then it holds that -

S nalr,a)F(z) =Y palz,a) S f) =3 fw) Y nalz,a)E f(a).

z<a z<a y<z y<a z€ly,a]

Conversely, let f(a) =3, ., pa(z,a)F(z) for all a € A. Then it follows that

S @) =3 wal ) F@) =Y Fy) Y paly.o) 2 Fla). 0

z<a e<ay<z y<a z€[y,a]

21



Remark 3.6. is particularly useful when p4 has a simple form.

Example 3.7.

(i) For every set A, (A, =) is locally finite. The M6bius function is the Kronecker delta p4(a,b) = dqp
and the Md&bius inversion reduces to f = F.

(ii) Obviously (N, <) is locally finite. For a € N we have uy(a,a) =1, un(a,a +1) = —un(a,a) = —1
and pn(a,a+2) = =1+ 1 = 0. By induction it is easy to show uy(a,b) =0 for b ¢ {a,a + 1}.
yields in this case

F(n) =Y f(k) < f(n) = F(n) - F(n - 1).
k=1

This is a discrete version of the fundamental theorem of calculus (F' corresponds to the integral of
f and f corresponds to the derivative of F').

(iii) For every finite set A, (24, C) is locally finite. We show

(-1)\XTif X C Y,
X,Y) =
poa (X Y) {0 it X ¢V

The cases X =Y and X € Y are clear. So let X C Y and k := |V \ X| > 1. By induction we
assume that the statement already holds for £ — 1. Then

poa(X,Y) == > (X, 2)=— > (-1IAV

XCZeY XCZCY
el
—- 3 (}) v =1 =
=0
For f,F: 24 — R it therefore holds that

F(B)= Y f(X)+< f(B)= ) (-)PF(X).

XCB XCB

Replacing C by D, one analogously obtains

F(B)= Y f(X)+ f(B)= Y (-H)XVIF(X). (3.1)

XDB XDB

(iv) Let Ay,..., A, be finite sets and N := {1,...,n}. We define f, F': 2V — R by

fn=|Nan U Al

iel JEN\I
F(I) = ‘ﬂ A
i€l
for I € N. For a € [);c; A; there exists exactly one J 2 I with a € (;c; 4; \ Ujen s Ai- This
shows F'(I) =} ;5; f(J) and (3.1)) yields

0= f(2) = Z(_nl”m Ai’ =AU U4+ Y (—1)‘I|’ﬂAi‘.

D@ il @#ICN iel

This is exactly the inclusion-exclusion principle.
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(v) Also (N,|) is locally finite. Let n = p{*...p% be the prime factorization of n € N. We define the
classical Mébius function p: N — R by

M(n) = {(_1)5 if 4] =...=as = 17

0 otherwise.

Note: p(1) = (—=1)° = 1. It then holds that

NIOEDYD > plaa)=>_ Y. (=DF

din k=0q1,....qr€{p1,.--,ps } k=0 MC{p1,....ps}

|M|=k
- ;0<—1>k(;) (-1 =0,

if n # 1. We show uy(a,b) = p(b/a) if a | b. This is clear for a = b. We now assume a # b and
argue by induction on b/a. Then

=3 mle ) = = 3 wlw/a) = plb/a) = 3 uly) = ub/a),

alz|b alz|b b
z ] i
thus has the following form
=) f(d) = f(n) =) uln/d)F(d). (3.2)
din dn

(vi) Let n=pj*...p?% be the prime factorization of n € N. Then

S p(n/d)d = Z 3 (—1)t+% —n(1- ) (1= ) = em)

dln t=0 1<i1 <...<i:<s

according to [I'heorem 1.27] [Equation 3.2 shows

> pld) =

din

Remark 3.8. One can generalize [Theorem 3.5/ by replacing R with an arbitrary abelian group (G, -).

One then obtains
=[] @) = fla) = [ Fx)"

z<a z<a

(proof is exactly the same).

Definition 3.9. Let (A, <) be a locally finite ordered set and a,b € A. A path of length | < 0 between
a and b is a sequence of the form a =21 < -+ < xpy1 = b with x1,..., 241 € A.

Theorem 3.10 (HALL). Let (A, <) be a locally finite ordered set and a,b € A. Let w; be the number of
paths of length | between a and b. Then

nala,b) =wyp —wy +wy F....
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Proof. Induction on k := |[a, b]| < co. In the sum, only finitely many summands are non-zero, because
¢; =0 for I > k. In the case k = 1, there is only the path of length 0 between a and a, i.e. ua(a,a) =
1 =cg. Now let £ > 2 and assume the claim is already proven for k — 1. Let a =21 < --- < xj41 = b
and ¢ := x;. Then x1 < --- < x; is a path of length [ — 1 between a and c. By induction, this path
provides the contribution (—1)! to pa(a, c). Because of pa(a,b) = — >, .oy pala,c), z1 < -+ < 241
provides the contribution (—1)"*! to pa(a,b). Conversely, every path of length I — 1 between a and ¢
can be extended to a path of length [ between a and b. This shows the claim. O

4. Power series

Remark 4.1. For many counting problems, no simple formulas are known (think of p(n)). Often it
is more favorable to consider the sequence of the desired count values in its entirety. Through clever
algebraic transformations, one can thereby generate new identities. In this section, the foundations for
this are laid.

Definition 4.2. For a field K, let K[[X]] := Ko = {(ag, a1,...) : a; € K}. Two elements « := (ag, . . .)
and = (bp,...) of K[[X]] can be added and multiplied as follows:

a+ f:=(ap + by, a1 +b1,...) € K[[X]],

a-fi= (aobo,albo + agby, .. .,Zaibn_i, .. ) € KHX]]
=0
We set 0 := (0,0,...) € K[[X]] and 1 := (1,0,0,...) € K[[X]].

Lemma 4.3. For a, 3,y € K[| X]] the following hold:

(@+B)+y=a+(B+7) a+B=pF+a at+0=a
(@-B)-y=a-(8:7) a-f=p4a a-l=a
a-B+7y)=(a-B)+ (a-7) e K[X]]:a+d=0, afB=0=a=0V3=0.

Proof. The first three statements follow directly from the corresponding axioms in K. Now let a =
(ag,...), B = (by,...) and v = (cp,...). For § := (—ap,—a,...), it then holds that a + § = 0. The n-th
entry of a- (3 -7) is

n n—i n i
E a; E bjcn,i,j = E aibjck = E ( E ajbi,j)cn,i.
i=0  j=0 i+j+k=n i=0 j=0

This shows (- ) -y =a- (8- 7). Because of Y " a;ibp,—i = > i bian—i, we have - f = 8- . The
equation « - 1 = « is easy to see. The n-th entry of a- (8 + ) is

n

n n
D ailbn—iteni) =Y abpi+ Y aicn
i=0 i=0

1=0

and a- (8+7) = (a- ) + (a - ) follows. Finally, let o = 0. Assume indirectly o # 0 # 3. Let
k := min{n € Ny : a,, # 0} and [ := min{n € Ny : b, # 0}. The (k + [)-th entry of af is then
Zfié a;bp1—; = agb; # 0. This contradiction shows o =0 or § = 0. O
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Remark 4.4.

(i)

(i)

(iii)

(iv)

states that one can calculate in K[[X]] as in Z. One calls K[[X]] the ring of (formal)
power series. Its elements are also written in the form ZZO:O an X" = ag+ a1 X +as X%+ ...,

where X = (0,1,0,0,...) is an indeterminate. It holds that

o0 o0
ZanX" - anxn < a, = b, Vn € Ny.
n=0 n=0

When multiplying power series, one multiplies term by term and subsequently groups identical
powers of X. One calls ag the constant term of a. If the summation range is clear, we write
more briefly > a, X™. Furthermore, we will omit the multiplication symbol - and use “order of
operations” (multiplication before addition), i.e., a8 + v := (a - B) + . Let the inverse of a with
respect to + be —a. As usual, we write o — (3 instead of a + (—/3).

The meaning of the word “formal” lies in the fact that, in contrast to analysis, we do not consider
convergence, since X is always an indeterminate and not a real number (hence also the use of the

capital letter). Instead, we introduce a much simpler metric on K[[X]] in [Definition 4.11

For a € K[[X]], we define aK[[X]] := {af : f € K[[X]]}. For example, X K[[X]] is the set of
power series with constant term 0.

One can extend K[[X]] to a field K((X)) by replacing power series with (formal) Laurent series

of the form ) >° , a, X" with k € Z and a,, € K (Exercise 25).

Example 4.5. For every field K, there exist Y - X", > nX"™ and ) (—1)"X" € K[[X]]. Furthermore,

— X" X2 X3
exp(X) := Z T 1+ X+ - + 5 +... € Q[[X]] ((formal) exponential function).
n=0

It holds that

o0 o0 [o¢]
1-X)) X"=> X"-> X"=1.
n=0 n=0 n=1

Definition 4.6. One calls o € K[[X]] invertible, if there exists a § € K[[X]] with a8 = 1.

Remark 4.7.

(i)

(i)

If a, 8,7 are such that af = 1 = a~, then a(8 — ) = 0 and it follows that S = =, because
otherwise 1 = aff = 08 = 0. Thus, there exists at most one § with a8 = 1. One calls § the inverse
of a and writes a~! := 3 or 1/a. More generally, we set

a...a k>0,
N——
k. k times

=31 if k=0,
(a™)7F ifk <0.
for k € Z.

For o, 8,7 € K[[X]] with af = v, we write % = a, if $#0 (as in , this is well-defined).
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Lemma 4.8. Let a =) a, X" € K[[X]].
(i) « is invertible if and only if ag # 0 holds.

(i1) If there exists an m € N with o™ =1, then o € K.

Proof.

(i) Let 8 =) b, X" € K[[X]] with af = 1. Then apby = 1 and ag # 0. Conversely, let a9 # 0. We
define by, b1, ... € K inductively by by := 1/ag and

k
1

by i= —— aiby_; € K
for k € N. It then holds that

k 1 ifk=0,

> aibp_i = .

P 0 ifk>0.
This shows a8 =1 for §:= > b, X"

(ii) We can assume m > 1. For a prime divisor p of m, we have (a™/?)? = 1. By induction on m,
we may therefore assume m = p. Suppose indirectly that o ¢ K and let n € N be minimal with
apn # 0. The n-th coeflicient of o =1 is pag_lan = 0. Since « is invertible (™! = a™71) ap # 0
holds and it follows that p = 0 in K (this holds, for example, for |K| = p). We now examine the

coefficient of X" in oF. This depends only on a, ..., app. According to the multinomial theorem,
R S D SR (L VI 2 Lt
(ko,...,knp)eng+l 05 s 'vmp
k0++knp:p
For ko, ..., knp < p, the multinomial coefficient (ko P knp) is obviously divisible by p and therefore

vanishes in K. Thus, only the multisets {ko,..., k:np} ={0,...,0,p} remain, i.e.
(ap+ ...+ anpX"™)P = al +al X" + afLJrlX("H)p +...+ aﬁpX”pQ.
The np-th coefficient of o is thus al, # 0, in contradiction to a? = 1. O
Remark 4.9. If o, 8 € K[[X]] are invertible, then so are a~! and a8 according to In
this case, (&~ !)"! = o and (af)~! = o181, The invertible power series form an abelian group with

respect to multiplication with identity element 1 (cf. [Definition 10.2)). It is called the unit group of
K[[X]] and is written as K[[X]]*. According to [Lemma 4.8 K[[X]]* = K[[X]]\ X K[[X]] holds.

Example 4.10.

(i) According to [Example 4.5| ﬁ = > X" is the (formal) geometric series. More generally,

1 n—
a_X:Za n an

for a € K\ {0} and
~1

3

a” —1
af =

k=0

a—1

for € K[[X]]\ {1} and n € N.

26



(ii) For distinct a,b € K \ {0}, X + a and X + b are invertible and the partial fraction decomposition

1 1 ( 1 )
(X +a)(X+b) b—a\X+a X+b

holds (bring the right side to a common denominator).

Definition 4.11. For o = > a, X" € K[[X]] let

|O[| — 27inf{k€N0:ak7ﬁ0} eR

be the norm of a, where [0] =27 = 0.
Example 4.12. « € K[[X]] is invertible if and only if |a| = 1.

Lemma 4.13. For o, € K[[X]] we have |af| = |a||B] and |a + 5| < max{|«|,|B|} with equality if
la| # |B| (ultrametric inequality).

Proof. Wlog. let a =3 a, X" #0# 3 =3b,X". Let |a| =27%, |8| = 27! and wlog. k > I. Then
af = apb X 4+ Z cn X"
n=k-+Il+1
for suitable ¢, € K. Because of ab; # 0 it follows that |a3| = 27%~! = |a||3].
From a, + b, # 0 it follows that a,, # 0 or b, # 0. Because of k > [ we then have n > [ and
lao+ B] <278 = max{|al, |B|}. For k > [ we have a; + b, = b; # 0 and |a + 3| = 27 O

Theorem 4.14. By d(a, ) := |a — B|, K[[X]] becomes a complete metric space.

Proof. Clearly d(«, 8) = d(B, ) > 0 with equality if and only if « = 3. Therefore d is symmetric and
positive definite. The triangle inequality follows from the ultrametric inequality

dla,7) =la—7]=la—= B+ B -~ <max{|la—B],[8 — 7|} < |a—= B+ |6 — 7| =d(a, B) +d(B,7).

Let a1, ag, ... € K[[X]] be a Cauchy sequence with o, = ) apn X" for m € N. For each k € N there
exists M = M (k) > 1 with |a,, — aps| < 27F for all m > M. This shows a,, = any for all m > M
and n < k. We define

Ak = AM(k),k

and a = ) a, X". Then |a — appy| < 27F 0, i.e. limy 00 m = a. Thus K[[X]] is complete with
respect to d. O

Lemma 4.15. If ai, ag,... € K[[X]] is a sequence converging to zero, then > o | oy and [[pe (1 + o)
converge.

27



Proof. According to it suffices to show that the partial sums are Cauchy sequences. For
e >0let N >0 with |ag| < e forall k > N. For k > 1> N we have

< max{|a,~]:i:l+1,...,k}<e,

k l k
‘ E ; — E ol = ‘ E (67
=1 i

i=1 i=l+1

k l l k
I +e) =TI +a)| =TT +al| TT O +a 1| =] > TJeu
i=1 i=1 =1 X i=l+1 BAIC{I+1,....k} i€l
<max{|ag|:i=1+1,...,k} <e O

Remark 4.16.

' Ly- - k=2 apnX". ; i
(i) Let « € K|[[X]] be a null sequence and aj = ) ay, X". For each n, only finitely many of the

coefficients a1 p, a2y, ... are then different from 0. This shows
o0 (o.)

S o= 3(S o)
n=0 k=1

i.e. for the calculation of the coefficient of X", one only needs to evaluate finitely many terms.
The same applies to [[,~ (1 + aj). For example,

A+X)A+X)A+XHA+ XY . =1+ X+ X2 2X3 22X 4 ...

(ii) For v € K[[X]] and null sequences a4, ..., {1, ..., it holds as usual that Y ar+>_ B = > (ax+Fk)
and - o = 3 yau.

(iii) It holds that

(D anx™) (Do tax™) = - apbix™,

k>0

because the right side converges regardless of the order in which the pairs (k,[) are summed.

Example 4.17. For o € XK|[[X]], we have |a"| = [a[" <27 — 0 and }_ o™ = 1. We have thus
replaced X by « in the geometric series.

Definition 4.18. For o = ) a, X" € K[[X]] and 8 € XK][X]], one defines

aofi=a(f) = Z an".
n=0

Remark 4.19. For arbitrary a, 8 € K[[X]], the 0-th coefficient >"3° , apbk of a(3) would in general
not be well-defined.

Example 4.20. For a = 3" a, X" € K[[X]], it holds that a(X?) = " a,, X*" and «(0) = ap.
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Lemma 4.21. For o, 3,7 € K[[X]] and every null sequence a1, ... € K[[X]], it holds (if well-defined):

Xoa=a=aolX, (4.1)
(D aw) o8 = (o). (4.2)
(af) oy = (ao7)(Bom), (4.3)
ao(Boy)=(aofB)or. (4.4)
Proof. is trivial. With the notation from it holds that
(Z Oék> (e} /B = Z(Z ak,n)ﬁn = Z(Z ak’m@n) = Z(O{k (¢] /6)
n=0 k=1 k=1 n=0
is obtained by
(aB) oy = Zzakbn K" = ZZ (@) (") = (a0 7)(B o).
n=0 k=0 n=0 k=0
In (4.4), we may assume o = X" according to (4.2]). With (4.3)), it follows that
ao(Boy)=(Bo7)"=p"0y=(aocph)on. O

Remark 4.22. In general, a0 3 # o, ao(fy) # (aof)(aovy)and ao (B+7) #aof +aoy
(Exercise 23). The last equation can be corrected for the exponential function.

Lemma 4.23 (Functional equation). For every null sequence aq,a, ... € XQ[[X]], it holds that

exp (Z ak> = H exp(ay)- (4.5)

In particular, exp(kX) = exp(X)* for k € Z.

Proof. Due to > oy € XQ[[X]] and exp(ax) € 1 + ai + %ﬁ + ..., both sides of (4.5)) are well-defined
(Lemma 4.15)). For two summands «, 8 € XQ[[X]], it holds that

expla+8) = 3 LD zz() o

n=0 k=0
—k

_ Z Z Hin ﬁ Z — Z = exp(a) exp(f).

n=0 k=0

Inductively, one obtains (4.5) for finitely many summands. Finally,

‘H exp(ag) — exp (z”: ozk)‘ = f[ | exp(ak)|‘ ﬁ exp(ag) — 1| = 0.
k=1 k=n+1

For k € Ny, exp(kX) = exp(X + ... + X) = exp(X)*. Due to exp(kX)exp(—kX) = exp(kX — kX) =
exp(0) = 1, it holds that exp(—kX) = exp(kX)~! = exp(X)~*. Therefore, the last assertion holds for
all k € Z. Ul
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Theorem 4.24. For every a = Y a,X" € K[[X]] with ag = 0 and a; # 0, there exists exactly one
B € K[[X]] with f(er) = a(B) = X. Therefore, K[[X]]° := XK[[X]]\ X2K[[X]] is a group with respect
to o with identity element X.

Proof. Let af = Yool aknX™ for k € Ng. Due to ag = 0, ag, = 0 for n < k and ap,, = af # 0. We
define inductively by := 0, by := i % 0 and

Gnn T

1 n—1
by = —— Zaknbk
k=0

for n > 2. For :=>_b,X" € K[[X]]°, it then holds that

Bla) = Zbkak = ZZbkalmX” = Z(Z bka/m)X" = X.
k=0

k=0n=0 n=0 k=0

Interchanging the roles of o and S, one obtains v € K[[X]]° with v(8) = X. According to [Lemma 4.21
it holds that

a(f) =Xo(aof)=(yopB)o(aof)=yo(fea)of=y0Xof=r(f) =X

Thus 3 is the inverse of a with respect to o. In particular, § is uniquely determined and K[[X]]° is a
group. O

Remark 4.25. In the situation of [Theorem 4.24] 3 is called the inverse function of o. Note: B # o~}

(we will not introduce a notation for the inverse function).

Example 4.26. Let a be the inverse function of X + X% 4 ... = % Then
«
X =
l1-a
and it follows that a = HLX =X -X2+X3—...
Definition 4.27. For a = ) a, X" € K[[X]],
o
o = Znaanfl € K[[X]]
n=1
is called the (formal) derivative of a. Furthermore, let a(®) := a and o™ := (1) be the n-th
derivative for n € N.
Example 4.28. It holds that 1’ =0, X’ =1 as well as
o oo
Xn—l X"
exp(X) = Zn o= Z P exp(X).
n=1 n=0
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Remark 4.29. With derivatives, the coefficients of & = 3" a, X" € C[[X]] can be calculated: a(?)(0) =
a(0) = ag, &/(0) = a1, o (0) = 2as,...,a™(0) = nla,. Therefore

(o.9]
=> -
n=0
Over arbitrary fields K, one cannot always divide by n!. As a substitute, one can define the k-th Hasse

derivative -
H*(a) = Zk (Z) an X"k

for a =3 a, X™ € K[[X]]. Analogously, it now holds that o = > ; H"(a)(0)X".

(n)

(T'aylorseries).

Lemma 4.30. For o, € K[[X]] and every null sequence ay,aa, ... € K[[X]], it holds that

(Z ap) = Za; (sum rule),

(aB) =d'B+af (product rule),

=— (quotient rule),
(a0 p) =d(B)f (chain rule).
Proof.
(i) With the notation from [Remark 4.16} it holds that
’ oo o0 ’ oo o0 oo oo
(Z ak) = (Z Z aka”) = Z Z na;mX”*1 = Z (Z nak’nX”A) = Z -
n=0 k=1

n=0 k=1 k=1 n=0

(ii) According to (), one may assume o = X* and 8 = X!. Then

(O[ﬁ)/:(Xk+l),:(l€+l)Xk+l 1 ka le+le le Oé,ﬁ+ﬁ/a.

(iii) Wlog. let oy, # —1 for all k € N (otherwise both sides are 0). From ({i) one obtains inductively

/

(ITa+aw) =TTa+ ) ; 5 ar

k=1 k=1

for all n € N. The claim follows with n — oo.

(iv) From (i) it follows that
/ o ! C!f/
o = (—B) ( ) B+ =

(v) According to (i), (o) = na" 1o/ holds for n € Ny. From the sum rule it follows that

(@op) = (Y anp") =3 an(5") Znanﬁ" 1§ = /(58 0
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Remark 4.31. The product rule also implies the constant multiple rule (Aa)’ = Ao’ for A € K and
a € K[[X]).

Example 4.32. We define the (formal) logarithm by the Mercator series

0 nf 2 3
log(1 + X) - Z nox o X X o cox]L

According to [Theorem 4.24] o := exp(X) — 1 has an inverse function and log(exp(X)) =log(1 + «a) €
QI[X]]°. Because of

1
log(1+ XY =1-X+X?>F...= X))V =
og(1+ X) FXIF =D (X =

it follows from the chain rule that

o exp(X) 14«
og(exp(X)) ta- 1lta —1ta

This shows log(exp(X)) = X. Thus log(1 + X) is the inverse function of o = exp(X) — 1 as in analysis.
Furthermore, log(1 — X) = — > | £~ holds.

n=1

Lemma 4.33 (Functional equation). For every null sequence oy, aa, ... € XQ[[X]] it holds that

log(H 14 ay ) Zlog 1+ ag).

Proof.

log(H(l + ak)> = log (H exp(log(1 + ozk))> E:23]log(e1>cp<z: log(1+ ak)>)

= Zlog(l—i—ak). O
Example 4.34. According to it holds that
1 1 1
log(— ) = log (7= ) +log(1 = X) —log(1 — X) = log(—(1 — X)) — log(1 — X
og( 17— ) =log(;— ) *los( ) — log( ) =log( —( )) — log( )
=log(l) —log(l — X) = —log(l — X Z—
Definition 4.35. For ¢ € C and o € XC[[X]] we define

(14 )¢ :=exp(clog(l + a)).
In the case ¢ = 1/k with k € N we write ¥/1+ o := (1 + a)"/* and specifically 1+ o := ¥1 + a.

Remark 4.36.
1 ccording to the functional equation it holds that
(i) A ding he f l eq holds th
(14 a)%(1 + a)? = exp(clog(1 + ) + dlog(1 4+ a)) = (1 + a)°™

for ¢,d € C as usual. For k € N it is therefore /1 + " =1 +a, i.e. /1 + «ais a k-th root of
1 + o with constant term 1. Let also 8 € C[[X]] with 8¥ = 1+ a. Then /T + af~! has order

< k in C[[X]]*. From it follows that /1 + aB~! is constant, i.e. 3 = B(0) V1 + a.

Therefore /1 4+ « is the unique k-th root of 1 + o with constant term 1.
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(ii) The following theorem generalizes both the binomial theorem (¢ € N) and the geometric series

(c=-1).

Theorem 4.37 (NEWTON’s Binomial Theorem). For a € XC[[X]] and c € C it holds that

(14 a) = i <;> o*.

k=0

Proof. It suffices to prove the claim for o = X. According to the chain rule it holds that

1+ X)e
(14 X)) = (exp(elog(1 + X)) = L E2V 1 4 xpet
1+ X
and inductively it follows that ((1+ X))®) =c(c—1)...(c—k+1)(1+ X)**. The claim now follows
from the Taylor series. O

Example 4.38. Let ¢ € C with ¢" =1 (cf. [Definition 6.29) and a := (1 + X)¢ — 1 € XC[[X]]. Then
aoa=(1+1+X)-1¢—1=(14+X)" —1 and inductively ao...0oa = (1 + X)¢" -1 = X,
i.e. the order of a in the group C[[X]]° divides n. In contrast to C[[X]]° thus possesses

“interesting” elements of finite order.

Definition 4.39. For n € Ng let X! := (1 — X)(1 - X?)...(1 — X"). For 0 < k < n one calls

n xn I—X"  1— X"kl
<k> = xhixeR - oxFo 1ox  © KX

Gaussian binomial coefficients. For k < 0 or k > n let <Z> = 0.

Remark 4.40. As always, <7OL> = <Z> =1 and <Z> = <nﬁk> for all n € Ng and k € Z. Furthermore,

(=% =1+X+...+ X" ! and

Lemma 4.41. Forn € Ny and k € Z, it holds that
n+1 g/ M n n _ n
- X _ Xn+1 k )

Proof. For k > n+1 or k <0, all terms are 0. For k =n+ 1 or k =0, both sides are 1. For 1 < k <mn,
it holds that

g /n no\ [l — XnTR Xm 1— Xl el
X <k> * <k: - 1> B (X —xk 1) Xk=11xn—k+11 = 1 — Xk Xk-1|Xn+1-k]

n+1 n+1 n n

_ :Xn+1fk

(=Gt =)+ G

n n

Xn-l—l—k )

) :
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Remark 4.42. One may compare the recursion formulasE]

=)+ ()

Thus, one can calculate ((})), [], {}} an

Theorem 4.43 (GAUss’s Binomial Theorem). Forn € N and o € K[[X]], it holds that

ﬁ(1 +aXxh) = zn: <Z>akx('§).

k=0 k=0

Proof. Induction on n: For n = 1, both sides are 1 + «. For the induction step, we let all sums run
from —oo to oo (this makes index shifts easier):

[[(1+ax") =(1+axm) 3 <Z>akx<é>

k=0 k=—o00

(*3)

—~ =

DR TED I s Ol
= (, )@ Tk Yakx®
TR0 - (et m

Remark 4.44. There is also a Vandermonde identity for <Z>

5. Generating Functions

Definition 5.1. In this chapter, let always Q C K. For a sequence of numbers ag, a1, ... € C, one calls
Yol ganX™ € C[[X]] the generating function of ag,ai,.. ..

Example 5.2.

(i) The generating function of the constant sequence 1,1,...is (1 — X)~L.

2All formulas can be unified: [J. Konvalina, A unified interpretation of the binomial coefficients, the Stirling numbers,
and the Gaussian coefficients, Amer. Math. Monthly 107, (2000), 901-910]
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(ii) If a € C[[X]] is the generating function of ag, ay, ..., then a(—X) is the generating function of
ap, —ai,a, .. ..

(iii) If «v is the generating function of ag,aq, .. ., then o is the generating function of 0, a1, 2as9, 3as, . . ..

For example, (1—1)()/ = (1_1)()2 (quotient rule) is the generating function of 0,1,2,3,....

(iv) Every k-element multiset A C {1,...,n} corresponds to exactly one partition k = ki + ...+ ky,
where k; € Ny denotes the multiplicity of 7 in A. This shows

1 oo n oo oo
s () =2 aey((3)x
k=0 k=0 (k1,....,kn)ENG k=0

ki+...+kn=Fk

for n € N (cf. [Theorem 4.37)).

(v) We consider the recursively defined Fibonacci sequence fy:=0, f1 :=1 and f, 11 := fn—1 + fy for
neN (e, 0,1,1,2,3,5,8,...). For a:=>_ f, X" € R[[X]], it then holds that

o o
a=X+Y fuX" =X+ (fo2+ fo1)X" =X + X0 + X

Thus
X

CTI T x —x*

Theorem 5.3 (BINET formula). For n € Ny, it holds that

=

f":ﬁ< 2 NAYE

Proof. Let a be as in [Example 5.2, If ¢ := 1+\[ € R is the golden ratio and ¢ := \/5 € R, then
(X +¢)(X +19) = X2+ X — 1. Partial fractlon decomposition (Example 4.10) yields

o -X :X<1_1>:£(1_1>
(X+o)(X+9) -\ X+p X+¢/ V5\X+p X+9¢/
Nowgp‘le\[——wand
X @_ _ —n—1 nl__oo nwyvn
e - > (=) X*—nzzjlwx.

It follows that

(Z XY X i} (" — )X
n=0

n=1

C)‘!

Comparison of coefficients yields the assertion. O

Remark 5.4.
(i) Since the second summand in [Theorem 5.3|is smaller than 3, one obtains the simpler formula by

rounding e
=5
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(ii) One can also interpret f, combinatorially: Let g, be the number of {1,2}-sequences whose
sum yields n. Certainly go = 0 and g1 = 1. If (ay,...,az) € {1,2}¥ with > a; = n + 1, then
(a1,...,ak_1) is a sequence with sum n or n — 1, depending on whether a = 1 or a; = 2 holds.
This shows gn+1 = gn + gn—1 and it follows that g, = f, for all n € N.

Theorem 5.5. It holds that

(i) > opm)x"=1] 1—71)(16 (EULER),
n=0 k=1

(17) Z bg!l)X” = exp(exp(X) — 1).
n=0

Proof.

(i) Because of (1 — X*)~!1 = Y>> (X*)" € 1 + X*K[[X]], the infinite product is well-defined
(Lemma 4.15)). The partition (1%1,... ,n% ) of n € Ny satisfies aj + 2a2 + ... + na,, = n. Therefore
p(n) is the number of all solutions (ai,...,an) € Nj with a; +2a2 +. ..+ na, = n. This is exactly
the n-th coefficient of

A+ X+ X2+ X7+ )+ X2+ X224 X204 )1+ X34+ X324 x4 ) =[] —

(ii) Let o := exp(exp(X)—1) = > % X" Then ag = exp(exp(0) — 1) = exp(0) = 1 = b(0). The chain
rule yields

o0

Z Intl xn — of = exp(X)exp(exp(X) — 1)

n!
= (gé)‘*k> (5 xt) :igwx

Therefore a,1 = ZZ:O (Z) ap for n > 0 and the assertion follows from [Theorem 2.40 [l

Remark 5.6. One can visualize partitions A = (A1,...,Ag) (with Ay > ... > X\g) of n € N by Young
diagrams (also called Ferrers diagrams). For example:

n=0

(5,3,22,1%) = | ]

By reflection across the diagonal, one obtains the Young diagram of the conjugate partition \' =
(A1, ..., A) of n. For example:

(5,3,22,1%) = [ [ 1=(7,4,2,1%

In general, N, = [{j : A\; > 4}| for i = 1,...,l. Furthermore, \” = A\. One calls A symmetric, if X' = \.
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Theorem 5.7. Let n, k € Ng.

(i) (EULER) The number of partitions of n into distinct parts is equal to the number of partitions into
odd parts.

(i) The number of partitions of n into k parts is equal to the number of partitions with largest part k.

(#ii) (SYLVESTER) The number of symmetric partitions of n is equal to the number of partitions into
distinct, odd parts.

Proof.
(i) If u(n) is the number of partitions into distinct parts, then

S unX" = 1+ X)L+ X1+ X = ST
1
1-X)1-X3)(1-X5)...

=(I+X+X24+. )0 +X34+X4+..)....

On the right side stands the generating function of the number of partitions into odd parts.
(i) The map A — X provides a bijection between the specified sets.

(iii) The following map provides the desired bijection:

{symmetric partitions of n} — {partitions into distinct, odd parts},
()\1,...,/\k) — (2)\1 —1,2X0 — 3,2)3 —5,...)

Example 5.8. For n = 8 one obtains

Partitions into distinct parts: (8), (7,1), (6,2), (5,3), (5,2,1), (4,3,1
Partitions into odd parts: (7,1), (5,3), (5,13), (32,12), (3,19), (18)
Partitions into distinct, odd parts:  (7,1), (5,3)

Symmetric partitions: (32,2), (4,2,1?)

Partitions into 4 parts: (5,13), (4,2,12), (3%2,1%), (3,22,1), (29
Partitions with largest part 4: (42), (4,3,1), (4,22), (4,2,1?), (4,1%)

Remark 5.9. Let py(n) be the number of partitions of n into parts < k (according to [Theorem 5.7
this is also the number of partitions into at most k& parts). The proof of [Theorem 5.5/ shows

o0
Zpk(n)Xn:(1+X+X2+...)(1+X2+X4+...)...(1+Xk+X2k+...):ﬁ.
n=0 :
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We now study the number py ;(n) = p; x(n) of partitions of n with at most k parts and each part <.
These are exactly the partitions whose Young diagram fits into a rectangle of size k x [. The remaining
part of the rectangle rotated by 180° yields a partition of kIl — n of the same format:

ﬂ a H
Theorem 5.10. For k,l > 0 it holds that

ni;opw(n)Xn = <k ]—: l>-

Proof. Induction on k4 [. For kK = 0 or [ = 0 both sides are equal to 1. So let k,Il > 1. Let A\ =
(A1, A2, ...) € P(n) with at most k parts and each part <. If A\; =, then (A2, A3,...) € P(n—1) with at
most k—1 parts. Otherwise, every part of X is at most [ —1. This shows py ;(n) = pgi—1(n)+pr—1:(n—1).
For P(k,1) := > pr(n) X" it therefore holds that

This shows py(n) = pii(kl —n)

P(k,1) = P(k,l — 1) + X'P(k — 1,1).

The claim now follows by induction and O

Remark 5.11. For £, N > 0 it holds that

o0 oo

> k() —pen k)X = D (ok(n) = pry-k(n) X" —0 (N = o0)
n=0 n=N—-k+1

N 1
]\}E)noo<k‘> Zp’“ X' =<

and

For k,l € Z it holds analogously

o0

. 2N+ k 1
A}gnoo< N+l>_ lim ZPN+1N+k i(n ZP =11 T xm

m=1

Both limits can also be derived from the definition of <Z>

Theorem 5.12 (ERDOS-TURAN). Let n,d € N. The number of permutations of S, whose cycle lengths

are not divisible by d is
[n/d]

n'H

k:d—l

Proof (POLYA). The number of permutations of type (1°1,..., n!) is

n!
10 .. .nl"h! )
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according to The sought number, divided by n!, is therefore the coefficient of X™
. Xdk
IS5 () - Tlewexts Bon(£ ) —en( -2 47)
dfk ik

£33 «a 1
— 1—Xd— _
1-X

L= X% x5 B (dz_l x7) (i ((1 _qd>/d> (~x%).

T1-Xx
r=0 q=0

= exp(—log(l — X) + %log(l - Xd))

In this, X™ occurs if and only if n = gd + r with 0 <r < d and ¢ = |n/d] (division with remainder)

The coeflicient is then

_ a1 _
(1)q<(1 qd)/d) ) T kdkd L

Example 5.13. A permutation has odd order if and only if it consists only of cycles of odd length

The number of permutations in S,, with odd order is therefore

'LﬁJZk 12.32.....(n—1)? if n is even,
n
12.32.....(n—2)%-n ifnisodd.

Theorem 5.14 (EULER’s Pentagonal Number Theorem).

L 3k2—k 3k 4k > k 3k2 4k
1) (X > 4 X ): 3 (-Ex et

k=—o0

ﬁ(1 - Xk =1 +§:(—
k=1 k=1

=1-X-X’4+ X4 X" -Xx12_Xxb

Proof (FRANKLIN). Let n € N and A,, be the set of partitions of n into distinct parts. For A € A,, let
|| be the number of parts of A\. The n-th coefficient of (1 — X)(1 — X?)... is then Y e, (= DA (cf.

proof ofm ). Suppose first n # (3k? 4+ k)/2 for all kK € N. We construct a permutation F on
A, with |[F(N)| = |A| £1 for all A € A,,. Then it follows

Z (- = Z (—DHIFNI = — Z (- =0

AEA, AEA, AEA,
as desired. Let A = (Ag,..., ) € Ay, with Ay > ... > N and s:=max{l <i<l: )\ =X —i+1}. We

define
Ar—1,. . = 1L Agqq, ..o,
F(): (1 ) ) +1
()\1+1,...,)\)\l+1,)\)\l+1,...,

o

= (2k— 1,2k —2,...,k) and

AL, S) if s < Mg,
No1) if s> A

This fails only in two cases: In the first case A

2k—1
2R\ (R 3K2—k
=2 (3)-0) -7

i=k
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In the second case A = (2k,2k —1,...,k+ 1) and

2k
, 2k +1 E+1 3k% + k
=3 = () ()=

i=k+1

Both were excluded. Thus F is well-defined and |F(\)| = |A\| & 1 for all A € A,,. Since F? =id, F is a

permutation.

If now n = (3k% + k)/2, then F can still be defined on A, \ {u}, where p is one of the two partitions
mentioned above. One then obtains

PO O L D B O N D DN G e G
A€An AEAR\{u} AEARN\{p}

as desired. O

Remark 5.15. From Theorems [5.5 and [5.14] it follows that

> p(m)X™
n=0

[e.9]

2
>R =

k=—o00

and

2”: (—l)kp(n— 3k22+ k:) .

k=—n

for n € N, where p(k) := 0 for £ < 0. One obtains a recursion formula:

p(0) =1,
p(n) =p(n—1)+pn—-2)=pn—>5)—pn—-"7+... (neN).

Example 5.16. It holds that

p(1) =p(0) =1,

p(2) = p(1) +p(0) = 2,

p(3) =p(2) +p(1) =3,

p(4) =p(3) +p(2) =3+2 =75,

p(5) =p(4) +p(3) —p(0) =5+3-1=7,
p(6) =p(5) +p4) —p(1) =7+5—-1=11

(cf. https://oeis.org/A000041).

Theorem 5.17 (DURFEE’s Square Theorem). It holds that

o0

o0 Xk2
7;)]9(11))(" = kz Xz

=0

Proof. Let A € P(n) and k € N be maximal with Ay > k. This means that the Young diagram of A
contains a square () with side length &, but none with side length k + 1. (One calls @ the Durfee square
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of A). Below @ there is a partition with largest part < k. To the right of @ there is a partition with at
most k parts.
|

The number of both partitions is counted by pg. Therefore

S opm)xm =" x* (Zpk(n)X">2 =
n=0 k=0 n=0

Lemma 5.18 (HIRSCHHORN). For n € Ny it holds that

L " on+1
(1— Xxk)? 2k +1)X < > 5.1
kf_ll => (-1 L (5.1)

k=0

Proof. Induction on n: For n = 0 both sides are 1. Now let n > 1. Let @, be the right side of (5.1]).
Repeated application of yields

Qn = X" Zn:(—n’f(zk: +1)x <n2_"k> + nZl(—l)’“(% +1xs <n _2:_ 1>

k=0 k=0
n n—1
om — 2/ 20— 1
= X" 2k + X2 F2k+1)X
WENCE ) IEUCE ()
n—1
ok K24k 2n — " k243642 2n —1
+) (—DFEE+1)X 2 <n 1>+X Z Fok+1)X 2 <nk2
k=0 k=0
on —1 n—1 - K2k /20— 1
_ 2n n
=1+ X")Qn-1+X << . > < 1>+ > Fok+1)X <n_k>
n—2
ok k2 43k+2 2n —1
+Y (DR D)X <nk >>
k=0
n—1
2n — 1 K24k 2n —1
— 2n nf _ _1\k+1 k +k
=1+ X")Qn-1+X < 2<n_1>+;( DY 2k +3)X = <n_k_1>
n—1
+) (D) 2k -1)X e <n_k_1>)
k=1
n—1
2n —1 k2+k 2n —1
— 2n o n
=(1+X"Qn_1 —2X <<n_1>+;( DRk +1)X <n_k_1>)
= (1+ X*)Quo1 = 2X" Qo1 = (1 - X")?Quy = [ (1 - XM)2. 0
k=1

Theorem 5.19 (JACOBI). [t holds that

o0 o0 2
[T x5 =3"(-DF@ek+1)X 5t
k=1 k=0
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Proof. The coefficient of X™ in []p2,(1 - X k)3 obviously depends only on the first n factors. According
to it holds that

[T - x%? = [L - X5 3 (-1)k@k + 1)X <2:_+k1>
k=1

k=1 k=0

3

K24k

(-D*2E+1)X 2

(1—X"Fhy (1= X")(1 — X"HRF2) (1 — X2t

e
I
=

Because $(k? + k) +n—k+1=n+1(k*—k)+1>n for k> 0, there exists an o € K[[X]] with

n n 2+k
[Ta-x"P=>(-Df@k+ DX 2" +a
k=1 k=0
and || < 2". In particular, X™ does not occur in a. O

Remark 5.20.

(i) For a = > ap X", 5= > b, X" € Z[[X]] and d € N we write o = 5 (mod d) if ay = by, (mod d)
holds for all k € Nj.

(ii) If « = 8 (mod d) and v =6 (mod d), then also a +v =+ d (mod d) and ay = 3§ (mod d),
because Y ;g apCn—k = > p_obrdn—i (mod d) for n € Ny.

(iii) If ap = bg = 1, then o~ !, =1 € Z[[X]] follows from the proof of Furthermore, a =
(mod d) is equivalent to a~! = 87! (mod d).

(iv) For every prime p it holds that
P
(a+ B)P Z( ) gk = aP + 87 (mod p),
since (i’) is always divisible by p for 0 < k < p.

Theorem 5.21 (RAMANUJAN). Forn € Ng, 5| p(5n+4) and 7 | p(Tn + 5).

Proof. Let o := [[(1 — X¥). According to [Remark 5.20, o® = [J(1 — X*)® = [[(1 — X°F) = a(X?)

(mod 5) and o™ = a(X®)~! (mod 5). For k € Z, it holds that

. 0 ifk=0,—-1 (mod5),
§(k2+k)5 1 ifk=1,-2 (mod5),
3 ifk=2 (mod5).

We can therefore write Jacobi’s identity in the form

of = S (—D)F2k+1)X +Z bk + )X+ S DRk + 1) xS

k=0,—1 (mod 5) k=1,—2 (mod 5) k=2 (mod 5)
=ap+a; (mod5)
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where «; is formed from the terms az X* with & =4 (mod 5). From [Theorem 5.5|it now follows that

N a o+ a)?
Zp(n)X" =al= 2@5)2 = ( 5(;5)12) (mod 5). (5.2)

In (ap+aq)?, only the X* with & = 0,1,2,3 (mod 5) occur, while in a(X®)~2 only X% occur. Therefore,
the powers of the form X%+ do not occur at all on the right side of (5.2)). Thus, p(5k+4) = 0 (mod 5)
must hold.

For the second statement, we observe (k2 +k)=0,1,3,6 (mod 7), where the last case only occurs
for k=3 (mod 7) and then 2k +1 =0 (mod 7). As above, we can therefore write a® = ag + a1 + a3
(mod 7). Then

o0 3)2 2
n_ -1 (@) _ (a0 + a1+ ag)
E p(n) X" =a " = o = 2 (XT) (mod 7).
Again, X7**5 does not occur on the right side. O

Remark 5.22. Ramanujan also proved 11 | p(11n + 6) for all n € Np, but this is more involved to
show. The relation 5 | p(5n 4 4) can be specified as

Zp5n+4 _510_0[@

Ramanujan’s “most beautiful” formulaﬁ Ono has proven that for every prime p > 5 there is a
corresponding relation. These are, however, significantly more complex, such as

13 | p(113 - 13n + 237).

Theorem 5.23 (JACOBT's triple product). For every a € K[[X]]\ X2K[[X]], it holds that

oo o0

[T - X +ax® N +a' X% = 3 ofx?
k=1 k=—o00

Proof (WRIGHT). Since a ¢ X2K[[X]], @ 1 X is indeed well-defined according to Therefore,
a1 X2 i5 also well-defined for all k € N. Likewise, a*X** = (a1 X)~*X*F* is well-defined for
k < 0. As usual, the infinite products and sums are also well-defined. With := aX and v := o~ ' X,
we must show

o0 [e.e]
k=1 k=—o00 n=1
According to we have
[e¢]
= ZP
=1
On the other hand,
oo [o.¢]
H Bk k—1 1+I3kz 1 k) Z t(n,m)ﬂ” m,
k=1 n,m=0

3see [M. Hirschhorn, The power of ¢, Chapter 5]
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where t(n, m) is the number of partitions of the pair (n,m) € N(Q) into pairwise distinct parts of the form
(a,a—1) and (b—1,b) with a,b € N (Example: (3,4) = (1,0) +(0,1)+(2,3) = (2,1) +(0,1) 4+ (1,2), so
t(3,4) = 3). The term "~ appears on the right side of only for the (n — m)-th summand. The
corresponding coefficient is then p(n — (n — m)(n — m+ 1)/2), where we assume p(k) = 0 for k < 0. It
thus suffices to show

t(n,m) =p(n— (n—m)(n —m+1)/2) (5.4)
for all n,m € Ny. Because of t(n, m) = t(m,n) and

(n—m)(n—m+1) 1 B (m—n)(m—-—n-+1)
n— 5 7§(n+m—(n—m)2)fm— 5 ;

we can assume n > m. Let k := n — m. Every partition of (n,m) then corresponds to a representation
of the form

k+s s
n=> ai+y (bi—1) (s>0,1<a1<...<agpps, 1<by<...<by). (5.5)
=1 =1

Let N :=n— k(k+1)/2. For N <0,

k(k+1
S a>Yi= ket+1)
, , 2
=1 =1
and ((5.5) has no solution. Because of p(N) = 0, (5.4) is proven in this case. In the case N = 0, (/5.5))
has only the solution s = 0 and a; =i for i = 1, ..., k. Because of p(0) = 1, we can now assume N > 0.

We construct a bijection between P(N) and the representations (5.5)). Let A € P(N). Above the Young
diagram of A\, we place a right-angled triangle with side length k. Example (n,m) = (33,30), k = 3,

N =27 and A = (82,6,4,1):

In total, one obtains N + k(k + 1)/2 = n boxes. One now extends the diagonal of the triangle and
divides the boxes below and above it into columns and rows respectively:

If s > 0 is the number of resulting rows, then k + s is the number of resulting columns. Let a; be the
number of boxes in the i-th column and let b; — 1 > 0 be the number of boxes in the i-th row. Then
1<a; <...<agys, 1 <by <...<bsand Zfif a; +>.;_1(bi — 1) = n hold. We have thus found
a representation (in the example s = 3, (a1,...,a6) = (8,6,5,4,2,1) and (b1, ba,b3) = (5,4,1)).
Conversely, one can start with such a representation, draw the corresponding diagram and remove
the upper triangle. In this way, one always obtains a Young diagram of a partition of N. These two
processes are obviously inverse to each other, so that one obtains a bijection between P(N) and the

representations (5.5)). Thus (5.4) is proven. O
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Example 5.24.

(i) For ae € {£1, X}, [Theorem 5.23| becomes

ﬁ( - X1+ X Z X+ (5.6)
k=1 k=—00
(11— XM & 9%k 2%—112 = kv k2
[ = [I0 -0 -x7= 37 ok 6)
k=1 k=1 fe—oo
10_0[(1 _ XQk‘)(l +X2k‘ Z Xk:2+k: ZXk2+k (58)
k=1 k—foo

where the bijection k — —k — 1 on Z was used in the third formula. In there, X only occurs with
even exponents. By comparing coefficients, one may halve the exponents and obtains

TI0 - X0+ x4 = [[1 - x4+ xh? =3 %%
k=1 k=1 =0

similar to [I'heorem 5.191

(ii) According to [Definition 4.18] we may replace X by X? in [Theorem 5.23| If one then sets a = — X,

it follows that

o0 [ee]
H (1- XGk; XGk—Q)(l _ X6k—4) _ Z (_1)kX3k2+k'
k=1 k=—00
Again, one may halve the exponents and obtains
o0 o0 oo 3k2+k
— = — — - — - = — T7
k=1 k=1 k=—00
i.e. [Theorem 5.141
(iii) Replacing X by X° and choosing o € {—X, — X3}, one obtains in a similar way
a > 5k2 4k
[ - x")1 - x%2)a - x%%) = 3 (—1kx ™3™, (5.9)
k=1 k=—00
a > 56243k
[[a-x"a-x*Ha-x*4= > (-)x 2. (5.10)
k=1 k=—oc0

Theorem 5.25 (LAGRANGE-JACOBI). Every natural number is the sum of four squares. More precisely,
={(a,bc,d) € Z* 0> + VP + 2+ d>=n}| =8 > d
4td|n
holds for n € N.
Proof. Obviously, it suffices to prove the second statement (by Jacobi). Since the summands (—1)(2k +

2
)X 2% in|Theorem 5.19| are invariant under the transformation k — —k — 1, it holds that

e}

o 1 k2+k
k\3 k
k||1 (1-x* =2 > (-DFE@k+ DX 2.

k=—00

45



Squaring yields

(e 9]

- 1 k24 k41241
k\6 k+l
kl_ll (1—X") =1 E (—)" ™ 2k+ 121+ 1)X 2 .

k,l=—oc0

We transform the pairs (k,1) with k = [ (mod 2) using (k,1) — (s,t) := 3(k+ I,k — ), while we
transform the pairs with k # { (mod 2) using (s,t) := 3(k —1— 1,k + 1+ 1). It holds that k = s + ¢
and | =s—torl=1t—s— 1, respectively. Therefore,

1 o0
o= > (@s+2t+1)(2s -2+ )X

s,t=—00

(s+t)2+sttt(s—t)24s—t
2

(s+8)2+sttt(t—s—1)2t—s—1
2

(25 + 2t + 1)(2t — 25 — 1) X

Z 25+ 1) = (202) X4 23021 — (28 D)X

s,t

Z 25 + 1 )2)Xs2+5+t2

t=—o0 S§=—00 S§=—00 t=—o0
For 8:= 5" X and 7= 1 3 X+ it holds that v +4X7' = 1 37(25 + 1)2X**+* and it follows that
= By +4X7) —4X5".

We apply the product rule to and (| .

, (T _ v2k oh-112) _ 2N (2k —1)X*F2 2k X2
5_<H(1 X+ x )) =5 (2 1+ x2k—1 1_X2k)

k=1 k=1

00 00 2kX2k—1 QkXQk—l
I _ X2k 1 X2k ) ( o )
y q_[l( )1+ le o

Substitution yields:

o=py(1+ 82(12%5; (21;‘ " ?fﬁ_l))'

Here, By = [T(1 — X2%)2(1 + X2~ 1)2(1 + X2)2 = T](1 — X?)2(1 + XF)2 = T](1 — X?)*(1 — Xk)~2
After balancing this with «, there remains

> 2\ 4 (1—X* 2k X 2k 2k — 1) X 2k—1
(Z( DX k) H+X2k))_ _1+82(1+X2k (1+)32k1 )

k=—o00
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Finally, we replace X with —X:
26X (2k —1)X2k-1
ST S N 5 = CCE E

(2k —1)X2k=1 o X2k 2k X 2k 2k X 2k
_1+SZ( — x2k—1 +1_X2k_1_X2k+1+X2k>

kXE akXxk kX
:1+8Z(1—Xk 1—X4k>71+821—Xk
k=1 4

:1+8ZkiX“:1+8iZdX". 0

Atk I=1 n=144d|n

Example 5.26.

(i) For n = 30, we have > ,4350d =1+2+3+5+ 6+ 10+ 15 4 30 = 72. Therefore, there are
8 - 72 = 576 possibilities to write 30 as a sum of four squares. These arise by permutation and
choice of signs from

30=12+22+3>+42 =07 + 17 + 22 + 5°.

(i) Obviously, 7 is not a sum of three squares. Because a® + b? +c?> # 7 mod 8, more generally every
number n =7 (mod 8) is not a sum of three squares.

Remark 5.27.
(i) If n,m € N are sums of four squares, then so is nm, because Euler’s identity holds:
(a2 + a3 + a3 + a?) (b3 + b3 + b3 + b3) = (a1by + azby + azbz + asby)?
+(arby — agby + agbs + asbs)® + (a1bs — asby + asbz — agbs)® + (ar1bs — asby + azbs — asbs)”
This reduces the first statement (by Lagrange) in to the case n € P.

(ii) The Waring problem for k € N asks for the smallest number w(k) € N such that every natural
number is the sum of w(k) k-th powers. Hilbert proved w(k) < oo. It holds that w(l) = 1,

w(2) = 4 (Theorem 5.25)), w(3) =9, w(4) = 19 and it is conjectured in general that
3\ k
w(k) = Ki) J+2k_2.

Interestingly, only the numbers 23 = 2-23 4713 and 239 = 2-43 +4-33 + 3. 13 are not the sum
of eight cubes. Furthermore, there are only 15 numbers that are not the sum of seven cubes. It is
conjectured more generally that every sufficiently large number is the sum of four cubes.

(iii) Since every odd number has the form +1 + 4k, [Theorem 5.7(i) can be formulated as follows: The
number of partitions into distinct parts is equal to the number of partitions into parts of the form
+1 + 4k. We now replace 1 + 4k by £1 + 5k.

Theorem 5.28 (ROGERS-RAMANUJAN identities). It holds that

oo 1 ] XkQ
H (1 — XOk—1)(1 — xok—1) ~ 22 X1’ (5.11)
k=1 k=0
oo o0 2

1 Xk +k
H — XPR-2)(1 — Xok3) Z Xk (5.12)
et k=0
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Proof (CHAPMAN). For n € Ny let

n 1= Xk‘2n = Xk;2+kn
=) ST

~ ok 5k2 4k 2n 5 Y 5k2 731@ 2n+1
= ), (DX <n+2k> Bui= 3 (CUFXTE <n+2k

k=—o00 k=—o0

(all sums are finite). It holds that ag = Sy = ag = Bo = 1. For n > 1 we have

B g /n—1 n—t /M —1 n k(k—1) /T — 1
. X L X a1+ XS Xk
kzzo k k—l = Gn-1t Z k—l

00
n—1
:an1+XnZXk(k+l)< k >:an1+Xn/8nla
k=0

n. o - K24k /T n—ky _ - K2 X' n—k
Bn — X an—ZX <k>(1_X )_ZX 7Xk!Xn_k!(1_X )
k=0 k=0

_ (1 - Xn) ZXk2+k<n ; 1> — (1 o Xn)/Bn—l-
k=0

2

By these recursion equations, «;,, and 3,, are uniquely determined. We now show that an “index shifi
does not change a,:

i( 1)kX5k22+k 2n+1 @A) i( 1)kX5k22+k 2n +X"+2k+1 2n
n+2k+1/ n+ 2k n+2k+1

k=—00 k=
_ el > Sk 5k +5k ! Sk(k+1) 2n
=0t kzo n+2k+1 + Z n 2k 41
s 5k 5k% 45k > 5(—k—1)(—k) 2n
o (kzo <n+2k+1> kz ’ <n—2k:—1>>
s 5k 8k% 5k > 5k sk215k 2n
= a, + X" = Qp.
s (St Sy <n+%+1>) g
Therefore it holds that
o o0
" " B lo < BE2tk 2n ko 8k2tk /2n —1
Gn—Gna= 3, (FDIX <n+2k>_ 2 X o
k=—00 k=—00
@A) i ( 1)kX 5k22+k -2k 2n—1 - X”B
= 2 n+2k‘—1 == n—1,
_ > 2_ 2n+1 2n > 5k2 -3k 2n
—X"d, = Ckx T — X2k = ~1)kX
fn An k_zoo( ) ’ n+ 2k n + 2k k_zoo( ) C\nt2m—1
_ i ()b x o 2n —1 L -2kl 2n —1
. n+2k—1 n+ 2k —2
=—00
e k2 _7hi2 2n —1
— Xn -1 k — -
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o0

~ a-k)2-7a-k)+2 /2n — 1
=B,y 4 X" D G S
/Bn 1+ Z ( ) 2 n — 2k

k=—o00

CBa—xn S xR P N oy
SR LD SN CI e (R B (B ST

k=—o00

Thus &, and En satisfy the same recursion equations. Inductively one obtains «,, = &, and 3, = Bn for
all n € Ny. Now it holds that

n
1 EII
‘ZX’“Q (— - <”>)’ < max 27HHEl <90 (o).

P X* k//1 = k=o0,., n
This shows
Xk2 0 . n ' . N 00 i ik o
= X i () = i oo = i @ = 30 0 i )
- = =—00
[ (= X0 - X050 - X0 _ 1 1
Hzozl(l — Xk) P (1— Xsk_1)(1 — X5k—4)’
00 2 00 o
XKk +k K2k 1 n & < 5k k. o2n +1
kZoX“_kZ%X ”1%0<k>_nhjolo’8"hm B”kz( DX 73520<n+2k>
- = =—00
[12, (1 - XP)(1 - X1y (1 - X% ﬁ | .
N [T, (1 — XF) LL (T XEER) (1= xRy

Remark 5.29. The coefficient of X™ on the left side of (5.11)) is the number of partitions of n into
parts of the form +1 + 5k. The right side of ([5.11)) is

Zzpk Xn+k Zzpk(n_k2)Xn

k=0n=0 n=0 k=0

If (A\1,...,\x) € P(n—k?) with at most k parts, then (A +2k —1, Ao +2k —3,..., \p + 1) is a partition
of n—k*>+143+...42k— 1 =n with exactly k parts, which all differ by at least 2. Conclusion: The
number of partitions of n into parts that differ by at least 2 is equal to the number of partitions into
parts of the form +1 + 5k. Using k? + k = 2+ 4 + ... + 2k, one obtains the following interpretation of
: The number of partitions of n into parts that differ by at least 2 and are greater than 1 is equal
to the number of partitions with parts of the form +2 + 5k.

6. Polynomials

Definition 6.1. A (formal) power series a = > a, X" € K[[X]] with only finitely many non-zero
summands is called a polynomial of degree deg(«) := sup{n € Ny : a,, # 0} (where deg(0) = sup @ =
—00). The set of polynomials is denoted by K[X]. One calls a monic, if a # 0 and ageg(a) = 1. In
general, dgeg(q) 15 the leading coefficient of a.

Remark 6.2.

(i) In contrast to power series, polynomials are often written in reverse order starting with the highest
X-power. For example X% + 1 € R[X].
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(ii) Every polynomial o € K[X]\ {0} can be normalized by multiplying with a;elg(a).

(iii) Every power series can be interpreted as a Cauchy sequence of polynomials, i.e. K[[X]] is the

completion of K[X] with respect to the metric in [Lemma 4.13]

Lemma 6.3. For a, € K[X] we have deg(a + ) < max{deg(«),deg(5)} and deg(af) = deg(a) +
deg(B). In particular, o+  and a3 are polynomials.

Proof. Wlog. let o = >">° ja, X" # 0 and f = > 72 (0, X" # 0 with d := deg(c) and e := deg(p).
Because of ay + b, = 0 for & > max{d, e}, we have deg(a+ ) < max{d, e}. Similarly, Zgig akbdte—k =
agbe # 0 and > ) agb,—i = 0 for n > d + e. This shows deg(af) = deg(a) + deg(p). O

Remark 6.4.

(i) One can therefore calculate in K[X] just as in Z (note: 0,1 € K[X]). If o € K[X] is invertible in
K[[X]], it does not necessarily follow that a~! € K[X]! For example, (1 — X)~! ¢ K[X].

(ii) One can embed K into K[X] via the constant polynomials KX i.e. K C K[X] C K[[X]]. a € K
holds if and only if deg(a) < 0.

(iii) For polynomials o = > a, X" € K[X] and 8 € K[X], the composition «(5) = > a,8" is always
well-defined (even if the constant term of S does not vanish, cf. [Definition 4.18)).

Example 6.5.

(i) Fora =ap,X"+...+a1 X +ap € K[X]and b € K C K[[X]], we have a(b) = a,b™+...+a1b+ag €
K. As usual, b is called a root of « if a(b) = 0 holds.

(ii) According to [Theorem 5.10 <Z> is a monic polynomial of degree k(n — k). For X =1, <Z> and
(Z) have the same recursion formula according to (4.41)). Because of <8> =1= (g), <Z> and (Z)
even coincide for X = 1. We calculate further values.

Remark 6.6. In the following, let K be a finite field. In algebra, it is shown that ¢ := |K| is always a
prime power. Conversely, for every prime power g > 1, there exists essentially exactly one field with ¢
elements. This is denoted by F,.

Example 6.7.

(i) For every prime number p, F, = Z/pZ, i. e. one identifies the elements of F,, with the numbers
0,...,p — 1 and calculates modulo p (see [Definition 6.20)). For example, 1 + 1 = 0 in Fy and
3-5=11in Fy.

(ii) The operation tables for Fy = {0,1, a,b} are given as follows:

+]0 1 a b |0 1 a b
0]0 1 a b 0j0 0 0 O
1/1 0 b a 110 1 a b
ala b 0 1 al0 a b 1
blb a 1 0 b0 b 1 a

Theorem 6.8. There are exactly (¢" — 1)(¢" — q) ... (¢" — ¢" 1) invertible n x n matrices over every
field with q elements.
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Proof. Let K be a field with ¢ elements and A € K"*™. As is well known, A is invertible if and
only if the rows of A are linearly independent. The first row a; of A can be chosen arbitrarily from
K™\ {0}. There are ¢" — 1 possibilities for this. The second row az must not lie in the span of aq, i.e.
az € K™\ Kay. There are ¢ — ¢ possibilities for this. For the third row, ag € K™\ (Kaj + Kaz) holds,
and so on. O

Theorem 6.9. The value of <Z> at X = q is the number of k-dimensional subspaces of an n-dimensional
vector space over a field with q elements.

Proof. The proof is similar to [Theorem 6.8] There are exactly (¢" — 1)(¢" — q) ... (¢" — ¢"1) linearly

independent k-tuples in K™. We now count how many of these tuples span the same subspace U C K".
This is clearly the number of linearly independent k-tuples in U, i.e. (¢F — 1)(¢* —q) ... (¢" — ¢*1).

The number of k-dimensional subspaces is therefore

(@ —D(@"~q).. (" —¢"") _(1-¢")...(1- q”’kﬂ)' O

(" =1)(¢" —q)...(¢" —¢* ) (1-¢~)...(1-q)

Definition 6.10. A monic polynomial o € K[X]\ K is called irreducible, if it cannot be written in
the form o = B with 8,7 € K[X]\ K. Otherwise « is called reducible.

Example 6.11.

(i) Monic polynomials of degree 1 are always irreducible, because 1 = deg(a)) = deg(B7y) = deg(8) +
deg(~) implies deg(3) = 0 or deg(vy) = 0.

(ii) X? — 2 is irreducible in Q[X], because the approach X2 — 2 = (X + a)(X +b) leads to a + b= 0
and ab = —2,i.e. a®> =2 and a = +v/2 ¢ Q. Due to X? -2 = (X —v2)(X +V2), X? - 2is

however reducible in R[X].
(iii) X2+ 1 is irreducible in R[X], but not in C[X], because X2 +1 = (X —i)(X +1i) € C[X].

Theorem 6.12 (Division with remainder). For o € K[X] and f € K[X]\ {0} there exist v, € K[X]
with o = By 4§ and degd < deg f3.

Proof. Choose § =Y a; X" € {a — puf : u € K[X]} with minimal possible degree d. Let 8 = _ b; X". If
d > deg 8 =: e holds, then deg(5 —agb;'X%¢B) < d in contradiction to the choice of 6. Thus d < e
and the claim follows. O

Lemma 6.13. If o, 3 € K[X] are distinct irreducible polynomials, then there exist &, p e K[X] with
ac+ BB =1.

Proof. Let &, 3 € K[X] such that p := ad + 85 # 0 has minimal degree and is monic. Division with
remainder yields v, € K[X] with « = yp+ § and degd < deg p. Thus

§=a—yp=a(l —yd) — B(vH)

and the choice of p shows § = 0, i.e. & = yp. Analogously, we obtain § = 7p for some 7 € K[X]. Since
@, 8 and p are monic, so are v and 7. In the case p # 1, we would have a = p = 3, because a and
are irreducible. This contradicts « # 8. Thus aa¢ + 58 = p = 1. O

o1



Theorem 6.14 (Prime factorization in K[X]). For every polynomial o € K[X]\{0}, there exist uniquely
determined irreducible polynomials o1,...,0, € K[X] up to their order and a uniquely determined
constant ¢ € K \ {0} such that « = coy ... op.

Proof. Existence: Because a # 0, there exists ¢ € K \ {0} such that ¢!« is monic. We can therefore
assume that « is monic. Induction on d := dega: In the case d = 0, we have o = 1 and we choose
n = 0 (empty product). If « is irreducible (for example d = 1), then we are also finished. Otherwise
a = P with 5,7 € K[X]\ K. Because d = deg(5v) = deg(8) + deg(~), we have deg 3,deg~y < d. By
induction, 8 and -y are products of irreducible polynomials and constants, and therefore so is «.

Uniqueness: Obviously c¢ is uniquely determined as the leading coeflicient of ae. We can therefore again
assume that « is monic. Let @ = 01 ...0, = 71... 7, with irreducible o1,...,0p,,71,...,7m € K[X].
Induction on m. In the case m = 1, we have n = 1 and 01 = a = 7. Now let m > 2. In the case
01 = T1, we have 0y ...0, = T2 ... Ty and induction yields the claim. Now let o1 # 71. Then there exist

o,7 € K[X] with 016 + 717 = 1 according to [Lemma 6.13| It follows
01672 ... T +02...0nT) =010T2 ... T + T1 .. TiyT = (016 + T1T)(T2 .. . Tin) = T2« . . T

Inductively, one obtains o1 = 7; for some ¢ € {1,...,m}. Then o3...0, = 71 ... T—1Ti+1...Tm and
induction yields the claim. O

Remark 6.15. Over a finite field with ¢ elements, there are obviously exactly ¢¢ monic polynomials of
degree d. We want to count how many of them are irreducible.

Definition 6.16. Let I;(K) be the number of irreducible polynomials of degree d > 1 over a field K.

Theorem 6.17 (GAUSS). For every field K with ¢ < oo elements, it holds that

1K) = 2 3 ()"
eld

with the classical Mobius function p. In particular, 1;(K) depends only on |K]|.

Proof. The ¢ monic polynomials of degree d can be uniquely written as a product of irreducible

polynomials o7 ... 0, according to [Theorem 6.14, Here, d = deg(oy) + ... + deg(o,,) holds. Thus, ¢? is
the d-th coefficient of

I.(K)
(14 X+ X2 )P4 X2 x4 RO+ X34 x0 4. )P0 =TT ( : )( .

On the other hand, ﬁ =1+¢X +¢*X?+ ... and it follows that

1 —1qX - 11(1 —1Xe)16(K)'

We apply log to both sides (taking [Lemma 4.33| and [Example 4.34] into account):

00 ann_ 00 00 Xef B 00 Ie(K) i
; n —;umf:l ; —;(%; e )X
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A comparison of coefficients yields

q" = Z I.(K)e.
eln
Mébius inversion (Example 3.7|(v)) now implies the claim. O

Example 6.18. According to [Theorem 6.17, we can define I;(q) := I[4(K) with |K| = ¢. Then
I(q) = n(1)g" = q holds (every monic polynomial of degree 1 is irreducible). Furthermore,

I(q) = %(qLQ), I3(q) = %((f’—qx Is(q) = i(q4—q2)-

Because I5(2) = 1, X? 4+ X + 1 is the only irreducible polynomial of degree 2 in Fo[X].

Theorem 6.19. For every finite field K and every d € N, there exists an irreducible polynomial in
K[X] of degree d.

Proof. According to [Theorem 6.17, dI;(K) = ¢ 4+ ¢® % ... 4 ¢% with d > e; > ... > ¢;, > 0. This
shows ¢ | dI4(K), but ¢®*+1 { dI4(K). In particular, I;(K) > 0. O

Definition 6.20. For a,b € Z and d € N, we write a = b (mod d) if d | a — b. One then says a is
congruent to b modulo d.

Example 6.21. It holds that 7= —11 (mod 2) and 100 = 0 (mod 10).

Remark 6.22 (Division with remainder). For ¢ € Z and d € N, a + d = a (mod d) holds. Therefore,
there exists a b € {0,...,d — 1} with a = b (mod d).

Lemma 6.23. The congruence modulo d € N is an equivalence relation on Z with

a=d (mod d)

—atb=d Y (mod d).
b= (modd)} athb=a Ty (modd)

Proof. Reflexive: d |0 =a — a.

Symmetric: d |a —b=d | —(a —b) =b—a.

Transitive: (d|a—b)A(d|b—c)=d|(a—b)+(b—c)=a—c.

For the last statement, let d | a —a’ and d | b—¥. Then d | (a —a') + (b—V') = (a+b) — (o’ + V') and
d|(a—a)b+ (b—V)a =ab—adV. O

Example 6.24. [Lemma 10.8| simplifies many calculations. We want to check whether 50 + 27 is
divisible by 3:
5100 49T =910 L (_1)7=4%0_1=19_1=0 (mod 3).

Lemma 6.25 (FERMAT’s “little” theorem). For a € Z and p € P, it holds that ‘ a? = a (mod p). ‘
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Proof. For p = 2, it holds that p | a(a — 1) = a? — a, because a or a — 1 is even. So let p > 2. Due to
a’? =a (mod p) <= (—a)’ = —a’ = —a (mod p)

we can assume a > 0. The claim certainly holds for a € {0,1}. So let a > 2. We now argue by induction
on the number of prime factors of a. First, let a € P and K := F,. From it follows that

(@ =) = (e’ + u(p)a!) = LK) €N

Now let a = be with 1 < b < a. By induction, it holds that b = b (mod p) and ¢? = ¢ (mod p). With
Lemma 6.23| it follows that a? = (bc)P = bPcP = be = a (mod p). O

Remark 6.26. If a is not divisible by p, then a?~! =1 (mod p) follows from p | (a” —a) = a(a?~! —1).

Lemma 6.27. Every o € K[X]\ {0} has at most deg(a) roots.

Proof. Induction on d := dega. In the case d = 0, « is constant and therefore has no root. Now let
d >0 and a € K be a root of a. Division with remainder yields a = (X —a)f + r with 5,r € K[X]
and deg(r) < deg(X —a) =1,i.e.r € K. Then r = a(a) =0, so a = (X — a)f with deg(8) =d — 1.
For every further root b # a of «, it holds that 0 = a(b) = (b — a)5(b) = B(b). Thus b is also a root of
5. By induction, 8 has at most d — 1 roots. In total, a thus has at most d roots. O

Example 6.28. For £ € Ny we define

e

i=1
Let o := (2,5() € C[X] and 8 := Z?:o ()Z() (k)fl) € C[X]. According to the Vandermonde identity it
then holds that (o — 8)(n) = 0 for all n € N. [Lemma 6.27 shows a = 3. Therefore

() =atw=s0=3 (1), )

holds even for all x € C and k € Ny. For example,

B0 se

=0

Definition 6.29. Let n € N and (, := ¢*™/" € C. The numbers {62 (g = e™/3
Q’f = e2mk/n ¢ C with k = 1,...,n are called n-th roots of unity
(keyword: polar coordinates). For gcd(k,n) = 1, ¢¥ is called primitive.

One calls
e,= [ (x-¢eclx] ¢ @=1
1<k<n
ged(k,n)=1
the n-th cyclotomic polynomial. Cé Cg

Remark 6.30. With Euler’s p-function, deg(®,,) = ¢(n) holds.
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Example 6.31. It holds that
e (;=1land ®; =X —1,
e (o=—1land & =X +1,
o« G=1(~1+VBi), ¢ =G and
P3=(X -G X -G)=X"—(G+G)X+1=X"+X +1,

o (=i, =-1=(, ¢} =—-iand
Py = (X —i)(X +1) = X+ 1.

Theorem 6.32. The n-th roots of unity are the roots of X™ — 1, 1. e.

n

Xt -1=Tx - ch)

k=1

is the prime factorization of X™ — 1 in C[X].

Proof. Because of (¢F)* = e2b™ = (e2™)F = 1, ¢,,¢2,...,¢" are pairwise distinct roots of X — 1.

Therefore, also
n

a::X”—l—H(X—Cﬁ)
k=1
has n roots, but dega < n. shows a = 0. O

Example 6.33. A comparison of coefficients (or a geometric series) shows 1+ (3 + (2 = 0. For n € N
it holds that
14+G+¢¢=0 if3tn,
Nt S I
1+141=3 if3|n.
For a =) a, X" € C[[X]] one obtains
1
5@+ a(GX) +a(@X) Z an (14 +EMX" =) az, X"

Theorem 6.34. Forn € N, it holds that
n_1= H ®,.
din

In particular, ®,, has integer coefficients.

Proof. For d | n, (¢ = e2mdi/n — Cn/a 1s a primitive F-th root of unity. This shows

S| CEETR VD SRS | S 1 €

dln 1<k<n/d, din dln
ged(k,n/d)=1

For the second assertion, we argue by induction on n. For n =1, ®; = X — 1 has integer coeflicients.
Now let n > 1 and assume the assertion is proven for d < n. Then « := Hd|n, d<n Pa 18 monic with
integer coefficients. Since the polynomial division ®,, = (X" — 1)/« has no remainder in C[X], it also
has no remainder in Q[X], i.e., ®,, € Q[X]. Since « is monic, no denominators occur in the process and
the assertion follows. O
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Remark 6.35. Gauss showed that the cyclotomic polynomials are irreducible in Q[X], i.e., X" — 1 =
[ 14, ®a is the prime factorization of X™ —1 in Q[X] (without proof).

Example 6.36. One can use to calculate ®,, recursively:

o =X —1,

XZ2-1
by = =X+1
2 CI)1 +7

X3 -1
Dy = =X?+ X +1,

Of}

Xt—1 X4-1

o, = = =X?+1.

D1y X2-1

For p € IP, one generally obtains ®,, = ))((pjll = XP~ 1+ XP~2 4+ ..+ X + 1 and inductively

Xr'—1 XP" -1 n— n—
Bpn = = = XxP" ) o xp N eD)  xp

P10y Ppur XPT -1

n—1

F1=0,(XP" ).

Theorem 6.37. Forn € N, it holds that

with the classical Mébius function p.

Proof. The polynomials X™/¢ — 1 lie in the abelian group Q[[X]]* according to [Lemma 4.8 The
assertion therefore follows from and the multiplicative version of the Mobius inversion

(Remark 3.8)). O

Example 6.38. It holds that

(X6-1) (X -1 X3+1 )
b6 — _ XP_X 41,
T X _D(XP—1)  X+1 *

Theorem 6.39.
(i) Let n=pi'...p% be the prime factorization of n € N and q :=p; ...ps. Then ®,, = @Q(X%).

(i) Forn € N and p € P with ptn, it holds that &, = 2270

(i1i) For odd n > 3, it holds that ®9, = ©,(—X).

Proof.
(i) According to [Theorem 6.37, it holds that

®, = [J(x - 1)p@ = TJ((x %) — 1)@ = o, (x75).
dn dlq
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(ii) It holds that

pn pn p n(XP
D,y = H(X7 — 1) (X pa — 1)HPd) — H ((X?) _ 9 (X )
dln din

(iii) Because n > 3, ¢(n) is even according to [Theorem 1.27, Thus ®,(—X) is monic. As in (ii), we
have

B = TT(EE=) Tt + 100 — 2 [[-x — 10

dln Xi—1 din dln
= £ TT(=X)F = )H@ = £0,(~X) = @,(—X) 0
dn

Example 6.40. allows an efficient calculation of ®,,. For example:

Doy & g(x) @ gy x )BT (_x4y2 _ x4 xS _xio,

il ) @) P3(X5
B300 = Po2.352 = Pao(X10) = P15(—X"7) ?);o,)(Xlo)
XlOO _X50 1
- XQO—X10i1 = X504 XT0 - X% - X% - x4 X104 1,

Remark 6.41. In the following, we investigate the coefficients of the cyclotomic polynomials.

Theorem 6.42. Letn > 2 and ®,, = Z;:(:%) apX*. Then ap, = a
coefficients of ®,, are “symmetric”.

o(n)—k for k =0,...,0(n), i.e. the

Proof. Because ®3 = X + 1, we may assume n > 3. According to [Theorem 1.27, ¢(n) is then even.
With ¢, (7% = ("% £ (¥ is also a primitive n-th root of unity. This shows

aw=2,0= T[] = T[] ¢&&"=1=0a,m).

1<k<n 1<k<n/2
ged(k,n)=1 ged(k,n)=1

In particular, o := Zfi%) apX?™ =k is monic. For a primitive n-th root of unity ¢!, it holds that

o(n) o(n)
a(ll) = apem=h = (e N " ay (D = e e, (¢ = 0.
k=0 k=0

Therefore o has the same roots as ®,, and it follows that

a= ] x-¢) =2,
1<k<n
ged(k,n)=1

Thus ag = apm)—r- O

Theorem 6.43. It holds that ®, = X¥™ — ()XW -1 4 — p(n)X +1 forn > 2.
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Proof. For o = 3 a, X" € Q[X]\ Q let f(a) = ageg(a)-1- For o, 8 € Q[X] it then follows that
f(aB) = f(a) + f(B). With the Kronecker delta d;; it follows that

> 1(@a) = F([T®a) = F(X" = 1) = =610 = = > u(d)

dln dln dn

for all n € N (see |[Example 3.7]). Mobius inversion shows f(®,,) = —u(n). The other coefficients result

from [Theorem 6.42 O
Remark 6.44. If one calculates ®1,®,, ..., P14, one finds that all coefficients are 0 or +1. However,

Suzuki has shown that all integers occur as coefficients of cyclotomic polynomials.

7. Polynomials in several variables

Definition 7.1. In this section, let n € N be fixed. A polynomial in the variables Xq,..., X, over
a field K is a formal sum of the form a = Zakl,...,anfl .. .X,’i", where only finitely many of the

coefficients ay, ., € K are non-zero. The set of these polynomials is denoted by K[X1,..., X,]. One
calls deg(a) :=sup{i1 + ...+ in : iy i, 7# 0} the degree of a, where deg0 = sup @ = —ooc.

Remark 7.2.
(i) One easily sees that the calculation rules from also hold in K[X,...,X,]. In fact,
one can also regard every polynomial o € K[X7,...,X,] as a polynomial in X; with coefficients

in K[X1,...,Xi—1,Xit1,...,Xpn]. The rules deg(a + 8) < max{dega,degf} and deg(af) =
deg o + deg 8 from also hold in K[X1,...,X,].

(ii) Although there is no division with remainder in K[X,...,X,] for n > 1 (try to divide X; by
Xo9), Gauss has shown that K[Xq,...,X,] nevertheless possesses a unique prime factorization
(without proof).

(iii) [Lemma 6.27) does not hold in K[X1,...,X,] for n > 1: For example, « = X — Y € R[X, Y] has
infinitely many roots of the form (z,z) € R?, although dega = 1. We prove a substitute for this
statement.

Theorem 7.3 (Interpolation). Let L C K" and d € N with |L| < (”erd). Then there exists an
a€ K[Xq,...,X,)\ {0} withdega < d and a(x1,...,x,) =0 for all (x1,...,2,) € L.

Proof. Let V be the K-vector space of all polynomials o € K[X7, ..., X,] with dega < d. Obviously,
the monomials X{* ... X2 with a; + ...+ a, < d form a basis of V. If one sets ag :=d— a1 + ...+ an,

then (ag,...,ay) is a d-element multisubset of {0, ...,n} (a; is the multiplicity of ¢). From |Theorem 1.22
it follows that dim V; = (("jgl)) = (";d). The linear map

Vy — KIH o (a(z))zer,

has a non-trivial kernel because dim KI*l = |L| < dimV;. Thus there exists a € Vg \ {0} with
a(xy,...,xy) =0 for all (z1,...,2,) € L. O]

Lemma 7.4 (SCHWARTZ-ZIPPEL). A polynomial o € K[X71,...,X,]\ {0} has at most |K|" ! deg a
zeros in K™.

o8



Proof. Induction on n. The case n = 1 is exactly So let n > 2 and wlog. |K| < oo.
For z € K let a,(X1,..., Xp—1) == a(X1,..., Xp—1,2) € K[X1,...,X,—1]. Let us assume o, = 0.
Then B(X1,...,X,) = a(Xy,..., Xp-1, X, + ) € K[X1,...,X,] has the form 8 = X,y with
v € K[X1,...,X,]. This shows a = (X1,..., Xpn-1,Xn — ) = (X, — )7 (one can thus split off linear
factors as usual). Let L := {z € K : a; = 0}. By iteration one obtains

o= H(X" —xz)y
zeL
with degy < deg(a) — |L| and ~y, # 0 for z € K \ L. Let

Z(a) :={(z1,...,2n) € K" : a(x1,...,2,) =0}
be the set of zeros of a. Then

Z(a) S (K" ' x L)u | (Z(w) x {a}).
zeK\L

By induction |Z(v,)| < |K|" 2 degy, < |K|"2(deg(a) — |L|). In total it follows
|Z(a)] < |K|" 7ML + | K[| K|"?(deg() — |L|) = |K|" " deg . O

Lemma 7.5. Let K be an infinite field and o, € K[X1,..., X, with a(x1,...,z,) = B(z1,...,Zn)
forallxy,...,xy, € K. Then o = .

Proof. For n =1, a — 8 has infinitely many zeros and it follows that o = 8. Now let n > 2 and o — 8 =
Zi:o Y XE with vo,...,74 € K[X1,...,X,_1]. Forall zy,...,2, 1 € K, ZZZO Y1, zn1) X €
K[X,] has infinitely many zeros and it follows again that v (z1,...,2,—1) = 0. By induction on n,
Y9 ="...=7 =0 and thus o = 5. O

Lemma 7.6. Leta € K[X1,...,X,]. Let d; be the degree of a as a polynomial in X;. Let Ly, ..., L, C K
with |L;| > d; fori=1,...,n. If a(x1,...,2,) =0 for all (x1,...,2,) € L1 X ... X Ly, then a = 0.

Proof. For n = 1, degaw = dy < |L1| and the claim follows from [Lemma 6.27, Now let n > 2 and
assume the claim has already been proven for n — 1. We write a = ) 7" a; X! with ag,...,aq, €
K[X1,...,Xn—1]. Obviously, the degree of c; as a polynomial in X is at most d;. Let (z1,...,2,—1) €
Ly X ... X Ly_1 be fixed. The polynomial 8 := «a(x1,...,z,-1,X,) € K[X,] has at least the roots
Tn € Ly. Because deg 8 < d,, < |Ly|, 8 = 0 by [Lemma 6.27} This shows a;(z1,...,2,-1) = 0 for

t=0,...,dy,. By induction, it follows that ap = ... = ay4, =0 and a = 0. O

Lemma 7.7. Let L1, ..., L, C K be non-empty, finite subsets and o« € K[X1, ..., X,] with a(x1,...,xy)
0 for all (x1,...,2n) € L1 X ... X Ly,. Then there exist p1,...,B, € K[X1,...,Xy] with degfB; <
deg(a) — |Li| fori=1,...,n and o =370 Bi[l,.cp, (Xi — i)

Proof. For 1 <i<nlet d; :=|L;] —1 and

d;
vi= [] Xi—a) =X = e X! € KX,
z;€L; 7=0

For z; € L;, x?iﬂ = Z;‘li:() c,-jxg holds. By repeatedly replacing every term of the form X{ with e > d;
in a by Xie_di_1 Z;‘li:() cl-inj, we obtain a polynomial & € K[X7,..., X,] with the following properties:

e The degree of & in X; is at most d;.
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e For (z1,...,2y) € L1 X ... X Ly, a(x1,...,2,) = a(x1,...,2,) = 0 holds.
e av—a=y. " Biviwith 81,...,0, € K[X1,...,X,] and deg 8; < deg(ar) — |L;| for i =1,...,n.
From [Lemma 7.6l it follows that & = 0 and thus the claim. O

Theorem 7.8 (Combinatorial Nullstellensatz). Let o € K[X7,...,X,] with degax = dy + ... + dp,
such that the coefficient of Xfl ... X% in a does not vanish. Let Ly, ..., L, C K with |L;| > d; for
i=1,...,n. Then there exists (x1,...,zp) € L1 X ... X L, with a(z1,...,x,) # 0.

Proof. Wlog. let |L;| = d;+1fori=1,...,n. Assume indirectly a(x1,...,2z,) =0 for all (z1,...,2z,) €
Ly x ... x Ly. According to there exist f51,..., 0, € K[X1,...,X,] with deg 5; < deg(a) —

’Lz‘ = Zj?éidj —1 and
a=> 8 [] Xi—m).
1=1

1= x;€L;

By assumption there exists ¢ € {1,...,n}, such that the coefficient of Xfl . X in [o.er, (Xi— i)
does not vanish. But then deg 8; > ki d;. From this contradiction the claim follows.

Remark 7.9.

(i) Hilbert’s (original) Nullstellensatz states: Let K be an algebraically closed field and o, ..., o, 8 €
K[Xi,...,X,], such that 8 vanishes on all common zeros of aj,...,a,. Then there exist
Biy..., Bk EK[Xl,...,Xn] and s € N with 8° = o181 + ... + afk.

(ii) In algebra one shows that for every prime number p a primitive root x € I, exists, i.e. xF #£ 1 for

k=1,...,p—2 (cf. [Remark 6.26). If applicable it holds that
DIED NI

yelF, yel, y€elF,

From this follows >_ cp y* =0for k=0,...,p—2 (note 0° = 1). This will be used in the next
proof.

Theorem 7.10 (CHEVALLEY-WARNING). Let a1, ..., o € Fp[Xy, ..., X,] with Zle dego; < n. Then
the number of common zeros of au, ..., a in Fy is divisible by p. Thus, there can never be exactly one
common zero.

Proof. According to is

k . .
_ 1 if z is a common zero of aq, ..., ay,
Ba) = [[(1 - as(@)’™!) = {

e 0 otherwise

for all z € F). For the number N of common zeros it therefore holds N = Zmélﬁ‘g B(z) (mod p).

Multiplying out /3, one obtains a linear combination of monomials of the form [[!; z* with
n

k
Zai <(p- 1)Zdegai <(p—1)n
j=1

=1
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by assumption. In every such monomial there must therefore be an ¢ with a; < p — 1. Wlog. let ¢ = 1.

According to it holds that

S - Y [[a-o

IGIF;L =1 r1€F, x2,...,xn €Fp 1=2

This shows N = Zmeﬂ?; B(x) =0 (mod p). The second claim is clear because of p > 2. O

Theorem 7.11 (ERDOS-GINZBURG-Z1V). Every multiset of 2n — 1 integers has n elements whose sum
18 divisible by n.

Proof. Let k:=2n —1 and ay,...,ax € Z. Let us first assume that n = p is a prime number. Since we
are only interested in divisibility by p, we can assume a1, ..., a; € Fj,. The polynomials
k k
a::ZXZP_l, ﬁ::Zaiprl
i=1 i=1

in F,,[X1,. .., Xj] have degree p — 1 and a common zero (0, ...,0). Because 2(p — 1) < k, there must be
another common zero x := (x1,...,xx) by Chevalley-Warning. Let I := {1 <i<k:a; # 0} # &. By
Fermat, it holds that

k
\I]EZ:cf_lza(x):Q Za,;zﬁ(x)zo.
i=1 i€l
From [I| < k it follows that [I| = p and ), ; a; is divisible by p.

Now let us assume n = pm with p € P and m > 1. According to the first part of the proof, there exists
I C{1,...,k} with [I;| =pand }_,.; a; =0 (mod p). Furthermore, there exists Io C {1,...,k}\ I1
with ) ;.7 ai =0 (mod p). Because k — 2(m — 1)p = 2p — 1, we find in the same way disjoint subsets
Ii,....Dom—1 C€A{1,... k} with |I;| = p and b; := L Zz’elj a; € Z for j =1,...,2m — 1. By induction

P
on n, there exists J C {1,...,2m — 1} with [J| =m and ;. ;b; =0 (mod m). For I := J;c,I; it

holds that [I| =mp =n and } ;. ;a; =0 (mod n). O

Example 7.12. [Theorem 7.11|is optimal, because from the (2n — 2)-element multiset
{0,...,0,1,...,1}
—— ——

n—1 n—1

no n elements can be chosen whose sum is divisible by n.

Definition 7.13. A polynomial « € K[X1,...,X,] is called symmetric if
a(Xﬂ.(l), P ,Xﬂ.(n)) = a(X1, e ,Xn)
holds for all m € S,,. The elementary symmetric polynomials of order n are oy := 1 and

O = Z Xi sz (k‘Zl)

1<i1<...<ip<n

The complete symmetric polynomials of order n are 7p := 1 and

Tee= Y XXy, (k=)

1<ii<...<ig<n

The power sum polynomials are py := Xf +...+ XEfor k> 0.
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Remark 7.14.

(i) The symmetric polynomials form a multiplicatively closed subspace of K[X7,..., X,] with basis
ﬂ(al,...,an) = Z Xal Xan (n) (al > ...z ap > 0)7
7T€Sn
where m; is the multiplicity of a; in the sequence (a1, ..., a,) (all coefficients are 1, so that the

characteristic of the field plays no role). One obtains

Ok = Oé(1k70n7k),

Tk = Z a(“lr--ﬂn)’

a1+...+an==k
Pk = a(k,O"—l) .

(ii) Note: o, = 0 for & > n and py = n. It holds that degoy, = degty, =degpr =k for k=1,...,n

Theorem 7.15 (VIETA). In the ring of formal power series K[X1,..., Xp][[Y]] with coefficients in
K[Xy,...,Xy], it holds that

ﬁ 14+ X,Y) = ZakYk
k=1

XkY Z TkYk

||:1:

Proof. The first equation results from expanding the product. The second equation follows from

n n (e o]

iy = ) (Y byt ZTkY’“ :
k=11=0 k=0 li+..+ln=k

Theorem 7.16 (GIRARD-NEWTON identity). For k € N, it holds that

k

Z(—l)iairk,i =0,

=0

min{k,n} . 0 ifk>n,
Z (=1)'oipr—i = .
(=DkE(n — K)oy ifk<n

i=0
Proof.
(i) According to Vieta,
= (30 gzyz)@ﬁw)_i(i 7
i=0 k=0 i=

A comparison of coefficients yields the first assertion.
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(ii) For ke Npand 0 <1 <n—1, let
n
a(k‘, l) = Zszo-l(Xla e ,Xl',l,XiJrl, cen ,Xn)
i=1

Then it holds that

pr = a(k,0) if i =0,
oipp—i = s alk—i, ) +ak—i+1,i—1) if1<i<k<n,
ak—n+1,n-1) ifi=n<k.

As a telescoping sum, one obtains the second assertion (note «(0,1) = (n —{)oy). O

Theorem 7.17 (Fundamental theorem on symmetric polynomials). For every symmetric o € K[X1,..., X,],

there exists exactly one v € K[X1,...,X,] with o = ~vy(o1,...,00).

Proof. Existence: Let wlog.
a= > a ., X{' .. X #0.
i11'-'7in

We order the tuples (i1, ...,i,) lexicographically and argue by induction on

fla) = max{ (11, yin) * iy iy F 0}.

In the case f(a) = (0,...,0), then v := o = ag,..0 € K. Now let f(a) =

(di,...,dn) > (0,...,0).
Because of a = a(Xr(1), .-, Xr(n)) for all m € Sy, it follows that di > ... > dp. Let

—_ —d- dn—1—d
d1 dzo_gz d3 o n—1 no_;iln'

,8 = Qdy,....d, 01 <0
It holds that f(o" ™) = (dy — djs1)f(0%) = (dk — dps1, - -, di — dit1,0, ..., 0) and
f(B) = f(eP=%)y 1 4 flo®) = (dy,...,dy).

The symmetric polynomial o — 8 therefore satisfies f(a — ) < (di,...,d,) and the existence of v
follows by induction.

Uniqueness: Let v, € K[X1,...,X,] with v(o1,...,0,) = d(01,...,05). For p :=~ — § we then have
p(o1,...,0,) = 0 and we must show p = 0. Suppose indirectly p # 0. Let d; > ... > d,, be the
lexicographically largest n-tuple such that the coefficient of X fl_dZXgQ_dB’ ... X% in p does not vanish.

As above, f(aill*d2 ..oy = (dy,...,d,) holds. For every other summand X{'~°... X% of p, we
have f(o{'"“...0%") < (di,...,dy). This yields f(p(o1,...,04)) = (di1,...,d,) in contradiction to
p(oi,...,on) =0. O

Example 7.18. We consider a = XY? + X3Y — X — Y € K[X,Y]. With the notation from the proof,
f(e) = (3,1) and
B =020y = (X +Y)’XY = X3Y 4+ 2X?Y? + XY3.

It follows that o — 8 = —2X2Y?2 — X — Y. In the next step, f(a — ) = (2,2) and
By 1= —205 = —2X?Y?.
There remains o« — § — o = =X — Y = —0y. Finally,
a=8+Ps—01 = O'%Ug — 20% — o1 =7(01,09)

with v = X2y —2Y? — X.
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Theorem 7.19 (WARING formula). For K = C and k € N it holds that
p :_k Z (a1+...+ak_1)!(_7_1)a1 (_7_ )ak
k a1! c. ak! o k
(191,...,k% )eP(k)

(1) Z (a1+...+ak—1)!(_01)(11.“(_%)%'

al!...ag!
(191,....k% ) e P(k) ! k

Proof. We introduce a new variable Y and manipulate the generating function:

- XY =1

k=1 i=1 k=1
n , ° - N/
= log<1 + Z 7'in> = (Z 7'in>
=1 =1 =1
1 l
I.] _ = _ al _ anya1+2a2+...+nan
D> (al,...,an)< )
=1  a1+..4an=l
0o
1 a1+ ...+a
-3 o (e
k‘ 1(1a1,_ ,k“k)eP(k) 1 k‘ 17"'7 k)

8
3]
8

e kp’“yk ZZ(—U’“@ - Zn:log(l +XY) = —log(ﬁ(l + XiY)>

k=1 i=1 k=1 =1 =1

=
o0
1 a1++ak‘ al a k
= _— — (= ny’". O
> Y () e

— " - -, Ok
k=1 (191,....k% )€ P(k)

Remark 7.20. The formula proven in the next theorem has an external similarity to the Leibniz
formula for determinants:

det(A) = > sgn(0)aio(r) - Gno(my (A= (ai;) € K™M).
O'ESn

Theorem 7.21. For A € K™ and o € Sy, let try(A) := tr(A“) ... tr(A%) € K, where cy,...,c are
the cycle lengths of o (including cycles of length one). Then

det(A)n! = Z sgn(o) try(A).

UES’,L

Proof. We consider the entries of A as independent variables in the polynomial ring K[X;; : 1 < 4,5 < n].
According to the Leibniz formula, the claim is then an equation of polynomials in Z[Xj;]. According to
[Lemma 7.5] these polynomials are already equal if they coincide at all points z;; € C. It therefore suffices
to prove the claim for K = C. Let Ay, ..., Ay € C be the eigenvalues of A with multiplicities. According
to the Jordan normal form, tr(A°) = A{+. ..+ ¢ holds for ¢ > 0. For permutations o, 7 € S, of the same
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cycle type, tr,(A) = tr;(A) certainly holds. We therefore sum over the partitions (1%1,...,n%) € P(n)
using [Theorem 2.26, For a corresponding permutation o, sgn(o) = [, (=1)0~ D = (—1)ntart.+an
holds. The right side is thus

|(_1)n Z (_1)a1+...+an (/\ + + ) )a1 ( n + +)\n)an
n: lala/l!...nanan! 1 n 1 n
(191,...,nen)eP(n)

n

:n|(_1)n Z H —pl )\1, RN )) n'O'n()\Lw-;)\n)

(% q;!
(191,...,n%n)eP(n) I=1
=nl\ ...\, = det(A)n.. O

8. Bernoulli Numbers

Remark 8.1. One easily shows (Exercise 1)):

14+24...4n—1= (Z)

1/2n
124+22+ ... —1)2==
+22+... 4+ (n—-1) 4(3),

2
B+224+. . +(n-13= (Z) =(1+42+4...+(n—1))> (Nicomachus identity).
Gauss found the first formula as a child through
20+...4n-1)=Q+n-1)+2+n-2)+...+(n—1+1) =n(n-1).

The third one can be seen as follows2:

4Source: |https://math.stackexchange.com/questions,/61482/proving-the-identity-sum-k-1n-k3-big-sum-k-1n-k-big2-
without-i
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We are looking for a general formula for > ), k™ with m € N. For this we use that

e = N = Gy €U

n=1

is invertible (Lemma 4.8)).

Definition 8.2. The numbers By, By,... € Q with

X — B
S — Zn xn
exp(X)—1 nz% n!

are called Bernoulli numbers.

Example 8.3. Because of

B 1.1
(Bo+31X+72X2+...)(1+§X+6X2+...):1

it holds that By = 1, By = —1/2 and By = 1/6. With the following lemma, B,, can be calculated
recursively from By with & < n.

Lemma 8.4. For n > 2 it holds that
n—1
n
B, = 0.
(1) =0
k=0

Proof. A comparison of coefficients as in yields

Lemma 8.5. Forn € N, By,+1 =0 holds.

Proof. Let
00 1 1
B X 1 X X)+1 X 5X)+ —5X
a=1+3 Brxr Ll o Xewn(X)+ a::za]iexp(% ) + exp( 2 )
P k! exp(X)—1 2 2 exp(X)—1 2 exp(5X) — exp(—5X)
Because of a(X) = a(—X), the claim follows by comparison of coefficients. O
Example 8.6. Because of
) ) ) 5
B B B By =
(o) o+ (1) () (3) =
it follows that ) 510 )
Bi=—-(1-2+%)=—%.
502" 30

Although the first Bernoulli numbers are relatively small, |Bog| ~ % — 00 holds (without proof).
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Lemma 8.7. Forn € N, (—1)"By, <0 holds.

Proof. According to (the proof of) [Lemma 8.5

X 1 ~ Boi o
=+ X = X",
“ exp(X) —1 + 2 Z

>

Il

()
—~~

Differentiation with the quotient rule yields

exp(X)—1—-Xexp(X) 1 <= B
W= (e)xp(X) = 1)2p( 45 - ; CTESTR
On the other hand,
e X? N X? +1X2: X2 exp(X) +1X2:a_Xa,+1X2.
(exp(X)—1)2 exp(X)—1 4 (exp(X)—1)2 4 4
Substitution yields
© CL BopBy(n— 1 > 1 1
;(;0 (2k)2!](€2(il( _12))!>in =1+ X% ;B%(@n)! T n- 1)!)X2n'

By comparison of coefficients,

~ (20 2 — 1) — (2n)!
kZ:O (2k> BorpBon—k) = (2n)!32n( on _)1)!(2(n)!) —(1—20)By,

for n > 2. We subtract 2B5,, on both sides and obtain

n—1

(2n+1)Bon == <2n> BokBa(n—r) (8.1)

k=1

for n > 2. We now prove the claim by induction on n. For n =1, By = % > 0. If the claim is already
proven for all k£ < n, then it follows that

n—1

2

(—=1)"(2n+ 1)Bg, = — E <2Z) (—1)kng(—1)”*kB2(n_k) <0
k=1

>0

according to ({8.1)). O

Theorem 8.8 (FAULHABER’s formula). For n,m € Ny,

n—1 m
1 m+ 1 —k
k'm: B m—k+1
];) m—l—lz( k ) k1

k=0

holds.



Proof. According to it holds that

—_

n— n—1 oo kam n—1

o0 n—1

1 m m

Z p EmX™ = Z Z Zexp(kX) = Zexp(X)k

m=0 k=0 k=0 m=0 k=0 k=0
Cexp(X)" -1 X exp(nX) —1

B eXp(X)—l _exp(X)—l X
B n m
_Z X! Z k+1)! (Z?f(m—kﬂ)!)X '

Comparison of coefficients yields

B n™” L (m+1 —k
™ =mly — = Byn™ M O
E_: " =k D) m+lz( k ) k1

Example 8.9. For m = 4, we have

1//5 ) ) )
vt (G ()

5 2 3 30 30

Remark 8.10.

(i) Faulhaber’s formula expresses the sum ), _ ! o k™ as a polynomial in n of degree m + 1. Pascal
showed the existence of this polynomial 1nduct1vely, without explicitly calculating the coefﬁcientsE]

(ii) Bernoulli numbers also appear in analysis:

i 1 7r2 i 1 i 1 (2m)2(=1)""1B,,
=k 67 L=kt 907 k2 2(2n)!

k=1

(without proof). On the other hand, no formula is known for the Apéry constant ) -, % =
1.202.. ..

Theorem 8.11. Forn € Ny, it holds that

Proof. For k € Ny, according to the functional equation, it holds that

(exp(X) — 1)F = f:(—n'f—l (?) exp(IX) = i f:(—nk—l (’;) an‘%mni z:{’;}xn

=0 n=0 =0

®see [Beardon, Sums of Powers of Integers, Amer. Math. Monthly 103 (1996), 201-213]
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It follows that

Buww X g4l -1) 1 (ep(X) - DF
Z n! X exp(X)—1 exp(X) —1 B exp(X)—lZ( 2

=Sy S s e
o Z n! (Z k+1 k'{k})X”.

The claim follows by comparison of coefficients. O

Theorem 8.12 (CLAUSEN, VON STAUDT). Forn € N, there exists a z, € Z with

By, = zp + Z

peP
(p—1)|2n

In particular, the (fully reduced) denominator of Bay, is the product of all prime numbers p withp—1 | 2n.

k+1 k‘{Z"} with 0 < k < 2n in [Theorem 8.11] Because of

(-1 {2"} € Z, we are only interested in W Let us first assume that k£ 4 1 is not a prime number.
Then there exist a,b € Z with k + 1 = ab and a,b < k. In the case a # b, it follows that k + 1 = ab | k!

Proof. We analyze the summands

and thus ,;ilkk'{%} € Z. Now let a = b. In the case 2a < k, it again holds that k + 1 = ab | a(2a) | k!
and { k+1 k'{Q”} € Z. In the case 2a > k, we have k + 1 = a® > 2a > k + 1. It follows that a = 2 and
k = 3. Then
3
(~1) { }@Z (>52"=—3+3'22"—32"@1+3-4"—9":1—1:0 (mod 4).

Thus #3!{2;} € Z. The summands in [Theorem 8.11| with k 4+ 1 ¢ P are therefore all integers.

Now let p:= k+ 1 € P. In the case (p — 1) | 2n, it holds that

2" = (1P~ 1) et = (mod p)

forl=1,...,p— 1= k. This yields

(—1) { }@Zi: ( >12”z—1+zk:(—1)l<l;> =-14+(1-1DF=-1 (mod p).

=0

1+(k+)1k'{k}ez.

Finally, let (p —1) { 2n. Then there exist m € {1,...,p—2} and ¢ € Z with 2n = m +¢q(p — 1) (division
with remainder). For [ = 1,...,p — 1, it holds that [?" = ["*([P71)? = [™19 = ™ (mod p) by Fermat.
This shows

(—1)%!{2]:‘} - g( < >l2” = ; ( ) = (—1)‘%!{?} =0 (mod p)

Therefore
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(=D*

) k:!{%f } € Z. This proves the first assertion.

because of m < p — 1 = k. We again obtain

For the second assertion, let a be the denominator of By, and {p € P:p—1] 2n} = {p1,...,ps}
Because of Boppi...ps € Z, « is a divisor of p; ... ps. Furthermore, it holds that

S

Zl_pz---ps+p1p3---ps+---+p1---psf1

P P1...Ps
with
P2 -Ds+PIP3-- Ps+ .o FPL. - Ds—1 =P1---Pi-1Pit1---Ps £ 0 (mOd Pi)
for ©+ = 1,...,s. Because of azp%_ € Z, it follows that pj...ps | a. Overall, we therefore have
Q=0p1...Ps- O

Example 8.13. From it follows that the denominator of By, is always divisible by 6.
The denominator of Bqs, for example, is 2-3-5-7-13 = 2730.

Theorem 8.14 (Lucas). Let p be a prime and n = 3 ;5 nip’ as well as k = >0 kip® with
0<mni,ki <p—1 fori>0 (p-adic expansion). Then

() =II(5) oo

In particular, (k) is divisible by p if and only if there exists an i > 0 with n; < k;.

Proof. For 0 <m < p, we have (P) = pp=b--p=mtl) —  (;od p). In F,[X], it therefore holds that

m!
- b
1 P = m= P,
1+X)P=>" (m)X 1+ X
m=0
Inductively, one obtains (1 4+ X)P' =1+ XPi for all i > 0. It follows that
XM — no_ P\ _ P\ _ 7 mip’.
> (m) (a+x)" = [+ =TT+ x")" =] 3 (m X
m=0 >0 >0 i>0m;=0
Multiplying out the product on the right side results in summands of the form
X 2iz0MiP v
()
i>0

Since the p-adic expansion of m = )., m;p® is uniquely determined, X™ occurs only once in the sum.
A comparison of coefficients at m = k yields the first claim.

Because n; < p, we have (ZZ) Z 0 (mod p) if k; < n;. In the case k; > n;, we have (2:) = 0. From this,

the second claim follows. O

Example 8.15. Because 2" — 1 =1+2+ ...+ 271, (2"];1) is odd for k=0,...,2" — 1.
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9. Catalan Numbers

Remark 9.1.

(i) A magma is a set M together with a map (binary operation) -: M x M — M, (z,y) — z - y.
For z1,...,x, € M, the product x1 - ... -z, is then generally not well-defined, because different
parenthesizations can yield different results (M is not necessarily associative). We investigate how
many possible parenthesizations there are.

(ii) Even if M is associative, one can save computation time through suitable parenthesization. If, for

example, A, B, and C are (real) matrices of format 10 x 20, 20 x 5, and 5 x 100, then for (AB)C
one only needs

10-20-5410-5-100 = 6000

multiplications (of real numbers), while for A(BC') one already needs
20-5-1004 10-20 - 100 = 30,000

multiplications.

Example 9.2. The integers Z form a magma with respect to subtraction. It holds that

(1-2)—3=-4+#£2=1-(2-3).

Definition 9.3. For n € Ny, let C, be the number of possible parenthesizations of 1 - .. .- x,41, where
Z1,...,Tnt1 are elements of a magma. C,, is called the n-th Catalan number.

Example 9.4. Certainly Cy = C1 = 1 and Cy = 2. Furthermore, C3 = 5 holds because of

71 (22(7374)), z1((w2x3)wa), (z172)(2374), ((v122)23) 24, (z1(r223)) 24
Lemma 9.5 (SEGNER). For n € Ny, it holds that

Cn+1 = ZCkCn—k'
k=0

Proof. Every parenthesization of zj ...z,4+2 has the form (z;...2511)(Tk12 ... Tny2) for some k €

{0,...,n}. Within the first pair of parentheses (x;...zg4+1) there are Cy many parenthesizations
and within the second pair of parentheses there are C,,_j possible parenthesizations. This shows the
claim. O
Example 9.6.

(i) If n > 2 is even, then also C,, =2 ZZfO_l CrCh_1_. In particular,

Cy = 2(0003 + ClCQ) = 2(5 + 2) = 14.
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(ii) Let a =Y a, X" € Q[[X]] be the inverse function of X — X? (Exercise 21)). Then

(0.) o n oo n
X=a—-ao?= E a, X" — E g pp—p X" = E (an — g akan_k)X”
n=0 n=0 k=0 n=0 k=0

and it follows that ap = 0 (by [Theorem 4.24), a; = 1 as well as a,, = ZZ;% apQn_ for n > 2.

Thus a, = C,,_1 for n € N.

Theorem 9.7 (EULER). The generating function of C,, is

1—-+v1-4X
2X )

Proof. Let a =) Cp X"™. Then
(1-2Xa)?=(1-2CX —2C1X? —20,X3 —...)?

0 n—2
— 14X+ Z(—4Cn_1 +4%° Ckcn,H) x 28 _ux
n=2 k=0

This shows 1 — 2Xa = +/1 — 4X and the claim follows. O

Theorem 9.8 (CATALAN). Forn € Ny, it holds that

Proof. According to Newton’s binomial theorem,

L-VI—aX 1= ()Xt 12(—1>”< ¥ )4"“Xn,

2X 2X 2 n+1

A comparison of coefficients according to [Iheorem 9.7] shows

112\ ., Jomtl 9(1/2).2(1/2—1)-...-2(1/2—n
2\n+1 2 (n+1)!
2 1-3-5-...'(2n—1)_ 1 2-4-...-2n 1-3-5-...-(2n—1)
Cn+1 n! Cn+1 n! n!
1 (2n)! 1 [2n
— = . O
n+1mH? n+1\n

Example 9.9. It holds that

1/10\ 10-9-8-7
Cs = - == 2l _92.3.7=42.
> 6(5) 120

Definition 9.10. Let n € N and {a,b,c} = {1,2,3}. A permutation o € S,, possesses the pattern abe
if there exist 1 < i1 < iy < i3 < n with 0(is) < 0(ip) < o(i.). Otherwise, one says: o avoids the pattern
abce.
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Example 9.11. The permutations in Sy that possess the pattern 123 are:
1 4 1 4 1 4 1 4 1
1 4)7\1 3)°\1 4)°\1 2/)7\1
1 4 1 4 1 4 1 4 1
2 4)7\2 4)7\2 1/7\3 4)7\4

Thus, there are |S4| — 10 = 14 permutations that avoid 123.
Theorem 9.12 (MACMAHON). The number of permutations in S,, that avoid a pattern abc is C,,.

=N NN
W w W w
W N NN
= W =W
W N W
=W N W
=N W N
N W W
=N RN
N W W

Proof (SIMION-SCHMIDT). Let S, (abc) be the set of permutations in S, that avoid abc. With the
convention Sy = {idg}, it holds that |Sp(abc)| = |S1(abc)| =1 = Cp = C1 and |Sa(abc)| = 2 = Cs. So
let n > 3 and assume the claim is already proven for smaller n.

We first show |S,(132)] = C,,. Let 0 € S,(132) and y := o~ !(n). For 1 < 2z <y < 2z < n, it
then holds that o(x) > o(z), because otherwise we would have o(z) < 0(z) < o(y) = n and o
would possess the pattern 132. Thus {o(z) : 1 < 2z <y} ={n—-1,n—2,....,n —y + 1} and
{o(2) ry<z<n}={12,...,n—y}. The permutations

1 2 -1 cs
cl)—-n+y o@2)—n+y -+ oly—1)—n+y v=b

(N ) EE

likewise avoid 132. For a fixed y = 0~ !(n), there are thus |S,_1(132)|S,—,(132)| = C_1C,_, possible
o (induction). In total, one obtains

n—1
15,(132) |_Zoy 1Cny =Y CyCny1=0Chy
y=1 y=0
according to Segner.
The bijections
I': S, (abc) — Sy (cba), A: S, (abc) = S,(4—a,4—b,4—c¢),

1 - n 1 -+ n 1 .. n 1 n
> , >
(al an> <an al) (al an> <n—|—1—a1 n—}—l—an)
show |Sp(132)] & |S,,(231)] 2 |S,(213)] & |S,(312)] and [S,(123)] = [S,(321)]. It therefore suffices to
construct a bijection f: S, (132) — S,,(123). For o € S,,(132), let
M(o) :={(k,0(k)):0(k)<o(i)fori=1,...,k—1}

be the set of left-to-right minima. We construct f(o) from o by keeping M (o) fixed and sorting the
remaining images of ¢ in descending order. For example:

12345678#12345 7 8

6] 7 [3] 4 [1] 2 5 8 6] 8 [3] 7 [1] 5 4 2/
Then f(o) is the unique permutation in S,,(123) with M (f(c)) = M (o). For o € S,,(123), we conversely
construct 7 € S,(132) as follows: For i = 1,...,n, let 7(i) := o(i) if (¢,0(i)) € M (o) and otherwise let

—_
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7(4) be the smallest not yet used number that is larger than the next left-to-right minimum to the left
of ¢. This yields a map g: S,,(123) — S,,(132), o — 7. For example:

(12345678>g 2345678)

1
@87542—><@74258

Again, g(0) is the unique permutation in S, (132) with M(g(c)) = M (o). It follows that fog = idg, (123)
and go f =idg, (132). In particular, f is a bijection and |5, (132)| = |5, (123)|. O

Remark 9.13. No simple formulas are known for the number of permutations that avoid 1234 (see
https://oeis.org/A005802).

10. Groups

Remark 10.1. Many counting problems simplify when symmetries are taken into account. Symmetries
are modeled by groups.

Definition 10.2. A group is a set G with an operation -: G x G — G, (x,y) — « - y, such that:
o Vr,y,z€G:(x-y)-z=uz-(y-z) (associative),
e dJec G:x-e=e-x =z (neutral element),
eVreG:JyeG:x-y=y-z=e (inverse elements).

One calls |G| the order of G. In the case |G| < 0o, one calls G finite. If additionally
eVr,yeG iz -y=y-uz,

then G is called abelian.

Remark 10.3. As usual, one shows that the neutral element e € GG is uniquely determined. We then
write e = 1¢ = 1 or also e = 0 if the operation is +. Furthermore, x € G possesses exactly one inverse
element, which we denote by 7! or —x. Then (z7})™! =z and (z-y)™! = y=! - 2~! (Attention!).
Often we will omit the symbol - and write zy instead.

Example 10.4.

(i) The trivial group G = {1g}.

(ii) The integers Z form an abelian group with respect to +. On the other hand, (N, +) is not a group,
because for example the identity element is missing.

(iii) We had already mentioned that Sym(A) for a set A is a group with respect to composition of
maps. For |A| > 3, Sym(A) is non-abelian (consider (1,2)(1,3) = (1,3,2) # (1,2,3) = (1,3)(1,2)
in 53)

(iv) Let K be a field and V' a finite-dimensional K-vector space. The invertible linear maps V' — V
form the general linear group GL(V') with respect to composition of maps.
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(v)

We consider the Euclidean space R™ with the standard inner product (z,y) := >, z;y; for
x=(x1,...,2n),y = (Y1,...,yn) € R™. In linear algebra, one studies the orthogonal group

O(R") := {f € GL(R") : Yo,y € R" : (f(2), f(y)) = (2,9)}-

The equation || f(z)|v/(f(z), f(x)) = \/(z,2) = ||| means that f € O(R") preserves lengths. As
is well known, a map is orthogonal if and only if its matrix A satisfies the equation AA* = 1,,,
where A' denotes the transpose of A. In particular, det(A4) = +1.

Let A C R? be a regular n-gon (n > 3) with center (0,0) and let
G:={fe€OR?: f(A)=A}.

Certainly idge € G and for f,g € G we have (fog)(A) = f(g(A)) = f(A)=A,s0 fog e G.
Furthermore, f~1(A) = A. This shows that G is a group. One calls G the symmetry group of
A. Since orthogonal maps preserve lengths, f € G must map vertices of A to vertices. Since
two adjacent vertices x and y form a basis of R? (n > 3), f is already uniquely determined as
a linear map by f(x) and f(y). Because of [|f(z) — f(y)|| = [|f(z — y)I| = [z — yl, f(z) and
f(y) are also adjacent vertices. There are thus n possibilities for f(x) and subsequently two more
possibilities for f(y). This implies |G| < 2n. We show |G| = 2n. Obviously, the rotations by %
for k =1,...,n all lie in G. If n is even, then G possesses 5 reflections through two opposite
vertices and just as many reflections through two opposite midpoints of sides. If n is odd, then G
possesses exactly n reflections through one vertex and one midpoint of a side. In total, we have
found 2n elements. One calls D,, := G therefore also the dihedral group of order 2n. If we label
the vertices with 1,...,n, then each f € Dy, describes a permutation in S,. The rotations are
the powers of the n-cycle (1,...,n). For n = 3 one obtains Ss.

Definition 10.5. A non-empty subset H of a group G is called a subgroup, if zy~' € H for all z,y € H.
We then write H < Gor H <G if H#G.

Remark 10.6. Let H < G. Then there exists an x € H. Thus lg =2z ' € H and 27! = 1g2~! € H.
For x,y € H we also have zy = x(y~')~! € H. This shows that H with the restricted operation is itself
a group.

Example 10.7.

(i)
(i)

(iii)

Every group G possesses the subgroups {1¢} and G.

For every family of subgroups H; < G (i € I), the intersection (,c; H; < G is also a subgroup
(verify).

For x € G and k € Z we define

lg if k=0,
...z (k factors) if k>0,
(z= 1)~k if k <O0.

Then certainly 2™2™ = 2™+ and (™))" = 2™ for n,m € Z. Furthermore, (z) := {z¥ : k € Z} is
a subgroup of G because of z¥(x!)~! = z¥=! € (). One calls (z) the subgroup generated by z. It
is always abelian. Moreover, one calls |(x)| the order of x.

J,‘k = X

75



(iv) For x1,...,x, € G one defines more generally

(X1, . xp) = m H<G.
H<G
T1,...,en€H
Obviously (z1,...,x,) contains all elements of the form ajil .. :Uil Conversely, these elements
themselves form a subgroup, which then must coincide with (z1,...,z,). In the case G =
(x1,...,2p), one calls z1,...,z, a generating system of G.

(v) It holds that Ds, < O(R?) < GL(R?) < Sym(R?). Furthermore, the n rotations in Dy, form a
subgroup, which is called a cyclic group and is denoted by C,,. Obviously C,, is generated by the
rotation by 27 /n. In general, rotations lie in the special orthogonal group

SO(R™) := {f € O(R") : det(f) = 1} = SL(R"™) N O(R™).

Lemma 10.8. For every group G and x € G it holds that
|(z)] = inf{n e N: 2" = 1}

with the convention inf & = co.

Proof. First, let n € N be minimal with 2™ = 1. For k € Z there exist ¢ € Z and r € Ng with k = gn+r
and 0 < 7 < n (division with remainder). Then 2% = 29"+ = (z")%2" = 192" = 2" and it follows
that (z) = {1,z,22,...,2""'}. Suppose there exist 0 < k < I < n with 2¥ = 2!. Then 2/~* = 1 with
1 <1 —k < n in contradiction to the choice of n. This shows |(z)| = n.

Now let 2" # 1 for all n € N. For 1 < k < [ we then have z*F # 2!, because otherwise 2/=% = 1. This
shows that the elements z,z2, ... are pairwise distinct. In particular, |(z)| = co. O

Definition 10.9. An action of a group G on a set Q is a map G x Q2 — Q, (g,w) — 9w with the
following properties:

e VweN:lw=uw,
e Vg,h € GVw € Q:9("w) = 9hw.

For w € Q one calls “w := {9w : g € G} the orbit of w and G, := {g € G : w = w} the stabilizer of w
in G. If there exists only one orbit, the action is called transitive. One calls |“w| the length of the orbit.

Example 10.10.

(i) For every set A, G := Sym(A) acts on A by 7a := o(a), because id(a) = a and ?(Ta) = o(7(a)) =
(o07)(a) ="a for a € A and 0,7 € G. This action is transitive, because for distinct a,b € A the
transposition (a,b) lies in G and (@b)g = b. This shows a = A for all a € A. The length of a
cycle o € Sym(A) is simultaneously the length of an orbit of (o).

(ii) For every K-vector space V, G := GL(V) acts on V by /v := f(v) for f € GL(V) and v € V.
This follows from (i) because G < Sym(V'). The orbit of the zero vector is “0 = {0}. In particular,
the action is only transitive if V' = {0}.

(iii) The groups Da, < O(R™) < GL(R"™) act on R™. The action of Dy, can be restricted to the regular
n-gon A. Furthermore, D, acts transitively on the set of vertices of A.
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Remark 10.11.
(i) In the situation of [Definition 10.9, 1 € G, # @ holds and for z,y € G, we have
1 1 -1

V=7 = 207 () = 27 = () = T =,

This shows zy~! € G,, and G, is a subgroup of G.

(i) For g € G, the map w — %w is a bijection on Q with inverse map w — 9w, because 9(9 ' w)

997y =lw=w=...=9 " (9w). Therefore, each g determines a permutation in Sym((2).

(iii) We show that
a~fi<—=3dgeG:9%a=0

defines an equivalence relation on . Because of 'a = a, ~ is reflexive. From 9o = 3 it follows
that 9 8 = 971(9(1) =990 = 1a = . Thus ~ is symmetric. Finally, let 9o = 8 and "8 = ~
for g,h € G and o, 3,7 € Q. Then "a = "(9a) = "3 = ~. Therefore ~ is transitive and an
equivalence relation. The equivalence classes are exactly the orbits. In particular, the orbits form
a partition of €.

(iv) Let H < G. Then H operates on G by "z := 2h~! for h € H and z € G, because 'z = 217! =z

and 9("z) = 9(zh~!) = (zh " V)g~t = z(h~1g7!) = 2(gh) ™! = 9"z for g,h € H. The orbits have
the form xH = {zh : h € H} for x € G. They are called left cosets. Let G/H = {zH : x € G}

and |G : H| := |G/H]|. One calls |G : H| the index of H in G.

Theorem 10.12 (LAGRANGE). For H < G,
are divisors of |G| if |G| < oo.

|G| = |G : H||H| ‘ holds. In particular, |H| and |G : H|

Proof. For x € G, the map H — xH, h — xh is bijective with inverse map g — x~'g. Thus all left
cosets of H have the cardinality |H|. The assertion follows because G is the disjoint union of the left

cosets.
Lemma 10.13. For H < G and z,y € G, xH = yH <= y~'x € H holds.

Proof.

xH =yH < xHNyH # @ <= 3h,k € H : xh = yk

1

— 3 keH:y lo=kh' < y 'z e H.

Theorem 10.14 (Orbit-Stabilizer Theorem). For every operation of G on a set §2,

“wl =G : Gyl

holds for all w € ).

Proof. 1t suffices to show that the map F': G/G,, — Gw, Gy, — *w is a bijection. Because of

Gy, = yGy, @y‘lx € G, <= VT — e Ty = Yy

for z,y € G, F is well-defined and injective. The surjectivity follows from the definition of the orbit.

7
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Remark 10.15.

(i) [Theorem 10.14] and Lagrange show that the orbit lengths are always divisors of the group order, if
|G| < 0.

(ii) If A is a system of representatives for the orbits of G on €2, then one obtains the orbit equation

=19 =>"1G: G4l

0EA 0EA

(i) Let |G| = 77 and |Q2| = 23. According to the orbit equation, there exist a,b,c¢ € Ny with
23 = a4+ Tb+ 1lc. It follows that a > 0, i.e. G always has a fixed point on 2.

(iv) One can prove Lucas’s Theorem using group actions: We decompose N := {1,...,n} into a

partition of the form
n;
N = U4
i>0j=1

with [A;| = p* for j =1,...,n;. For Aj; = {a1,..., o} let Gy :=((a1,...,a,)). Then

ng

G = >< XGijﬁsn

i>0 j=1

is a p-group acting on N. Certainly G also acts on (JZ ) The orbit lengths are always p-powers
according to [Theorem 10.14l Therefore, the number of fixed points of GG on (J: ) is congruent to
(z) modulo p. A subset K = {f1,...,0r} C N is a fixed point under G if and only if K is the
union of certain A;;. For each i > 0, one must choose exactly k; of the sets A;1,..., Aj,,. The

number of fixed points is therefore [T;~o (7).

Theorem 10.16 (BURNSIDE’s Lemma). Let G be a finite group acting on a set Q). For g € G let
f(g) = {w € Q:g € G,}| be the number of fixed points of g on Q. Then

|Cl,‘ S £9)

geG

18 the number of orbits of G on Q.

Proof. If a, B € Q lie in the same orbit, then |G : Go| = |“a| = |“8| = |G : Gg|. By Lagrange it follows
that |G| = |G| (note: |G| < 00). Let A C Q be a system of representatives for the orbits of G on .
Then

Y f@) =Hlgw) eGxQ:9w=w} =) |G| = |9|Gs|

geG weN SEA

=Y 1G:GsllGs| = Y |G| =A@l

0EA dEA

This shows the claim. O
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Example 10.17.

(i)

(i)

(iii)

Let G be a finite group acting transitively on Q with || > 1. According to Burnside’s Lemma,
1 is the average number of fixed points of elements from G. On the other hand, f(1) = || > 1.
There must therefore always be fixed-point-free elements in G. This generalizes

We want to count necklaces with six beads, where beads in three colors are available. Naively,
there are initially 3% such necklaces, some of which, however, are identical. We arrange the necklace
such that the beads form a regular 6-gon. Rotation by 7 /3 will not change the necklaces. Likewise,
we can rotate the necklace in space and thereby realize a reflection of the 6 vertices. Two necklaces
are thus identical if and only if they lie in the same orbit under G := D3. We apply Burnside’s
Lemma to the set Q of the 3% necklaces.

Certainly f(1) = 3%. A rotation o € G by 7/3 fixes only the three monochromatic necklaces, i.e.
f(o) = 3. The rotation o2 by 27/3 fixes the monochromatic necklaces and the necklaces with
alternating colors. There are f(02) = 32 of these. Analogously, one shows f(03) = 3. Furthermore,
flo) = f(072) = 32, f(0%) = f(o™!) = 3 as well as 0% = 1. Now let 7 be one of the three
reflections through two midpoints of sides. Then f(7) = 33. Finally, let p be one of the three
reflections through two vertices. Then f(p) = 3%.

(D &

According to Burnside’s Lemma there are

1 1
E(?)ﬁ+2‘3+2'32+33+3'33+3‘34)21(34(3+1)+32(1+3)+2+6)
=81+9+2=092

different necklaces.

In how many ways can one color the six faces of a cube W C R3 if n colors are available? Naively:
nS. Rotations in space do not change W essentially. Reflections, however, do. We therefore seek
the number of orbits under the rotation group of W (as a subgroup of SO(R?)).

Rotation axis Angle Number of rotations Number of fixed points
opposite side midpoints 0° 1 n®

opposite side midpoints ~ +90° 6 n3

opposite side midpoints 180° 3 n?

opposite edge midpoints ~ 180° 6 n3

space diagonal +120° 8 n?

hline 24

According to Burnside’s Lemma, the number of colored cubes is given by
176 3 4 3 2\ _ ”72 4 2
51\ +6n° 4+ 3n" + 6n° + 8n*) = o\ +3n°+12n+8).
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For n = 2 one obtains the following ten cubes:

ERERE el e §

If one wants only cubes with pairwise distinct side colors, then one initially has n(n —1)...(n —5)
possibilities (variations without repetition). Since every non-trivial rotation is now ﬁxed pomt free,
Burnside’s Lemma simplifies to in(n —1)...(n—5). For n = 6 one obtains the 30 MACMAHON

1Y
TTTTTT
TTTTTT
Tivrey
TTrYTT

314.53.72.11 = 43,252,003, 274, 489, 856, 000

(iv) There are

states of the 3 x 3 x 3 Rubik’s Cube, many of which, however, can be transformed into each other
by spatial rotation and reflection. With Burnside’s Lemma, the number reduces to

901, 083,404, 981, 813, 616

essentially different statesﬂ With this, it was possible to show in 2010 that every state can be
solved in at most 20 “moves” (god’s number, see https://cube20.org/).

(v) With Burnside’s Lemma, one can also show that there are
5,472,730,538

essentially different (filled) 9 x 9 SudokusEl

Ssee [Sambale, Endliche Permutationsgruppen, Springer, 2017]
"see [Russell-Jarvis, Mathematics of Sudoku II, Mathematical Spectrum 39 (2006), 54-58|
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Remark 10.18. In the following, we refine Burnside’s Lemma to count, for example, necklaces with a
certain value (the bead colors are no longer necessarily equivalent). For this, we consider an operation
of G on Q and another finite set A. Then G operates on A2 = {f: Q@ — A} by (9f)(w) := f(9 ' w) for
g€G, weQand fe A% because (1 f)(w) = f(w) and

EEMNW =CHE W) = O W) = T w) = f( W) = (P f)(w)

for g, h € G. For a weight function w: A — Ny, we define w; := |w™1(i)| for i € Ny and

-1 ,,—1

W(X):= ZwiXi € Q[X].

=0
Finally, let

(A%, = {f € A”: Y w(f(a) = k}

a€ef)

Because of

ST w(EHe) =D w(f(E @) =D w(f(a))

139 a€E aE

for g € G, G also operates on (A?);. Finally, let (171(9),222(9) ) be the cycle type of ¢ as an element
of Sym(2).

Theorem 10.19 (POLYA). With the notation from [Remark 10.18, the number of orbits of G on (A?)y,

is the coefficient of X* in
1 i i
@ > [[wixh=. (10.1)

geGi=1

Proof. Let fi(g) be the number of fixed points of g € G on (A®?)y. According to Burnside’s Lemma, we

must show that - ~
1 k1 k
kzzo(m > Jilg)) X* = a1 2 2 Jel9)X

geG g€G k=0
coincides with ((10.1)). It thus suffices to prove

> felg)x" = [ wx)=
k=0 =1

for g € G. If g has cycle type (l1,...,ls) (i.e. cycles of length l,1s,...,ls), then

S

H W(XZ)ZL(Q) — H(wo + leli =+ ’U)QXQZi 4+ .. )
=1

i=1
Every fixed point f € (A®), of g is constant on the cycles of g. For the l;-cycle o of g, there are |A|
possibilities for the assignment of f on the elements of 0. Exactly w; of these possibilities contribute
jl; to k. The claim follows. O
Example 10.20.

(i) We consider once again the necklaces with six beads of three colors (red, blue and green). Let the
red beads be worth 3€, the blue ones 2€ and the green ones 1€. How many necklaces worth 12 €
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(i)

can be produced? Let Q :={1,...,6}, A := {r,b, g} and w(r) := 3, w(b) := 2 and w(g) := 1. Then
W(X) =X+ X2+ X3 and we are looking for the number of orbits of G := D13 on (A%)12. The
trivial element of G has cycle type (1°). The rotation ¢ by 7/3 has cycle type (6'). Analogously
one obtains z3(0?) = 2 = z3(0?) and 22(03) = 3. For the reflections 7 € G through midpoints
of sides, zo(7) = 3 and the remaining three reflections through vertices have cycle type (12,22).

quation 10.I] now has the form
1

= (W(X)6 AW (XO) + 2W (X3)2 4+ W(X2)3 + 3W (X2)? + 3W(X)2W(X2)2)

= =X X174 4x X 412X 4 13x13
+18X 2 13X + 12X 4 6X? +4X8 + X7+ X6

Thus there are 18 necklaces worth 12€.

Poélya determined the number of isomers of alcohols and paraffins with [Theorem 10.19}

Definition 10.21. Two groups G and H are called isomorphic, if a bijection f: G — H with
f(zy) = f(x)f(y) for all z,y € G exists. We then write G = H.

Remark 10.22. Obviously, the isomorphism of groups is an equivalence relation. The equivalence
classes are called isomorphism classes. Isomorphic groups G and H differ only by the naming of their
elements. In particular, G and H have the same properties (e.g. |G| = |H|, G abelian <= H abelian

etc.).

Definition 10.23. Let g(n) be the number of isomorphism classes of groups of order n.

Remark 10.24. Since every group of order n is uniquely determined by its multiplication table,

g(n)

< n™ < oo holds. The existence of cyclic groups shows g(n) > 1 for all n € N.

Example 10.25.

(i)

Let G be a group with prime order p = |G| and let x € G\ {1}. Then |(z)| > 1 and Lagrange shows
G = (). According to G = {1,z,...,2P~ 1} holds. Because of z’z/ = z**+J (modp)
the multiplication table of G is already uniquely determined. One obtains an isomorphism G' = C),
by mapping z* to the rotation by 27k/p. Therefore, C) is the only group of order p up to
isomorphism, i.e. g(p) = 1.

Let G be a group with four elements. If there exists an x € G with G = (x), then G = C4 holds
again. According to Lagrange, we can thus assume 22 = 1 for all z € G. Then z = 2~! for all

z € G. It follows

zy=(zy) =y o =y2

for z,y € G, i.e. G is abelian. Obviously, G has the form G = {1, x, y, zy} for certain z,y € G. The
multiplication table is thereby uniquely determined and G is isomorphic to the Klein four-group

Vii={1,(1,2)(3,4),(1,3)(2,4), (1,4)(2,3)} < 8,4

In particular, g(4) = 2. One also finds V} as a subgroup of Ds:
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Theorem 10.26. It holds that

s < () )<

where A(n) is the number of prime factors of n € N with multiplicities.

Proof. According to [Example 10.25] we may assume n > 4. Let G be a group of order n and let
x1,...,2q € G be a minimal generating system of G, i.e. G cannot be generated with d — 1 elements.
In particular, z; # 1 for i = 1,...,d. By 9z := gx for g,x € G, G acts on itself. In particular, each

g € G determines an element f, € Sym(G) with fy(z) = gz (Remark 10.11|(i)). Since every element in

G can be written as a product of the x;, the isomorphism type of G is already uniquely determined by
farseos fu,. For g € G, fr,(9) = xig # g, 1. e. fa, is fixed-point free. Because of fy,(1) = xi, fz,,- .- fay
are pairwise distinct. According to [Theorem 2.2} there are thus at most

=

possibilities for G. Now let H; := (z1,...,a;) fori =1,...,d. Then 1 < H; < ... < Hy = G holds,
because otherwise G could be generated with fewer than d elements. According to Lagrange,

n = ‘G’ = |Hd : Hd—lHHd—l : Hd_2| . ’H1|

and it follows that d < A(n). Since every prime divisor of n is at least 2, it also holds that A(n) <
logy(n) < % because of n > 4. This shows

g(n) < ([nZe]) Exeree 3 CZEZS}) < (M) < (pr)Mm) = pnAm) < pmlogs(n). -

Example 10.27. It holds that

[720/€] 265
6) < = = 34.980.
9(6) < ( A(6) 2
In fact, there are only two groups of order 6 up to isomorphism, namely Cg and S3 (without proof). On
the other hand, g(2'°) = 49.487.365.422 and g(2'!) is unknown. Over 99% of all groups of order < 2000

have order 2!9 = 1024 (see https://oeis.org/A000001). The number of abelian groups of order 21 is
only p(10) = 42. This follows from the fundamental theorem of finite abelian groups (see Algebra 1).

Remark 10.28.

(i) Every group G acts on itself by conjugation, i.e. 9z := gwrg~! for g,z € G, because 'z = 117! =z
and 9("z) = g(hah™1)g~' = (gh)z(gh)~! = 9"z for g,h,x € G. The stabilizer of 2 € G is then
called the centralizer and is written as Cg(x) := {g € G : gz = xg}. The orbits are called conjugacy
classes of G and their number k(G) is called the class number of G. Certainly k(G) < |G|. The
orbit equation becomes the class equation

Gl =" |G : Ca()],

zER

where R is a system of representatives for the conjugacy classes of G.
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(ii) Let € be a set on which G acts. For w € Q and g,z € G it holds that
w=w<+= gfcgil(gw) =9w.

Therefore, the map w — 9w is a bijection between the set of fixed points of x and the set of fixed
points of gxg~!. In particular, conjugate elements have the same number of fixed points on §.
In Burnside’s Lemma, one therefore only needs to sum over a system of representatives R of the
conjugacy classes of G, i.e.

61 516 Colalfe) = 22 iy

TER

is the number of orbits of G on €.

Lemma 10.29. A finite group G is abelian if and only if k(G) = |G| holds.

Proof. If G is abelian and g,z € G, then 92 = gzg~! = gg~'x = =, i.e. every conjugacy class has only
one element. This shows k(G) = |G|. Conversely, if k&(G) = |G|, then {z} = “x = {gzg~' : g € G} for
all x € G. This shows that G is abelian. O

Theorem 10.30 (LANDAU). Up to isomorphism, there are only finitely many finite groups with a given
class number.

Proof. Let G be a finite group with class number k and let x1, ..., 2 € G be a system of representatives
for the conjugacy classes of G with z = 1g. Let n; := |Cg(x;)| for i = 1,... k. wlog. let ny < ... <
ni = |G|. The class equation shows

and n; < k. In particular, there are only finitely many possibilities for n;. Now

m-1_ 1, 1 _k-1
ni ne 0 ng N9

and no < % Thus there are also only finitely many possibilities for no. Continuing in this manner,
one sees that there are only finitely many possibilities for ny = |G|. The assertion now follows from

Remark 70.241 O
Remark 10.31. Erdés and Turdn have shown that |G| < 22“ holds.

Example 10.32. A group with class number 1 is trivial, because {14} is always a conjugacy class.
Now let k(G) = 2. As in [Theorem 10.30, n; < 2 and there is only the solution n; = 2 = ng = |G|. Then
G = (5 holds. Finally, we assume k(G) = 3. In the case n; = 3, then ny < ng < 3 as in [Theorem 10.30}

This leads to n; = ng = n3 = 3 = |G| and G = C5 according to Example 10.25| The case n; = 2 remains.
Here ng < 4 and one has the solutions (n1,ng,ng) € { (2,3,6),(2,4,4) } The possibility ne = 4 = |G| is

excluded, because then G would be abelian (Example 10.25)) and would have four conjugacy classes
according to The first possibility leads to G = S3. There are therefore exactly two
groups with class number 3 (up to isomorphism). All groups with class number < 14 are known (see
https://oeis.org/A073043).
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Theorem 10.33. Forn € N, k(S,) = p(n) (number of partitions of n). In particular, p(n) < nl.

Proof. 1t suffices to show that the permutations with a given cycle type form a conjugacy class of S,,.
Let 0 = (a1,a2,...)(b1,b2,...)... € Sy, be a product of pairwise disjoint cycles and 7 € S, arbitrary.
Then

ot = (1(a1), (az),...)(1(b1), 7(b2),...) ...

Since 7 is injective, the cycles (7(a1),7(az2),...), (7(b1),7(b2),...),... are also pairwise disjoint. In
particular, ¢ and 707! have the same cycle type.

Conversely, let o/ = (a}, ab,...) (b}, b5,...)... € Sy, be a permutation with the same cycle type as o. For
(e by by ---
R T A

then 707! = ¢’ holds. This shows the claim. O

Example 10.34. The conjugacy classes of S5 are represented by 1, (1,2), (1,2, 3), (1,2,3,4), (1,2,3,4,5),
(1,2)(3,4) and (1,2)(2,3,4) (p(5) = 7).

Remark 10.35. A group G also acts by conjugation on the set of all subgroups by means of gHg ! :=

{ghg=!:h € H} for g € G and H < G. We write H ~ K if H, K < (G are conjugate. The stabilizer
of H is the normalizer Ng(H) := {g € G : gHg~! = H}. According to the orbit-stabilizer theorem,
|G : Ng(H)| is the length of the conjugacy class of H.

Theorem 10.36. Let G be a finite group acting on a set Q. For H < G, let f(H) := |{w € Q: H < G,}|
be the number of fized points of H on Q. Let u be the Mdbius function on the set of all subgroups of G

(ordered by C). Then

= 3, ()

Gl =
is the number of orbits of G on Q with length |G]|.
Proof. For g € G and w € €, we have
€ gGug !t = g lzge G, — 97y =y e Ty =9 = z € Gy,

i.e. gGug~! = Gy. Every orbit of G on € therefore determines a conjugacy class of stabilizers. For
H < G, let p(H) be the number of orbits whose stabilizers are conjugate to H. The length of these
orbits is |G : H|. Now we have

"D IEED S SRED S D

wenN K>H weQ K>H wEQ
H<G,, Gu=K ~K
G: K
= Z \G’N(| Z INe(K) : K|p(K).

s G Na(K K>H
Mobius inversion yields

Ne(H) - Hlp(H) = Y u(H,K)[(K).

K>H

The claim follows from the special case H = 1. O
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11. Graphs

Definition 11.1. A graph Q = (Qg, Q) of order n € N consists of an n-element set Qg of vertices and
aset Qg C (QQE) of edges. We set |Q] := |Qg| = n. Vertices a, € Qp are called adjacent, if {«, 5} € Q.
The degree of a vertex is the number of its adjacent vertices. More generally, vertices a, 8 € Qg are
called connected, if a path a = a1,...,amym = 0 € Qp with {a;, i1} € Qx fori=1,...,m — 1 exists.
This describes a partition on g, whose parts are called (connected) components of Q. If there is only
one component, then € is called connected and otherwise disconnected.

Remark 11.2. As usual, we will illustrate graphs with diagrams and number the vertices with natural
numbers.

Example 11.3.

(i) The components of
O—2—)
ONO,

are {1,2,3,4,5,9}, {6} and {7,8}.
(ii) The trivial graph Ty, := ({1, co,m), @) without edges and the complete graph

Vo= ({1,....m}, (“"'2"”}))

of order n € N.

7:11 V42

(iii) For every graph € there exists the complementary graph Q¢ = (Qp, (QQE) \ Qx). A vertex in Q of
degree k corresponds to a vertex in Q¢ of degree || — k — 1. Obviously 7, = VS.

(iv) For graphs Q and A, the (disjoint) union QU A = (Qp U Ap, Qx U Ak) is also a graph with
QU A| = Q| + |A|. Obviously, every graph is the union of its components.

Remark 11.4. A graph  with Qr = {1,...,n} is obviously uniquely determined by Q. The number

Q n
of all graphs of order n is therefore ]2( 7 )| —2(3). However, many of these graphs look the same. For
example, there are six graphs of order 4 with only one edge.

Definition 11.5. Graphs 2 and A are called isomorphic, if a bijection o: Qp — Ag with
{z,y} € Ok <= {o(2),0(y)} € Ak

exists. We then write 2 = A.
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Remark 11.6. As with groups, the isomorphism of graphs is an equivalence relation. Isomorphic
graphs differ only by the labeling of the vertices and therefore have the same properties (same order,
same number of edges, etc.).

Definition 11.7. Let g(n) be the number of isomorphism classes of graphs of order n.

Remark 11.8. To determine g(n), it suffices to consider the set G, of all graphs Q with Qp =

{1,...,n} =: N. Thus g(n) < |G,| = 2(5). We count the isomorphism classes in G,. For this, we
consider that S,, acts on (];[) by

?{a,b} == {o(a),o(b)}

for o € S, and {a,b} € (g) This induces an action of S,, on 2@) Therefore S,, also acts on G,, by
7Q == (N, Q).

Example: Q: E— O | |

Two graphs in G, are isomorphic if and only if they lie in the same orbit of S,,. To calculate the number
of these orbits, we use Burnside’s Lemma. For this, we must count how many fixed points o € S, has
on G,. Let o be the permutation on (g ) induced by o. A graph Q € G,, remains fixed under o if and
only if Q is the union of orbits of &. The number f(c) of these graphs is thus 22(9), where z() is the
number of cycles of . Burnside’s Lemma shows

1 z(o
== > 27@), (11.1)

’ O’ES’n

It is easy to see that f(o) depends only on the cycle type of o (cf. [Remark 10.28). Furthermore, we
know from [Theorem 2.26{how many elements of each cycle type exist. In (11.1)), one therefore “only” needs
to sum over the partitions of n. No explicit formula for g(n) is known (cf. https://oeis.org/A000088).

Example 11.9.
(i) Certainly g(1) =1, g(2) =2 and g(3) = 4:

[ J
T3 : ° Vo UT \ V2[_|7'1 [/. [>
[} [ )

(ii) We consider the case n = 4 in [Remark 11.8] Obviously o = 1 has exactly z(c) = =
cycles (of length 1) o (2), i.e. f(o) = 25. Furthermore o0 = (1,2) has the cycles ({1,2}),
({3,4}), ({1,3},{2,3}) and ({1,4},{2,4}) on (];7) and it follows f(o) = 2*. Analogously one shows
F((1,2,3)) =22, £((1,2)(3,4)) = 2* and f((1,2,3,4)) = 22. According to [Theorem 2.26| there are
six permutations of cycle type (2), eight of type (3), three of type (22) and six of type (4). With

(11.1)) one obtains

%(f(l) +6/((1,2)) +8f((1,2,3)) +3f((1,2)(3,4)) + 6£((1,2,3,4)))

1 1
= (262" 4822 43.2046-2°) = (222 +3+1) +3-2°2+1) = 11.

9(4) =
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Representatives of these graphs are:

[ ] [ ] *—0 *—0 ®

[ ] [ ] [ ]
i. Y D
[ ] J ZD
(iii) With Poélya’s Theorem we can more precisely count the graphs with a given number of vertices
and edges. For this, let T := ({1"‘2""}) and A := {0,1}. Every graph Q of order n corresponds to a
mapping f € Al with f(a) = 1 if a is an edge of  and 0 otherwise. As in (i), S, acts on Al
With the notation from [Theorem 10.19} let w: A — Ny, w(0) = 0, w(1) = 1. Then W(X) = 1+ X.

The number of orbits of S,, on (Al)y is exactly the number of graphs with n vertices and k edges
up to isomorphism. With the calculations from (i) one obtains the polynomial

4
1 a1
7> TTa+xi@ = ﬂ((1 +X)% 4 6(1+ X)2(1 + X2)?
T oeSyi=1

F8(1+ X324 3(1+ X)2(1+ X2+ 6(1 + X2)(1 +X4)1)
= . =X+ X 4+2Xt +3X3+2X%+ X + 1.

There are thus exactly three graphs of order 4 with three edges up to isomorphism (cf. figure
above). The symmetry in the coefficients is explained by the bijection Q s Q.

Definition 11.10. The automorphism group Aut(f2) of a graph € consists of the isomorphisms from
to itself, i.e.

Aut(Q) := {0 € Sym(QE) : {z,y} € Qx < {o(z),0(y)} € Qx} < Sym(Qg).
In the case |Aut(2)| # 1, Q is called symmetric and otherwise asymmetric.
Example 11.11.

(i) For every graph Q, Aut(Q) = Aut(Q°) holds. In particular, Aut(7,) = Aut(V,) = S,,.

(i) Let G, := ({1, coonh {{ii+1}i=1,...,n— 1}) be a path of order n > 2. Then Aut(G,) = Cs,
where the non-trivial automorphism describes a reflection at the center of the path.

Gs: o—o—o—o—o

(iti) Let Kp := ({1,...,n},{{i,i+ 1} :i=1,...,n— 1} U{1,n}) be a cycle of order n > 3. Then
Aut(K,,) = Do, because every automorphism must preserve the distances of the vertices and
thus corresponds to a symmetry of the regular n-gon.

IC3 = V3:
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(iv) Let Sy = ({1,...,n},{{i,n}:i=1,...,n —1}) be a star of order n > 2. Then S =T, UV, 4
and Aut(S,,) = Sp-1.

542

(v) We examine the automorphism group of the graph

QO 1 2

3 4
NS

Every a € Aut(£2) must permute the two vertices 3 and 4 of degree 3, i.e. {a(3),a(4)} = {3,4}.
The only common neighbor of 3 and 4 must therefore remain fixed, so a(6) = 6. Besides 6, only
vertex 2 has degree 2. This shows «(2) = 2. It now follows easily that o = id and Aut(Q2) = {id},
i.e. Q is asymmetric. This is the smallest asymmetric graph. Surprisingly, however, almost all
graphs are asymmetric.

Theorem 11.12 (ERDOS-RENYI). It holds that

1. e. almost all graphs are asymmetric.

Proof. With (11.1)) from |Remark 11.8| we must show

In the following, let n therefore always be “large enough”. Let 2 < k < n and X C S,, be the set of
permutations with at most k fixed points. For o € ¥, ¢ then has at most (g) + "Q;k fixed points (where

equality only holds if ¢ is a disjoint product of ”T_k transpositions). All other orbits of & have at least
length 2. Thus

- 1 k n—k nn—1)—k(k—1)—n+k
Z(U)Sm_z(m_<2>_ 2 )Zm_ 4
=m — n(n—Z);k(k—Q) Sm_n(n4—14:) (replace k(k — 2) by n(k —2)).

For 1 # 0 € S, \ Xk it holds that o € ¥,,_ and

orzn- o (57) )

nn—1)—(n—-2)(n—3)—2

= — 1 =m-n+2.
Because of [S;| < n! < n™ and S, \ Zg| < (})(n — k)l = Z—,‘ < n" kit follows
Z 22(0) — 92(1) | Z 2%(0) Z 92()
oc€Sy oYXy 1#0’65n\2k

<9m oy anmfn(nfk:)/ll + nn7k2mfn+2.
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It suffices to show that n"2~™"=k)/4 and n*=%22=" tend to 0 if one chooses k appropriately. We take
the logarithm to the base 2 and then set k = n — 5[logn] (which is allowed for large n). Then

n(n —k) nlog(n)
VR
(n — k)log(n) + 2 —n — 5log?(n) —n — —oo

nlog(n) — — —00

for n — oo.

For the second assertion, let ¢(n) be the number of asymmetric graphs of order n up to isomorphism.
The orbits of these graphs under the above operation then have length n!. All other orbits have at most

length n!/2. This shows

n!

2m < E(g(n) +t(n)).

Dividing by g(n)n! and letting n tend to oo, it follows % — 1. O]

Remark 11.13. Frucht has shown that every finite group G is the automorphism group of a graph €.
Except in the cases G € {C3,C4, Cs}, one can choose 2] < 2|G|. The smallest graph with automorphism
group Cj5 has order 15 (without proof).

Definition 11.14. A connected graph € is called a tree, if ) contains no cycle, i.e. any two vertices of
Q are connected by exactly one path. Vertices of degree 1 are then (appropriately) called leaves.

Example 11.15. Lines and stars are always trees. In contrast, 7,, V, and K, for n > 3 are not trees.

Theorem 11.16. A connected graph Q0 of order n is a tree if and only if |QUx| = n — 1 holds. In
particular, every connected graph of order n has at least n — 1 edges.

Proof. Induction on n: For n = 1 the assertion is clear. So let € be a tree with order n > 2. Let
W= wi,...,w, be a path of maximal length in 2. Then w is a leaf, because otherwise one could extend
the path by one vertex. If one removes w and the edge containing w, one obtains a tree of order n — 1.
By induction, this tree has exactly n — 2 edges. Thus |Qg| =n — 1.

Conversely, let © be a connected graph of order n with k edges. Suppose that €2 contains a cycle A (i.e.
Ar CQp and Ag C Q). Then one can remove an edge of A such that € is still connected. This can
be repeated until one obtains a tree. According to the first part, &k > n — 1 holds, where equality occurs
if and only if € is already a tree. O

Remark 11.17. We first count trees without considering isomorphism.
Theorem 11.18 (CAYLEY formula). There are exvactly n™ 2 trees with vertex set {1,...,n}.

Pmoﬂ(PRUFER). wlog. let n > 3. For an n-element subset M C N, let B(M) be the set of all trees Q2
with Qg = M. We construct mutually inverse bijections

f:B(M) — M"2,
g: M"7% = B(M)

8alternative proofs can be found in [Aigner-Ziegler, Proofs from THE BOOK, Springer, 2014]
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by induction on n. For n = 3, Q € B(M) is a path and we define f(2) as the center of  (the only
vertex of degree 2). Conversely, if « € M = M"? is given, we define g(a) as the path with center a.
Then surely fog=idyn-2 and go f =idp().

Now let n > 4 and Q2 € B(M) be given. Let a € Qp = M be the leaf with the smallest value in M and
let 5 be the unique neighbor of cv. We remove a and the edge {«, 8} from Q and thereby obtain a tree
A € B(M \ {a}). Then we define f(2) := (8, f(A)). Conversely, let (av, ..., an—2) € M" 2 be given.
We set a :=min M \ {1, ..., an—2}. Inductively, g(ag, ..., an—2) € B(M \ {a}) already exists and we
can define

gloa, ... an—2) == (M,g(as,...,an—2)k U{ai,a}) € B(M).

To calculate g o f, we choose Q € B(M), the smallest leaf & € Qp and A € B(M \ {a}) as above.
By construction, M \ f(€) is the set of leaves of Q. In particular, min M \ f(2) = «. Inductively,
g(f(A)) = A holds and it follows that g(f(Q2)) = Q. Conversely, let (a1,...,a,_2) € M" 2 and a :=
min M \ {au,...,a,—2}. Inductively, f(g(ag,...,an—2)) = (ag,...,an_2). Thus M \ {a, a2, ..., n_2}

are the leaves of g(ag,...,an—2) and M \ {aq,...,a,_2} are the leaves of g(aq,...,an—2). Therefore
a is the smallest leaf of g(av, ..., a,—2) and it follows that f(g(au,...,an—2)) = (a1,...,a,—2). Thus
f and g are mutually inverse bijections. In particular, f is bijective and |B(M)| = |M""?|=n""2. O

Remark 11.19. Using the notation from the above proof, f(f2) is called the Priifer code of a tree .

Example 11.20. The Priifer code of

is (2,3,3).

Remark 11.21.

(i) Let © be a tree with Qg = {1,...,n} and let d; be the degree of the vertex i € {1,...,n}.
According to [Theorem 11.16} © has exactly n — 1 edges and it follows that > ", d; = 2(n — 1).
The bijection in the proof of [Theorem 11.18 maps 2 to a sequence (ay,...,a,—2) with [{1 <i <
n—2:a;=k}| =dy—1for k=1,...,n. Conversely, every such sequence arises from a tree with
vertex degrees di,...,d,. The number of these trees is thus

n—2
di—1,...,d,—1

(ii) The multiset {d; —1,...,d,, — 1} describes a partition of n — 2 (if one omits zeros) and conversely,
for every partition of n — 2 there is a corresponding tree. Isomorphic trees obviously yield the
same multiset {dy,...,d,}. The number of isomorphism classes of trees of order n is therefore at
least p(n — 2).

according to [I'heorem 1.1§|
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(iii) Let eq,...,es be the multiplicities in the multiset {dy,...,dn} (so e1 + ...+ es =n). Then one
can arrange the numbers d,...,d, in
n
<61, “uey €S>

ways. The number of trees whose vertex degrees yield the multiset {d1,...,d,} is thus

n—2 n
dl—l,...,dn—l €1,...,€5 '

For n =7 and {d1,...,d7} ={1,1,1,2,2,2,3} one obtains

5) 7 57!
< >< ) 5!-2.5-7=120-70 = 8.400.

1,1,1,2)\3,3,1) ~ 213131 —
Theorem 11.22. The number of trees of order n with exactly k leaves is {Z:i Z—,‘
Proof. For the choice of the leaves e1, ..., e, € {1,...,n} of Q there are (Z) possibilities. Let egy1,..., ey
be the remaining vertices. The Priifer code of 2 then corresponds to a surjective mapping {1,...,n—2} —
{€k+1,-..,en}. The sought number of trees is therefore
n\ [n—2 n—2\n!
— k)= —
<k> {n - k}(” ) {n - k:}k:!
according to O

Example 11.23. According to [Theorem 11.18|there are 53 = 125 trees with vertex set {1,...,5}. We

determine the isomorphism classes by going through the partitions of 3:

e The partition (13) yields the (253) = 10 possible degree sequences (1,1,2,2,2),...,(2,2,2,1,1).

There are therefore 5
1 —
o(111) =

such trees, which are all isomorphic to the path Gs.

e The partition (2,1) yields (1?3) = 20 possible degree sequences (1,1,1,2,3),...,(3,2,1,1,1).

This results in 5
2 =
()

trees, which are all isomorphic to

1—2—3
)

(the vertex of degree 3 forms a star with three other vertices).

e The partition (3) yields (451) = 5 degree sequences (1,1,1,1,4),...,(4,1,1,1,1) and 5 trees, which
are all isomorphic to Ss.

There are therefore only three trees of order 5 up to isomorphism (cf. https://oeis.org/A000055).

Remark 11.24. In contrast to Erdds and Rényi also proved that almost all trees are
symmetric. For this, they showed that most trees possess cherries. These are two leaves with a common
neighbor. Swapping these leaves yields a non-trivial automorphism.
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12. Exercises

Exercise 1 (24 2+ 2+ 2+ 2 points). Let n € N. Find “combinatorial” proofs (i.e. if possible without
induction) for the following identities:

(a) 1+2+4+...+n—1=(}).

(b) 14+34+5+...+2n—1=n?

() 12422+ ... +(n-12=1(}.
Hint: Determine the cardinality of {(a,b,c) € N3:a,b < ¢ <n} in two ways.

(@) 1(7) +2(5) +...+n(}) =n2n1.

(e) 2°(3) +2' (1) +...+2"(7) = 3™

Exercise 2 (2 + 2 + 2 points). Answer the following questions with justification:
(a) How many subsets of {1,...,10} contain at least one odd number?

(b) How many possibilities are there to arrange the letters of MISSISSIPPI such that the four S are
not all next to each other?

(¢) How many possibilities are there to place 7 people at a round table, where two possibilities are
considered the same if every person has the same two neighbors?

Exercise 3 (3 points). Show

<3> - @ S (LnT/L%) B <(n721> 7 <rn/;+1> T <Z>

for n € N, where [n/2] denotes rounding down and [n/2] denotes rounding up.

Exercise 4 (2 points). Let M be a non-empty set. Show that M has as many subsets with even
cardinality as with odd cardinality. Determine the number of these subsets.

Exercise 5 (2 points). How many six-digit decimal numbers are there whose digits are strictly
monotonically increasing?

Exercise 6 (2 points). Show

i (k) B (m + 1)

i \n n+1

for n,m € Ny.

Hint: Count the (n + 1)-element subsets of {0,...,m} with a given maximum.

Remark: Since the involved binomial coefficients in Pascal’s triangle take the shape of a hockey stick,
this is called the hockey-stick identity.
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Exercise 7 (3 points). Prove without induction the multinomial theorem

k
(a1 + ... +an) = Z (kl.”k>a'f1...aﬁ”

(klzmvkn)eNg
ki+...+kn=Fk

for ay,...,a, € C and k € N.

Exercise 8 (2 + 2+ 2+ 2 points).

(a) Calculate ¢(1500).

(b) Determine {n € N : p(n) = 8}.

(c) Write (1,2,3,4)(7,6,5,4,3) as a product of disjoint cycles.

(d) Write (1,4,6,3)(2,7,9) as a product of transpositions. How many transpositions are needed for

this?

Exercise 9 (3 points). Every permutation o € S,, can be uniquely written as a product of disjoint
cycles

0:(al,...,ak)(bl,...,bl)..

if one requires a1 = max{ay,...,ar} < by = max{by,...,b} < ... (cf. Remark 2.8)). Here we also count
the 1-cycles. Show that the mapping

vU: S, — Sy,

1 2 ok k+1 k+2 - k4l -
g —
ai as -+ ag by by b

is bijective. V¥ is called the FOATA transformation.

Exercise 10 (2 + 2 + 2 points). How many possibilities are there to place n different figures on an
n X n chessboard such that

(a) there is one figure in each horizontal row?
(b) there is one figure in each horizontal and vertical row?

(c) there are no restrictions?

Exercise 11 (4 4+ 2+ 2 + 2 points).
(a) Calculate [Z], {Z}, p(7) and b(6).

(b) Show
1
[n—; ] =nlH,

for n € N, where H,, is the n-th harmonic number.

(c) Show
n n n
] =2(3) +o ()
for all n > 2.

Hint: Consider which cycle types are relevant and apply
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(d) Find and prove an analogous formula for { ",}.
Exercise 12 (2 + 1 points). Show that
" [n
z(z+1)...(x+n—-1)= []xk

for all n € N and € R. Conclude:

EZ:(—N [Z] — 0.

k=1

Exercise 13 (1 + 1 points). How many summands do the two formulas

m D

0<ar<...<ap—r<n

{Z}: Y man

1<a1<...<an_k<k

from Theorems 2.17 and 2.32] have?

Exercise 14 (2 points). Show that Sy, has exactly 1-3-...-(2n — 1) fixed-point-free permutations of
order 2.

Exercise 15 (2 points). Show that among six people there are always three who all know each other
or all do not know each other.

Exercise 16 (2 points). Show that there exist two prime numbers whose difference is divisible by 2019.
Hint: Using the pigeonhole principle, one does not need to specify the prime numbers explicitly.
Addition: Are there two prime numbers whose sum is divisible by 20197

Exercise 17 (2 points). For every n € N there exists an m € N such that mn consists only of the
digits 0 and 1.

Exercise 18 (2 + 2 points). For partitions A = (Ar,...,As) and p = (1, ..., ) of n € N we write
A < if X is a refinement of p, i.e., with suitable numbering g3 = A+ ...+ Xy, o = Njj41 + ...+ Ay
etc. Show that (P(n), <) is a locally finite ordered set. Calculate the corresponding M&bius function

e (1,1,1,1),(4).

Exercise 19. Let V be a finite-dimensional vector space over a field with ¢ < oo elements. The set U
of subspaces of V' is ordered by C. Show that

L (U, W) = (—1)dimW/0) o (F570)

forU<W V.
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Exercise 20. Let ag,a;1...,b9,b1,... € C. Show:
(a) (Binomial inversion)

Vn e Ny :a, = Zn:(—l)k<z> by <= ¥neNg:b, = i(q)k(’;)ak

k=0 k=0

(b) (Stirling inversion)

VneNo:an = zn:(—nk m by <= VneNg:b, = zn:(—nk{?;}ak

k=0 k=0

Exercise 21 (2 + 2 points).
(a) Calculate the coefficients of (14 X + X?)~1 € Q[[X]].

(b) Calculate the first six coefficients of the inverse function of X — X2 € Q[[X]].
Hint: Set up the inverse function in the form " a, X™ and establish equations for aj,ag, .. ..

Exercise 22 (2 points). For every prime number p, the power series of the form X +as X2 +... € F,[[X]]
form a subgroup of IF,[[X]]°, which is called the Nottingham group N,. Construct an element of order p
in Np.

Exercise 23 (3 points). Construct for every field K suitable power series «, 3, € K[[X]], such that
aofB#Boa, ao(B+7)+ao08+ao0yandao(fy) £ (aof)aoq)

Exercise 24. We consider the following power series in C[[X]]:

sin(X) == i ((_mX?"H, cos(X) == i (=1" X

= (2n+ 1)! = (2n)!

sin(X) o~ (=1 op
tan(X) := ——= tan(X) = X
an(X) cos(X)’ arctan(X) kzo 1 ,

o0
2)! X2n+1
arcsin(X) := Z (2n)
n

— (2"n))22n + 1

Show:

(a) (EULER’s formula) exp(iX) = cos(X) + isin(X), where i = v/~1 € C.
(b) sin(2X) = 2sin(X) cos(X) and cos(2X) = cos(X)? — sin(X)2.
(“trigonometric Pythagoras”) cos(X)? + sin(X)? = 1.

sin(X)" = cos(X) and cos(X)" = —sin(X).

)
()
(d)
(e) arctanotan = X.

Hint: First check tan € C[[X]]°. Then differentiate.

(f) arctan(X) =1 log(1+X> withi=+/-1¢€ C.
Hint: Check that 10g<;f§) is well-defined.
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: _ 1
(g) arcsin(X)" = Nk

Hint: Newton’s binomial theorem.
(h) arcsinosin = X.

Remark: There are countless other trigonometric identities, but not all can be proven via formal power
series. For example, cos has no formal inverse function (nevertheless, one can give the analytical Taylor
series for arccos).

Exercise 25 (3 points). Let K be a field. Verify that

K((X)) = {i anX" k€7, ap € K}
n==k

with the operations

Z an X" + Z by X"
Z an X" - Z b, X"

D (an +bn) X"

o0

i (Z akbn_k>X”

n=—o00 k=—o0

is a field.
Hint: Do not forget to check the well-definedness of addition and multiplication.

Exercise 26 (2 points). Find and prove an explicit formula for the recursively defined sequence ag := 1,
a1 =2, apt1 = 3ay — an—1 for n € N.

Exercise 27 (2 points). Determine all invertible 2 x 2-matrices over the field Fs.

Exercise 28 (2 + 3 + 2 points). Let n € N. Prove:

(a) Let pi(n) be the number of partitions of n with even parts. Let pa(n) be the number of partitions
of n whose parts have even multiplicity. Show that p;(n) = pa(n) for all n € N.

(b) Let py(n) (resp. p—(n)) be the number of partitions of n with an even (resp. odd) number of parts.
Show that (—1)"(p+(n) —p—(n)) is the number of symmetric partitions of n.

) =
(c) Let g4+ (n) (resp. ¢—(n)) be the number of partitions of n with an even (resp. odd) number of even
parts. Show that ¢4 (n) — g—(n) is the number of symmetric partitions of n.

Exercise 29 (3 + 3 + 3 points). Let n,d € N. Prove:

(a) (GLAISHER) The number of partitions of n whose parts are not divisible by d is equal to the number
of partitions of n in which no part occurs d times (or more).

Hint: The case d = 2 corresponds to [Theorem 5.7|(1).

(b) (SUBBARAO) The number of partitions of n where each part occurs exactly twice, three times, or
five times is equal to the number of partitions of n into parts of the form +2 + 12k, +3 + 12k, or
6 + 12k.

(¢) (MACMAHON) The number of partitions of n where each part occurs at least twice is equal to the
number of partitions of n into parts that do not have the form +1 + 6k.
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Exercise 30 (2 + 2 points).
(a) Determine all irreducible polynomials in F3[X] of degree < 3.

(b) Calculate the cyclotomic polynomial ®sgg.

Exercise 31 (3 points). Let n € N. How many pairwise distinct numbers a,b,c € {1,...,2n} are there
such that a is the arithmetic mean of b and ¢?

Christmas puzzle (+3 bonus points). From a bag with r red and b blue beads, two are drawn at
random. If both beads have the same color, they are removed and a new red bead is put into the bag
instead. If both beads have different colors, the red one is removed and the blue one is put back into
the bag. If this process is repeated often enough, exactly one bead remains in the bag at the end. How
can the color of this remaining bead be determined from r and b7

Note: It has nothing to do with probabilities.

Exercise 32 (2 + 2+ 2 points). Let Z be the set of all rational polynomials with integer values, i.e.,
Z:={a€Q[X]:a(z) € ZVz €L}

Show:

(a) For a, B € Z, it holds that o + 5,af € Z.

(b) The polynomials ()kf ) defined in [Example 6.28|lie in Z for k € Nj.

(c) Every a € Z can be uniquely written in the form o = Y77 ax ()k() with a, € Z.

Exercise 33 (3+ 3 points). For a =) akh_._,anfl o XE e KX, ..., X,)], we define the (I, ..., 1,)-
th Hasse derivative by

HO) () = ag, g, <k1> (];")Xfl_ll L XE T e KX, X

Let the multiplicity of x = (z1,...,x,) € K™ as a root of o be the smallest number mq(z) € No U {oo}
with Htn) (2) = 0 for all (Iy,...,1,) with I; + ... 41, < mu(z) (in the case mq(z) = 0,  is not a
root of av). Show:

(a) For a # 0, it holds that Y, pn ma(x) < deg(a)| K" 1.

(b) Let ¢: K™ — Ng and d € Ny with >z (C(x):"_l) < (*F™). Then there exists an a €
K[X1,...,Xp] \ {0} with deg(a) < d and mq(z) > ¢(x) for all z € K.

Exercise 34 (2 + 2 points). Prove the “inverse” Waring formulas

k

a;
_ pi’
Tk — ain 1’

17 Qg

(1°1,...,k*k)eP (k) i=1

oy, = (—1)F >, 11 (Zap;zT

(191,....k% )€ P(k) i=1

for K =C and k € N.
Note: Proof of [Theorem 5.12
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Exercise 35 (2 + 2 points).
(a) Calculate the Bernoulli numbers Bs, ..., Big.

(b) For which n < 100 does the n-th Bernoulli number have the form B,, = & with z € Z7

Exercise 36 (2 points). Apparently, the set M := Q\ {0} is a magma w.r.t. division. How many
results are obtained if one brackets 1 : 2 : 3 : 4 in all possible ways?

Exercise 37 (2 + 2 points).
(a) Which patterns does the permutation (2,4,5,6,1,3) € Sg possess (or avoid)?

(b) Let n > 4. Which permutations in S,, possess only one pattern?

Exercise 38 (2 + 2 points). Let n,k € N. Show that
k
‘{(nl,...,nk) e N* Zn, = n}
i=1
k
‘{(nl,...,nk) € ng : Zn, = n}
i=1

(371
-(G20) = ()

Hint: Consider the map (ni,...,ng) — (n1,n1 +n2,...,n1 + ...+ ng_1).

Exercise 39 (2 + 2 points). Let n € Nand A C {1,...,2n} with |A| = n + 1. Show:
(a) A contains two coprime numbers.

(b) There exist a,b € A with a # b and a | b.

Exercise 40 (2 points). Show that 3270 o = 1.

n=1 4n
Exercise 41 (2 points). Let H < G be finite groups. Prove or disprove k(H) < k(G).

Exercise 42 (2 points). Determine the automorphism group of the graph Vs LI V5.

Exercise 43 (2 + 2 + 2 points). Determine the trees with Priifer code (1,2,2,3,3,3), (1,2,...,n) and
(1,1,...,1).

Exercise 44 (2 points). Construct all trees of order 5 up to isomorphism.

Exercise 45 (2 + 2 + 2 points). Let K be a field. For a = > a, X" € K[[X]] let
m(a) :=inf{n € Ny : a,, # 0},

where m(0) = inf @ = oo. Show:

(a) For o, 8 € K[[X]], m(af) = m(a) + m(B) and m(a + ) > m(a) +m(S) hold.
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(b) For a, 8 € K[[X]] with 8 # 0, there exist uniquely determined §,v € K[[X]] with o = 8y + J and
(v = 0 or m(8) > m(B)).
(c) For a, B € K[[X]], there exists a v € K[[X]] with & = 8~ if and only if m(a) > m(8) holds (this

generalizes [Lemma 4.8)).

Exercise 46 (3 4+ 3 + 3 points). Prove for all « € C[[X]]:

(a)

H(l +aX") = ZiXk[
k=0 k=0

(b) For n € N,

= 1 = p/ntk—1\
gl—axk_§a< k >X

holds. Hint: Interpret the coefficient of o X*.

()

[e.9]

[ - o~ ar Xk

1—aXxk Xk

k=1 k=0

Exercise 47 (3 points). Let o = Y a, X" € C[[X]], k € N and ¢}, = €2>™/*. Show that

k )
12 aldx) = > a X
=1 n=0
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A. GAP commands

Most combinatorial objects can be calculated in the free computer algebra system GAPE]:

Object Code
n! Factorial(n);
9A Combinations(A);

Variations with repetition

Variations without repetition

Combinations with repetition

Combinations without repetition

~

)
(i}

P(n)

Partitions into odd parts

— N N N

T3 ~x3 &3

M xS~ —

Partitions into distinct parts
Partitions into k parts
Symmetric partitions
p(n)

P(A)

b(n)

p(n)

o,

Factorization in K[X]
By,

fn

Tuples([1,2,3]1,2);

Arrangements([1,2,3],2);
UnorderedTuples([1,2,3],2);
Combinations([1,2,3],2);

SymmetricGroup(n) ;

Binomial(n,k);
GaussianCoefficient(n,k,X(Integers,"q"));
NrUnorderedTuples(n,k);

Stirlingl(n,k);

Stirling2(n,k);

Partitions(n);

RestrictedPartitions(n, [1,3..2*n+1]);
RestrictedPartitionsWithoutRepetitions(n,[1..n]);
Filtered(Partitions(n),p->Size(p)=k);
Filtered(Partitions(n),p->AssociatedPartition(p)=p);
NrPartitions(n);

PartitionsSet(A);

Bell(n);

Phi(n);

CyclotomicPolynomial (Rationals,n);
x:=X(Rationals,"X");; Factors(x~4+3%x~3-7*x+1);
Bernoulli(n);

Fibonacci(n) ;

https://www.gap-system.org/
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Cayley formula, F

centralizer, [33] factorial, []
chain rule, Faulhaber’s formula, [67]
Chevalley-Warning, Fermat’s little theorem,
class equation, Fibonacci sequence,
class number, B3] fixed point, [T0]
Clausen, [69] fixed-point-free, [10]
combination Foata transformation, [04]

with replacement, Franklin,

without repetition, [6] functional equation
combination lock, for exp(X),
Combinatorial Nullstellensatz, for log(1 + X),
component, [86| Fundamental theorem on symmetric polynomials, [63]
congruence, [53]
conjugacy class, G
conjugation, [83] Gauss; @ )
connected, Gauss’s Binomial Theorem, [34]

Gaussian binomial coefficient, [33]
generating function,

for b(n),

for p(n),

connected component, [86]
constant multiple rule, [32]
constant term, [25]

coprime, [9] .
Coupon collector’s problem, generatlpg sy..stem, [76]
cube geometric series, [20]
cycle7 1 Girard-Newton identity, [62]
P OO .
disjoint, [T Glaisher, [97]
graph,

cycle type, [17]

cyclotomic polynomial, asymmetric,

complementary, [86]

D complete, [86]
degree, [58] connected,
olynomial, symmetric,
vort = trivial, [86]

vertex, [80] '
derivative, union, [36]

th, D group. 71

dice abelian, [74]
Dihedral group, [75] ;:iyc.hc, [76]
disjoint union, [4] nite, [74]

general linear, [74]
orthogonal, [79]

special orthogonal, [70]
symmetric, [6]

division with remainder,
Dobiriski formula,
Durfee’s Square Theorem, [40]

E trivial, [74]
edge, H

Enigma, Hall, 23]
equ%valence class3 [Ig] Hardy-Ramanujan,
equl‘\‘/aler.lce relathn, [16] Hasse derivative,
Erng—G{anurg-ZIV, @ Hilbert’s Nullstellensatz, @
Erd6s-Rényi, [89 Hirschhorn, ]
Erdés-Szekeres, hockey-stick identity, [93]

Erdss-Turan,
Euler, [36] [72] 1

Euler ¢-function, [J] Inclusion-Exclusion Principle, [J]
Euler’s formula, [96] indeterminate, 25]

Euler’s Pentagonal Number Theorem, [39] interpolation, [58]
Euler-Mascheroni constant, inverse function, [30]
exponential function, irreducible,
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isomorphism

of graphs, [86]

of groups, 82
isomorphism class,

J

Jacobi,
Jacobi’s triple product,

K
Klein four-group, @

L

Lagrange, [77]
Lagrange-Jacobi, [45]
Landau, [§4]
Laurent series, [25]
leading coefficient, [49]
leaf,
left coset, [77]
left-to-right minimum, [73]
length

of a cycle, [[]

of an orbit, [76]
locally finite,
logarithm,
lottery, [0]

Lucas, [70]

M

MacMahon, [73] [07]

MacMahon cube,

magma, [7]]

Mercator series,

modulo,

Montmort,

multinomial coefficient, []

multinomial theorem, [8 [04]

multiset,

Mobius function, [21]
classical,

Mobius inversion,
multiplicative, 23]

N
necklace, [79] [B]]
Newton’s Binomial Theorem, [33]
Nicomachus identity, [65]
norm, [27]
normalizer,
Nottingham group,
number
complex, []
harmonic, [T3]
integer, [3]
k-cycles,
natural,
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of partitions, [I5]

partitions into distinct parts, [37]
partitions with fixed type,
partitions with largest part k,
permutations with cycle type,
prime, [3]

rational, [3]

real, [3]

symmetric partitions, [37]

(6]

Ono, [43]
orbit, [76]
orbit equation,
Orbit-Stabilizer Theorem, [77]
order

element, [75]

graph, [86]

group, [74]
order relation,

locally finite,

P
partial fraction decomposition, [27]
partition

conjugate, [30]

of a number,

of a set, [T5]

parts, [I5]

symmetric, [36]
Pascal’s triangle,
path, [86]
pattern, [72]
permutation, [6]
fixed-point-free,
pigeonhole principle, [6]
Polya,
polynomial, [49]
constant, [50]
in several variables, [58]
monic, [49]
reducible/irreducible,
power series, [25]
inverse, [25]
invertible, [25]
norm, [27]
root, B2]

power set, [

Prime factorization in K[X],
primitive root,

prisoners problem, [T4]

product rule,

Priifer,

Priifer code,

Q
quotient rule,



R

Ramanujan, [42]

reducible,

relation,
antisymmetric, [20]
reflexive,
symmetric, [I6]
transitive, [I6]

Rogers-Ramanujan identities, [47]

root, [50]

root of unity, [54]
primitive, [54]

Rubik’s Cube,

S
Schwartz-Zippel, [58|
Secretary problem, [T1]
Segner, [71]
set
equinumerous, [4]
finite/infinite, [4]
ordered, [20]
Simion-Schmidt, [73]
skat cards,
stabilizer, [76]
star, B9
Stirling formula, [T9]
Stirling inversion, [96]
Stirling number
of the first kind,
of the second kind,
Subbarao, 07]
subgroup, [75]
generated, [75]
Sudoku,
sum rule,

Symmetry group,

T
Taylor series, [31]
transposition, [12]

tree,
trigonometric Pythagoras, [96]

U
unit group, 26]

A%
Vandermonde identity, [7] [54]
variation
with repetition, 5] [7]
without repetition,
vertex, [0
adjacent, [36]
connected, [86]
degree, [86]
Vieta,
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von Staudt, [69]

%%
Waring formula, [64]

inverse, [98]

Waring problem, [47]
Wright,

Y
Young diagram, [36]
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